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Systems of Revolution and their Relation to Conical 
Systems, in the Theory of Lamé’s Products. 


By F. H. Sarrorp. 


Section I. 


Introduction.* 


The problem treated in the first part of the present paper is an application 
of a theorem due to Lord Kelvin, by means of which, from a known solution, V, 
of Laplace’s Equation in terms of coérdinates corresponding to a system of 
mutually orthogonal surfaces, a solution may be readily deduced for a new 
system of surfaces obtained from the first by inversion. 

This theorem has been used in an extended sense, so that real surfaces have 
been obtained from imaginary surfaces by inversions with regard to imaginary 


points as centres. 
Definition of Lamé’s Products. 


In problems requiring the solution of Laplace’s Equation, it is often possible 
to obtain a solution by transferring to curvilinear codrdinates, 2, u,v, and 
assuming that V is a product of three factors, i. e. 


V=L.M.N, (1) 


where L, M, N are functions of 4, u, » respectively. Such an expression for V. 
is called a Lamé’s Product. 

In cases where a solution in the form of (1) cannot be obtained, it is some- 
times possible to obtain a solution on the assumption that 


V=T.L.M.N, (2) 


where L, M, N have the same meaning as before. But 7 is a factor which is 


*The writer gratefully acknowledges his indebtedness to Professor Maxime Bocher, of Harvard 
University, for suggestions and criticisms. 
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a function of more than one of the quantities 2, u,v, and, moreover, is inde- 
pendent of the accessory parameters which occur in ZL, M, N. These parameters 
first appear when the new form of Laplace’s Equation is resolved into ordinary 


differential equations. 
Several topics in the first section of this paper have been discussed by 


A. Wangerin with the aid of elliptic functions. In the following pages the use 
of elliptic functions has been avoided, while a simpler and more symmetrical 
notation than is ordinarily used by writers on this subject has been adopted. 
Wangerin’s earliest paper* gives the ordinary differential equations obtained 


when the extraneous factor is FH . Another paper by the same author will be 
mentioned later. 
Theorem of Lord Kelvin. 
The theorem of Lord Kelvin, before referred to, shows that if V(xyz) is a 

solution of Laplace’s Equation, then 

is also a solution. Here space has been subjected to an inversion with regard 


to a sphere of radius »/p described about the origin. 
If then there are given three families of mutually orthogonal surfaces, 


(3) 


F, (xyz) =a, (4) 
F, (xyz) = u, (5) 
F; (xyz) =v, (6) 


and if in terms of these curvilinear codrdinates 4, u, v a solution of Laplace’s 
Equation be obtained in the form of a Lamé’s Product, then, by applying Lord 
Kelvin’s theorem, Lamé’s Products (with an extraneous factor) may be at once 
obtained for the system of surfaces derived from (4)(5)(6) by inversion. 


Surfaces of Revolution obtained from Cones of the Second Degree. 


The starting point here is a system of confocal cones of the second degree 


and concentric spheres. 


* Reduction der Potentialgleichung. Preisschriften der Fiirstlich Jablnowskischen Gesellschaft 
der Wissenschaften. No. 18. Leipzig, 1875. 
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This primary system of surfaces will be transformed by inversion into a 
system of revolution. 


Then since Lamé’s products 
VoL (7) 


can be found for the cone system, solutions of Laplace’s Equation may be 
deduced from them for the new system in the form 

(8) 
where 7’ is an extraneous factor briefly treated above. The first topic is the 


transformation of the cone system into a system of revolution. The equations 
of the cone system may be written 


2 2 2 
— & é3 
2 2 
(11) 


In order to obtain from this system a system of revolution, it is necessary and 
sufficient that the concentric spheres shall be transformed into meridian planes. 

An inversion of the family of concentric spheres with regard to any point 
except their centre will give a family of eccentric spheres, having a common 
circle of intersection, real or imaginary. A second inversion with regard to a 
point on the circle of intersection will transform this circle into a right line. 
This right line is, accordingly, the axis of the planes into which the eccentric 
spheres have been transformed. 

The explicit formule of transformation will now be obtained by means of 
a detailed transformation of the concentric spheres. It will simplify the formule. 
for an inversion if the origin be first changed to the chosen centre of inversion. 

The centre of the first inversion will be taken at any point in space 
(2, m, n) where all three codrdinates are not zero. 

The formule of transformation are 


e=ayt+l (12) 
The family of concentric spheres (9) is now 


(% + 1)? + (y+ + (at (13) 
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The next transformation is an inversion with regard to a unit sphere whose 
centre is at the origin, i. e. 


The result is the following family of eccentric spheres: 
(x3 + + +m? +n? —A) + 2a, + + 2n%m+1=0. (15) 


The centre for the second inversion is the point (a, 6, c), which is to be taken 
on the circle of intersection of the eccentric spheres. 
It follows that a, 6, ¢ satisfy (15) for all values of A, giving 


(16) 
2al + 2bm + 2cn ++1=0. (17) 


The equations for the change of origin are’ 
Y=Ytb (18) 
By the use of (16)(17)(18) the equation of the eccentric spheres (15) becomes 


(a3 +43 + + 2ax3+ 2by, + + m? + — A) 
+ lr, -+ 2my; 2nzz= 0. (19) 


The second inversion will be made with regard to a sphere whose radius is 
i. e. 


Equation (19) becomes 
(2axy + + + + +n? —A) + 2 (lay + my, + ny) =O. (21) 


Equation (21) represents a family of planes whose axis is the intersection of the 


following planes: 
2ax, + 2by, + + p = 0, (22) 
larg + my, + = 0. (23) 


It will be simpler to choose the coefficients in (22) and (23), so that the axis 
of the family of planes shall be perpendicular to the y,z, plane. The condition 
equation is 

= (24) 
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The origin is next transferred to a point (d, e, f) taken on the axis at its inter- 
section with the y,%, plane. Thence come the condition equations 


2ad + be + + p =0, (25) 
ld+me+nf=0, (26) 
0. (27) 
The equations for the change of origin are 
(28) 


By the use of (24) ... (28) the family of planes, (21), takes the final form, omit- 
ting subscripts, 


y—ztang=—0, (29) 


It will simplify several of the later equations and involve no loss in gen- 
erality to assume the equation 


4? —1=0. (31) 
The transformation and condition equations may now be reduced to the form 
44> = — 4c? = 1, (32) 
b 2 2. 8 
(x5 + + %— 9"), (34) 
2 35 
36 
(O45 Cts) (88) 
The inverse of the above transformations will be of use later and is 
5— 
At (40) 


(dy + 


| 
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The transformations defined by (32)... (36) have been shown to change the 
concentric spheres of (9) into meridian planes. Applying the same transforma- 
tions to the cones of (10) and (11) gives, omitting subscripts, 


and a similar equation with u replaced by v. 
Equations (29) and (41) define a system of revolution obtained from the 


primary system of cones and spheres. 


Rotation Cyclids. 


Equation (41) defines a class of surfaces known as cyclids of rotation,* and 
may be thrown into a more familiar form by a linear transformation of 
lt, &, &, €3 defined by the equations 


mu +B “nd — 42 
48 +8 


By transformation of the same type as (43), & and e, are replaced by é, and e& 


respectively. 
The result is 


In a later section it will be necessary to have the values of ~ and 7? =y’+2 
obtained from (44) and the similar equation where y replaces u. The direct 
solution is possible but extremely long, so that it is more convenient to proceed 
in the following manner. 


* The possibility of obtaining cyclids of rotation in the manner shown appears from the table on 
p- 65 in Professor Bocher’s book ‘‘ Ueber die Reihenentwickelungen der Potentialtheorie,’’ Taubner, 
Leipzig, 1894. 
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From (9)(10)(11), 


A €)(v — a) 
2A (u &) — &) 
A (u — &)(v — és) (47) 


(& — &)(& — 


From (32)(37) ... (40), 


8 

(48) 
2 2 Qy2 we 

(49) 


Since the codrdinate axes of the cyclid system are the 2,y¥,2;, axes, it 
is necessary merely to express 23 and rj; in terms of w and v by means of 
(42)(43)(45)(46)(47). The result is, dropping dashes and subscripts, 


(u — &)(v — — &3)(& — &4) 50 
— &)(v — &)(& — &3)(& — & ) |? 


— 1) (u — &)(7 — &)(& — 
(u — &)(v — — &)(& — |’ 


Laplace’s Equation in conical coérdinates.* 


It is now desired to obtain V of Laplace’s Equation in the form of Lamé’s 
Products and an extraneous factor, the parameters in V corresponding to the 
surfaces of the system of revolution (29)(41). For this purpose it is necessary 
to obtain V first for the cone system in the form of Lamé’s Products. 

From (45)(46)(47) 


da (v du? A(u—v) dr” 


* Tha results stated in this section are familiar, although usually given in a somewhat different 
notation. See Lamé’s original memoir in Liouville’s Journal, vol. 4, p. 187. 
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In place of 2, uw, v are to be introduced u, v, w, defined as follows: 
du 


dv 
J — &)(v — &)(v — 


Equation (52) becomes 
ds* = 27 du? —u) dv’ +4 (u— v) du’. 


Laplace’s Equation in curvilinear codrdinates wu, v, w is 


D, D, V) D, V)+De 


respectively in (56). 
Equation se is now written 


= 
Letting 
(58) is resolved by the usual method into the three equations 
PL 
(Ad) L =0, 


CM 
dv" — (Au + B) M=0, 


PN 
— (Av + B)N=0. 
The general solution of (60) is 
m _m+i1 
L=Aa?+Ba 7, 


where m is thus defined: 
A=m(m-+1). 


(53) 
(54) 
(55) 


(56) 


(57) 


The values of f?, 22,12 are the reciprocals of the coefficients of du’, dv*®, dw” 


(58) 
(59) 


(60) 
(61) 
(62) 


(63) 
(64) 


Equations (61) and (62) are Lamé’s Equations, whose solutions may be indi- 


cated thus: 
M=E,(u), N= E,(v). 


(65) 
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It follows that (58) has solutions in the form of Lamé’s Products, i. e. 


m _m+1 
V=L.M.N.=(AA? + BA E(u) (66) 


Application of the Theorem of Lord Kelvin. 


Since (66) gives a value of V in terms of parameters corresponding to the 
surfaces of the cone system, the value of V for the system of rotation, (29)(41) 
is written at once by the theorem of Lord Kelvin, 


m+ 1 


V= + Ba?) E,(u) (67) 


The parameters 4, u, v correspond now to the surfaces of the system of rotation. 
It remains to calculate the factor 7, and this is most easily done by the aid 
of the transformation formule in the detailed form given by (12)(14)(16)(17)(18) 
(20)(24) .. . (28)(81). 
Starting with (59) the first inversion gives 


1 


.L.M.N, 68 
while the result of the other changes is 
L.MU.N. (69) 


Ves 
29 (bys + 


Equation (69) may be improved in form by replacing the parameter A by the 
angle between any meridian plane and the plane a,2z,. This angle has been 
denoted by @¢, and from (30)(31) 


A= (cos + (70) 


Also let & be the distance from the axis of rotation to any point (a; y;%,), then 
it follows that 
Y¥,=Rsing, %4%= cos®, (71) 
7% (by, + %) VE’ (b sin @ + 


= (cos @ + isin (72) 
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Making in (69) the substitutions indicated in (70)(72) and giving to Z, M, N the 
values in (66), the result is 


v= Fh [A, cos (m +B, sin(m+4)9] E(u) (73) 


Equation (73) gives the desired value of V in the form of Lamé’s Products and 
an extraneous factor, the parameters 9, u,v corresponding to the surfaces of the 
system of revolution derived from the cone system, as previously explained. 
The extraneous factor involves # only, i. e. the distance of any point from the 


axis of revolution. 
The accessory parameters in #,(u) and #, (v) are A, which equals m(m +1), 


and B. 


The most general system of revolution obtainable from the given cone system. 


Returning to the system of revolution, (29)(41), it is evident that any 
further transformation which gives a rotation system must leave the axis 
unchanged. It is then expressible as an inversion with regard to a point on the 
axis, accompanied by a translation along the axis, the equations being 


a(x + q) ay az 


The resulting system of revolution is the most general type obtainable from 
the cones of the second degree defined by (10) and (11). 
The same result may be reached in a different way by letting the axis of 
revolution make the angles a,, 01, 71, with the a, y, z axes in (9)(10)(11), and 


then making the transformations defined by (32) .. . (36). 
The following relations will be useful for reference : 


cos a, = (75) 
cos = + pa— (76) 
pa 
2 
cos y, = pa (77) 


pa 
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and conversely 
q=— (cos 2; cos 7). (79) 


Section II. 


Determination of the most general surfaces of revolution generated by confocal cyclic 


curves, for which Lamé’s Products, with the extraneous factor ze exrst. 


In this section will be considered surfaces of revolution whose meridian 
curves are obtained from those of the symmetric cyclids by circular transforma- 
tion. It will be convenient to express these circular transformations as linear 
transformations in the complex plane. 

Laplace’s Equation will be obtained in curvilinear coérdinates correspond- ° 
ing to the families of the system, and it will be shown that in certain special 
cases an expression for V may be found in the form of Lamé’s Products, with an 
extraneous factor. 

The equations of the meridian curves of the symmetric cyclids are 


4977” (a +- (x? + + 
2 2 2\2 2 2\2 
V Vv &3 Vv &4 


The general linear transformation in the complex plane is 


a _ a+ B(x + 77) 

(3) 
from which follows: 

—ri= + (x — 71) (4) 


V1 + 0, (x— 71) 


The constants a, 8, y, 6 are not specialized, while a,, 3,, 7, 6; are their respec- 
tive conjugates. 

In the previous section, (50) and (51) give the values of a” and 7” in terms 
of uw and v. 
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Let 6 be the angle between any meridian plane and the ~ y’ plane, then the 
relations between y/’, 7’, are 
y =rcos0, sind. (5) 
Thus the connection has been established between the rectangular codrdinates 
x’, y', @ and the curvilinear codrdinates u,v, 6 of the surfaces forming the basis 
of the present paper. 


Laplace's Equation in coérdinates u,v,6 and a condition for its resolution. 


Laplace’s Equation in curvilinear codrdinates has been given in the previous 


section, (57). 


From (5), 
ig = (Daal + (6) 
ag = (Dat + (Dar, (7) 
(8) 
Assume that V has the form 
M.N., (9) 


where M, N, © are functions of wu, v, 6 respectively. Applying (8) and (9) to 
Laplace’s Equation in curvilinear codrdinates and noticing that fh, and hs are 


independent of 0, gives 


hy M N\ 
M N 
Equation (10) may be resolved into two equations, viz. 
DjO+ m’O= 0, (11) 
M h, N 


The general solution of (11) is 
BsinmO. (13) 


| 
| 
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In order to simplify (12), it is necessary to calculate the value of = 
From (3) and (4) come four equations of the form : 
Da = (By — + (14) 


(y + 
From (6)(7) and (14), 


Ay _ (D,2') + + (Dr? 


Equation (15) requires the calculation of four expressions of the type (D,2)’. 
From the value of «’ referred to above 


A = (& — — &)(& — &4) 
— &) (8) 
— &) 7 — &)(& — &)(u — &)(u— &)(v — — . 
+ — &3)(€ — — &)(u — &)(v — — 
(u — &)(u — — &)(u — — &)(& — &4)(u — — &) 
— — &)(u — &)(v — &) 4° 


Interchanging «, and « in (16) gives (D,7r)*. From these two values an inter- 
change of u and » gives (D,x)* and (D,r)’. 
From the four expressions above mentioned, 


(D,«) + (D,r/ = 
= &3)(€ — &)(& — &3)(& — &4)(é3 — a)(v 


aa (u — &)(u — &)(u — &)(u — &) | , (17) 
+ (Dir) = 
0” — e)(v — — &) (18) 


[VW (u — e,)( —&)(€ — &5)(u — ex)(v —e)] 
By the aid of (17)(18) equation (15) becomes 


hy —(v — a)(v — &)(v — — &) 


7 
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Assume two new parameters s and ¢ defined by the equations 


(uu — — — — &) (20) 


— &)(v — &)(v — &)(v — &) 


From (19)... (21) 


du 
ds 


(22) 


Using (20) .. . (22), it is now possible to write (12) in a new form, viz. 


2 2 


From (7), 
om ( Dg)? + (Der!) (24) 


a) 


The last term of (23) is reduced by the use of (22) and (24), thus: 


= (Dv) + 


dy 
The third and fourth terms of (23) are reduced by the following calculations. 
From (16) and three others of the same type, and with the aid of (20) 
and (21), 


(u—a)(u — &)(u — — 

ds 

du 
(D,x)? (uw — &)(u — &)(u — &)(u — &) _ (27) 


(D,r)? (v — &)(v — fav 


| 
= 
2 
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Equations (26) and (27) give 


+ (Dry =0, (28) 
+ = 0. (29) 
The condition for orthogonal curves is 
Dae. Daet+ (30) 
From (3) and (4) come four equations of the following type: 
= (By ad)(D,x tD,r) (2, 6,)(D,x tD,r) (31) 
Equations (28)... (31) give 
Del = + 1D,r, (32) 
from which follow 
Per! — (33) 
(D,r) + (D,a')? = 0. (34) 


From (25)(33)(34) the final form of (28) is 


BPM PN D,x!)? 


Since the first two terms of (35) are functions of s and ¢ respectively, it follows 
that the third term must be the sum of two functions, one of s alone and the 
other of ¢alone. In that case the equation may be resolved into two ordinary 
differential equations. Hence the necessary and sufficient condition for the 
existence of a solution of Laplace’s equation in the form 


v= (36) 
is the following: 
(Da') = H,(s) + H(t). (37) 


Four cases resulting from the condition. 


To determine the constants in the general linear transformation, (3), in 
such a way that (37) shall be satisfied, is the next important topic in this paper. 


= 
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By the aid of (3) and (4) the first member of (37) becomes 


+ (Der K + (Dir) 
[A+ + 7°) + (B+ D)a+(B— D)ir} 
In (38) the following abbreviations are used: 

A=ay,—ay, (39) 
D=0),—a6, H= 6,6, (40) 
K= (41) 

The numerator of (38) may be reduced by noticing that 
(Dex) + (Da) = + (Dr). (42) 


From (18)(21)(42) 


(Dix)? + (Dir) = 


From the values of «’ and 7”, after some reduction, 


Several new abbreviations are introduced as follows: 


A= + 9(B + D) 

(A — Ep*) — — (47) 
(At (48) 
H= (€ — &3)(€ — &4)(& — &)(& — — &). (49) 


None of the quantities introduced by (39)... (41)(45)... (49) involve uw or v. 
By means of (43) . . . (49) a new form is obtained for (38), viz. 


(D,x')? + H.K.(u—v) (60) 
+ CV (u — — &) + DV (u — — 


. 
> 
Ke 


i 
if 
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Let the second member of (50) be denoted by H.K.@(u,v). Then from (37) 
it follows that values of A, B, C, D are to be found such that (u, v) shall be 
equal to the sum of two functions, one of « alone and the other of v alone. It 
is evident that the necessary and sufficient condition is 


D,D,9(u») = 0. (51) 
single term in (51) is re where J and & have the following mean- 
ings: | 
— 3 (u — — (52) 


E(u, ») = [AV(u— alo — a) + — 
+ CV (u — (tu — — (53) 


The coefficients of A®, B?, C?, D* in (51) vanish, so that the final form contains 
only the six terms of the type of (CD. These two abbreviations are made: 
v) — &1)(u— &) (tu — — — &)(v¥ — &)(v — &)(v—e), (54) 
(u,v) = AB — — — &) 
+ A — &)(u — &)(v — &,)(v — &) 
+4 De, — (u — &)(U— &)(v — &)(v — 
+ BO &)V(u— — &)(v — &)(v — &) 
+B — (u— — &)(v — — &) 
+ — a) — &)- (55) 


Equation (51) becomes 


(u—v)P(u, v)_ 


The first member of (56) is to vanish for all values of u and v, but, from (48), 
will become infinite for uw or v equal to &, &, €, & unless ®(u,v) shall vanish 
for these values of u and v. 

There follow then twelve equations of the type 


® = 0, (57) 
from which comes, by reference to (55), 


(58) 


Cs 
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Since =(u, v) cannot vanish, else @ would have no meaning, the following 


case is excluded, 


(59) 
Equations (58) and (59) give four cases 
b) Bpo, d= A=, (61) 
() B= 0, (62) 
(d) A= B= C= 0. (63) 
The conditions given in (60)...(63) are not only necessary in order that 


D, D,(u, v) may be finite for certain values of u and y, but they are also suffi- 
cient to make D, D,(u, v) vanish for all values of uw and v, as is evident from 
(55). From (45)... (48) the four cases above become 


(a) Bf 0, P= (64) 
A#0, (66) 
A$0, B= D=A—pPH=0. (67) 


Since A, B, C, D are functions of a, 8, y, 6, it follows that (64)... (67) 
are the conditions under which (37) may exist, and thus make it possible to 
obtain Vin the form desired. In case (a), equation (38), is resolved into the 
two ordinary differential equations 


—| +n|M=0, (68) 


Cases (b)(c)(d) give similar results. 
If #,(u), ,(v) be the solutions of any pair of equations of the form of 
(68)(69), then the value of V is 


1 
v= [A cos m6 + B sin m6] (u) (v). (70) 


Equation (70) completes the solution of the problem of expressing V in the 
form of Lamé’s Products and an extraneous factor. 


| 
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Meridian curves corresponding to the four cases. 


Having obtained the conditions satisfied by a, @, y, 6, the nature of the 
meridian curves corresponding to the four cases may now be determined. 
Kquations (39)(40) express A, B, D, E in terms of a, @, y, 6 and their conju- 
gates. 

Separating a, @, y, 6 into real and imaginary parts gives 


a=a+tat, a=a—at, (71) 


B=b+bi, B=b—bi, (72) 


It is assumed that the determinant of the linear transformation does not 
vanish, i. e. 


ad — By $0. (73) 


It follows from (71)(72) that the two following expressions cannot vanish 


simultaneously : 
ad — be + be, — adh, (74) 


ad — bye — bey + ad, . (75) 


From (64)(71) .. . (75) the following results for case (a) are obtained : 


= m(m real, + 0), (76) 
0 ~0 
+ byt (x + 
Similarly for case (b), 
oe. 
real, 0), (78) 
a+ b(a + 7) 
(79) 


An analysis of (77) will show that the surfaces of the system may be obtained 
from the curves of (1) and (2) by subjecting them to an inversion with regard to 
a point on the 7 axis, followed by a translation along that axis and then using it 
as the axis of rotation. Similarly from (79) it may be shown that the centre of 


19 
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inversion is on the x axis, and the same axis is the axis of revolution. For cases 
(c) and (d) the equations found are 


ad +- ad, — be — bey = 0, (80) 
ad —ad, + be — ba = 0, (81) 
ae — ac, + (hd — = 0, (82) 
+ +e (83) 


In (82)(83) the upper signs belong to case (a), the lower signs to case (b). 

From (83), case (c) exists only when 9’ is a positive real quantity. The trans- 
formation may be followed by considering its effect on the circle whose radius is 
p and centre is at the origin. The equation of this circle may be written, with 
as a variable angle, 


~=p (cos +7sin >). (84) 
The transformation is 
at Bz 
(85) 


where a, 3, y, 6 are subject to the conditions of (80)... (82). From (84)(85), 


where P, @, S are real and @ has the value 


Q = cay — ac, + (bod — bdy) (87) 
+ p sin (be — ad + — + p cos (bye — beg + — ady). 


But (80)... (82) make Q become zero, and (86) gives 


(88) 


It follows that in case (c), provided p’ is real and positive, the circle whose 
radius is p is transformed into the axis of revolution. This circle is a circle of 
symmetry, as may be shown from (1) and (2). 

A similar treatment of case (d) shows that it exists only when 9’ is a nega- 
tive real quantity, and that the circle of symmetry whose radius is + 7 is trans- 
formed into the axis of revolution, 
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The four cases may be stated briefly as follows: In case (a) the r axis 
becomes the axis of revolution, while in case (b) the axis of revolution is 
unchanged. 

In cases (c) and (d) the real circle of symmetry, if such exists, becomes the 
axis of revolution. 

In all cases an inversion may take place with regard to a point on the axis 
of revolution, followed by a translation along that axis, this inversion of the 
curves resulting in a space inversion of the surfaces. 


* 


The real surfaces obtained. 


The meridian curves of (1) and (2) are real if p”, &, &, €3, €, are real, also if 
p” is pure imaginary, while «, e are real and ¢,, ¢, conjugate imaginaries. In 
the first instance the curves are those which Holzmiiller* calls sn. curves, and 
in the second instance cn. curves, convenient designations which will be retained 
in the following pages. The transformations in cases (a)(b)(c)(d) are applicable 
to the sn. curves, while cases (a) and (b) only are applicable to the cn. curves. 

The four cases give no new surfaces, for all the surfaces obtained by them 
may be obtained by the following method: If (1) and (2) represent the sn. 
curves, then an interchange of ¢,, &, €;, &, followed by inversion with regard to 
a point on the axis of revolution, and a translation along that axis, gives all the 
surfaces of cases (a)(b)(c)(d). 

If the equations represent the cn. curves, then ¢, and e, may be interchanged, 
followed by inversion and translation as before, giving the surfaces of cases (a) 
and (b). 

If the surfaces are not real, then cases (a) and (b) only exist, and one or the 
other of the codrdinate axes is the axis of revolution, admitting inversion and 
translation as before. , 


Confocal spherical cyclic curves. 


Confocal spherical cyclic curves may be defined as the curves on the surface 
of a sphere obtained by inversion from the general confocal plane cyclic curves. 


*Isogonale Verwandschaften, Holzmiiller, S. 256. 


Sarrorp: Systems of Revolution and their Relation 


It appears from the work of the previous section that if the most general 
family for which it has now been found that Lamé’s Products, with the extra- 


neous factor — can be obtained, be subjected to the inverse transformation, 


changing meridian planes into concentric spheres, the result is merely confocal 
cones of the second degree. It will now be shown that the general family of 
spherical cyclic curves goes over, by the direct transformation—equations 
(32) .. . (36), Section I—into a family of confocal plane cyclic curves. 

The detailed transformations of the previous paper show that one sphere of 
the family of concentric spheres becomes a plane after the first inversion. 

In order to prove the proposition above, consider the general unsymmetrical 
cyclic curves and let the plane of these curves be the plane derived from a 
certain sphere of a family of concentric spheres by a portion of what -has been 
called the direct transformation. If the inverse of this transformation be now 
applied to the plane of the curves, the result is the original sphere, and the 
general family of confocal spherical cyclic curves. 

In applying the transformation which will carry concentric spheres into 
meridian planes, the first portion will merely reproduce the original curves, while 
the remainder will be essentially an inversion of the plane of the curves. Con- 
sequently the curves finally obtained are plane confocal cyclic curves, for they 
are the result of a linear transformation of the original curves. 

Since it has been shown in this paper that Lamé’s Products, with the 


extraneous factor aos can be found only when the cyclic curves in the meridian 


planes have the axis of revolution as an axis of symmetry, it follows that for a 
system of conical coérdinates in which confocal cyclic curves are cut out on 
concentric spheres, Lamé’s Products can be found only when the cones are of 
the second order. 


Articles by Wangerin and Haentzschel. 


In addition to the article previously mentioned, Wangerin has written 
another article* (treating of surfaces of revolution) in which the extraneous 


*Reduction der Potentialgleichung, Wangerin. Monatsberichte der Kgl. Akademie der Wissen- 
schaften zu Berlin, 1878. 
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factor is at first undetermined. He obtains the sufficient conditions under which 


(37) may exist, and also obtains 1 as the form of the extraneous factor. That 


his conditions are also necessary follows from a discussion by Boehm.* 

Corresponding to these conditions, Wangerin obtains surfaces of the fourth 
degree whose meridian curves are the sn. and cn. curves. These curves may be 
obtained by equating the real and imaginary parts of the following equation: 

a+ri=f(t+m), (89) 
where / is either sn. or cn. 

The curves obtained by using tn. or dn. are of the same form as the sn. 
curves. 

Wangerin states that the most general surfaces of revolution for which 
Lamé’s Products, with an extraneous factor, exist, are those whose meridian 
curves are obtained from the curves above by an inversion with respect to a 
point on the axis of revolution. These surfaces may be shown to be identical 
with those obtained in the preceding pages. 

Haentzschel} treats some of the same topics as Wangerin but obtains sur- 
faces of revolution of the thirty-second degree, which will not be considered 
here. He also treats at some length a special form of his most general solution, 
viz. a linear transformation of the Weierstrass g function, where the coefficients 
are subject to restrictions. (Equation (89) with / written as g gives the funda- 
mental curves.) 

The resulting surfaces of the fourth degree are identical with those of the 
present paper. He also obtains surfaces which he states to be of the eighth 
degree, but these are in fact of only the fourth degree, and of the same type as 
above. 

He has overlooked the fact that the restrictions which he mentions will give 
a zero value to several coefficients in equations (31)(32)(36) on page 23 of his 
book. 


HARVARD UNIVERSITY, Dec., 1897. 


* Boehm, Reduction Partieller Differentialgleichungen, Leipzig, 1896. | 
t Reduction der Potentialgleichung, E. Haentzschel, Berlin, 1893. 
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Elementary Proof of Cauchy’s Theorem. 


By Artaur LATHAM BAKER. 


Denote the sides of a right triangle (Argand Diagram) by 2, ty, z. Mul- 
tiply each of these by the complex number w (plane vector) giving wz= wx 
+ wiy. Hence the proposition: Jf on the three sides of a right triangle, similar 
and similarly placed triangles be constructed, then the sum of the corresponding sides 
(considered as vectors) of the leg triangles is equal to the corresponding side of the 
hypothenuse triangle. 

At the limit this becomes 


AW = wdz = + widy = w (dx + tidy). 


Hence the change in the function W is the same whether z follows the elementary 
paths da, idy, or the resultant of these, dz. 


Hence w= faw, the sum of all these changes in W due to changes in z, 


will be the same whether z follows the elemental paths Sdx, Sidy or resultants 
of these, so long as in the deformation of the path of z into Sdx and Sidy we do 
not pass over any point in which w= o., 

Hence W always atiains the same value for the same value of z, whatever the path 
of z, provided no point where w = ts enclosed between the paths. 

« Since we can take the end of the path of z as near the beginning as we 
choose, or coincident with it, we can say: 


(Cauchy’s Theorem) W = if dW= J wdz taken around a closed curve enclos- 


ing no point where w = ~ ts zero. 
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In the course of the last three decades Lie has created a general invariant 
theory for all continuous transformation groups which can be defined by differ- 
ential equations. This far-reaching theory had many precursors, and among 
these Cayley’s invariant theory has played a particularly important role in the 
mathematical development of our century. The deformation theory of surfaces, 
founded by Gauss and Minding, may also, as Lie has shown, be regarded as the 
invariant theory of a group, of an infinite group. On the other hand the theory 


covariants. 
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riants and invariants of the equation in its canonical form. 
The invariants proper. 


Summary of the results of the chapter. 
The differential parameter. 


4 


2 


and their Relation to the Theory of Continuous Groups. 27 


of curvature of Kuler and Monge is the invariant theory of the finite group of 
motions. 

In the years 1870-72 Lie founded an invariant theory of the general group 
of all Contact Transformations, and at the same time, of certain infinite groups 
which he termed ‘ Funktionengruppen.”’ A development of these general 
investigations was his Theory of Transformation Groups (1874), and his General 


' Invariant Theory of all Transformation Groups, the latter published in the years 


1882-1884, 

Laguerre and Brioschi in 1879 gave certain methods of finding invariants of 
linear differential equations; and Halphen, in his prize essay of 1882, gave a 
general method for finding such invariants, and applied it in the simpler cases. 
None of these mathematicians, however, refer to the work of an earlier writer 
on this subject, Cockle, who, as early as 1862, had found invariants of the 
general equation. The idea that all of these researches may be treated by the 
invariant theory of infinite groups belongs to Lie. 

It is proposed to give in the following paper the derivation, according to 
Lie’s method of continuous groups, of the invariants of the general linear differ- 
ential equation of the n™ order. 

The first mention of invariants of the linear differential equation seems to 
have been by Cockle in 1862. For the next fifteen or twenty years Cockle 
wrote at intervals on this subject. An account of his work will be found in 
Chapter 1. It may be thought that this review is rather more detailed than the 
importance of his results warrants, especially when compared with the amount 
of space given to the work of other writers. This has been done for two 
reasons. Cockle’s investigations were given in a considerable number of com- 
paratively short papers, and are therefore much more inaccessible than those of 
other writers on this subject, who gave their results in one or two memoirs. It 
therefore seemed desirable to bring the methods and results of this first writer 
together in one place. A second reason was that Cockle’s examples, involving 
as they do both invariants and covariants for transformation of one variable at a 
time, seemed to be particularly well suited for illustrating the application of 
Lie’s methods in the simpler cases, before taking up the general case. Cockle 
seems to have used only finite transformations, and to have actually found inva- 
riants for transformation of only one of the variables at a time. Then Laguerre* 


* Comptes Rendus, t. 88 (1879), pp. 116-119; pp. 224-227, 
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and Brioschi* in 1879 found certain invariants for transformation of both vari- 
ables. Laguerre’s method of finding ‘semi-invariants” for transformation of 
the dependent variable alone, is identical with the method given by Cockle nine 
years earlier. Laguerre made use of his invariants to remove the two terms of 
order next to the highest from the equation. Halphen in 1882+ and 1883f 
carried the theory still further, and made most important applications of it. In 
1884 Lie|| called attention to the fact that these invariants may all be found by 
his methods as the invariants of a certain infinite group. Forsyth§ in 1888 
gave all the invariants and covariants of the equation in a normal form, together 
with a method of finding them for a form of the equation in which the term of 
order next to the highest isremoved. For this latter form of the equation he gives 
the first five relative invariants. Forsyth’s method is one which makes use of 
infinitesimal transformations, and the formulse he deduces for the increments of 
the quantities involved are exactly the same as those which must be used in the 
method of continuous groups. Compare, for example, Forsyth’s formule (12) 
and (13) (1. ¢., pp. 395, 397), with the formula (36) of this paper. In the latter 
part of his memoir Forsyth deduces partial differential equations of which his 
invariants are solutions. All of these equations (excepting those which have to 
do with the variables of the adjoined equation, which is not here considered) 
may be derived from the equations to be given later, but it has not been thought 
worth while to point out the identity in each case. 

In the following article, after reviewing Cockle’s methods and results in 
Chapter 1, Lie’s methods are used in Chapter 2 to find all of Cockle’s results, and 
to verify some of the statements which he made without proof. Then in Chap- 
ters 3, 4, 5 the linear partial differential equations, of which the invariants are 
solutions, are deduced by Lie’s methods. This is done for three cases, viz. for 

1. The non-specialized equation. 

2. The case in which the second term of the equation is removed. 

3. Forsyth’s normal form. 

The transformations used in each case are the most general which leave the 
chosen form of equation unchanged. For the first two cases the general equa- 


* Bull. Soc. Math. de France, t. 7 (1879), pp. 105-108. 

t Mémoires des Savants Etrangeres, t. 28, 2. series, 300 pp. 
}§Acta Math., t. 3 (1888), pp. 825-380. 

|| Math. Anal., Bd. 24 (1884), p. 573. 

2 Phil. Trans., 1888, I, pp. 377-489. 
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tions have been solved for a few special cases of the constants involved. For 
case 3 the complete solution in explicit form is given, it being then compara- 
tively easy to integrate the equations. 

It is believed that the linear differential equations of cases 1 and 2, namely, 
the equations numbered (30) and (40), are here given for the first time. 


CHAPTER 1. 
Cockle’s Work. 
§1. The earliest notice which I have been able to find of the fact that there 


are functions of the coefficients a,,...., a, of the homogeneous linear differential 
equation 

a" n(n—1) d*~*y 

(where a,,...., @, are functions of x alone), which remain invariant for changes 


of the variables which do not change the form or order of the equation, is in an 
article by Sir James Cockle on “The Correlations of Analysis,” dated Novem- 
ber, 1862.* Cockle there shows that when, in the general equation (1), y is 
subjected to the transformation, y=v.u(x), where v is the new dependent 


variable, that 
aj—d,+a, and 2a}— 3a,a,+a,—a/! 


are absolute invariants. The method of proof was to express the new coeffi- 
cients A,,...., A, in terms of a,,....,a,, u, and the derivatives of w, and 
then to eliminate w and its derivatives between the resulting equations. In 
18707 Cockle calls such invariant functions as the above criticoids, these two 
being respectively the guadricriticoid and cubicriticoid. The method of elimina- 
tion may be used in obtaining criticoids of higher degree, but this method 
has its disadvantages, namely, ‘‘ want of directness and generality, and a failure 
of proof of the existence of criticoids other than those actually obtained or dedu- 
cible from them by combination” (1. ¢., p. 202), Then, on pp. 209-210 of this 
same memoir, Cockle gives the method which he regards as the most satisfactory 
and final, for he seems to have given no other methods. This method “gives 
by a direct process results perfectly general, and makes manifest the existence 


* Phil. Mag., IV Series, vol. 24, p. 582, §2. t Phil. Mag., vol. 39, p. 202. 
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of criticoids of all degrees.” The process consists in eliminating the second term 
of the differential equation (1) by the substitution y = ve-/™*. The coefficients 
of the transformed equation divided by their respective binomial coefficients, viz. 
B,, B;,...., B,, are then n—1 primary criticoids of degree 2 to n respec- 
tively. The quarticriticoid is 


40, — 803 + 12a?a, — 6aj — ay". 


The following is then Cockle’s final method for finding criticoids, carried as 
far as finding the first three: In (1) substitute y= veJ/"”. Then we have 
(m —s)! 8! 


and we find that the transformed equation becomes 


d"v 4 n(n —1) pd 2) +....$Be=0, (1) 


where 
2 / 3 
Bb, a, — A — B, = dz — 3a, a, + 2a; — aj’, 
m" 


= — — + 6a, aj, 6a,a, — 6a; aj + 3a; 


or B,= a, — 4a; 4, + 12a,a} — — 6at — aj’ + 


These functions B, of the coefficients of the equation (1) are then invariant for 
any transformation of the dependent variable y, of the form y=v.u (x), where 
u is an arbitrary function of x. Cockle calls these functions B, the primary 
ertticoids.* 

It is easy to show that we have in general (although Cockle nowhere expli- 
citly mentions this), 


In a paper on “‘ Hyperdistributives ” + Cockle proves that, if we write 


* Phil. Mag., vol. 89 (1870), p. 210, ‘‘ On Criticoids.” t Phil. Mag., vol. 48 (1872), p. 800. 
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and if after the differentiation we write 


1 da_ 
— =—4,, 


a da” 


and call the resulting function 6,, (a,, @m), then 


is the entire criticoidal function of the m™ order. 

In another paper* it is stated that the derivative of a criticoid with respect 
to the independent variable = is a criticoid. 

On page 203 of the article in volume 39, Cockle states that he did not 
attempt to employ an operative symbol. By ‘‘operative symbol’’ he means a 
differential operator which, when applied to the criticoid, reduces it to zero. The 
operative symbol is of the nature of a partial differential equation, which the 
function it reduces to zero satisfies. An example of such a symbol, taken from 
one of Cockle’s earlier papers, will be given later. 


§2. After having found in 1862 the two differential invariants mentioned 
above, Cockle, in 1864,+ gave a differential covariant for the equation of the 
third order, 


d 
+ 3a, + Ba, + = 0. 


It is shown by direct computation that 
+ [2Ba, — By— BY + [Bas — y 
da’ 21 3 2 dx 3 2 1 ’ 


where B, and B, have the values already given, is a relative differentiul covariant 
for the substitution y= v.u(x). The new function is equal to the old mul- 
tiplied by w. Cockle calls this covariant the “differential Hessian,” from its 
resemblance to a Hessian of an algebraic form. He seems to have found it by 
trial, for he says (p. 228): “I first deduced the differential Hessian by seeking 
an expression for which the coefficients of transformation and of substitution 


* Phil. Mag., vol. 27 (1864), p. 227. + Phil. Mag., vol. 27, pp. 225-228. 
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should be the same, and I afterward found that an operator, to wit A, reduced 
it to zero.” This operative symbol A is 


d 


or as it is given in a later paper,* 
ni d d d 
3 
where a, is a coefficient multiplied into oy to make the given differential equa- 


tion homogeneous ina. Here 6 is defined by means of the equation 


amy _ a” 


da™ 
The symbols in the brackets are supposed to be commutative with = , so that 


we have, for example, 


[ a dag =a [a |a=a [ a Ay 
= ay 
14 


It will be useful, in view of comparisons to be made later, to express this 
symbol A in terms of vei differential coefficients. Since 


and 
we have 
1 a, af? (<1, 3, 2) 
and 


Hence the symbol] A is equivalent to 


0 


* Phil. Mag., vol. 28 (1864), pp. 205-206. 
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The upper limits in the different summations are to be chosen large enough so 
that a farther increase would yield only zero when the operator is applied to the 
function in question. For the covariant under consideration these develop- 
ments need only be carried as far as follows: 


We readily verify that this operator reduces the covariant to zero. 
The foregoing differential covariant is not the simplest, as Cockle showed 
in a paper of August, 1865.* Using the notation 


d”y d™—*y 1 


and designating the differential covariants as covaroids, he there states, without 


proof, that ‘the functions y,, ym, and a are covaroids for all values of 


dat? 
m,n, p, and q, and consequently any functions of B,, B,, and the higher criti- 
coids, and also of any number of values of y,, and of = are covaroids, and vice 


versa. Accordingly the covaroid which I have called the differential Hessian 
may, after a slight modification, be put under the form b,y,—(B;+ Bj) y,, 
and is only one of an infinite number of quadricovaroids.” This is a very impor- 
tant statement, especially the vice versa, as that indicates that Cockle had found, 
or thought he had found, the complete solution of the problem of finding ad/ the 
covariants (and hence all the invariants) of a homogeneous linear differential 
equation of the n order, for a transformation of the dependent variable of the 
form y=v.u(x). This was in 1865. As no proof of this statement is given, 
we must here regard it as an induction, and examine its truth later. 


§3. In 1875+ Cockle gave a relative invariant of the general equation (1) 
for change of the independent variable. The first four pages of the article are 
devoted to finding the formule for change of the independent variable, and the 
method used, although ingenious, appears very artificial and cumbrous. Having 
this formula, the work of finding the invariant, or differential criticoid, is com- 


* Phil. Mag., vol. 80, pp. 347-848. + Phil. Mag., vol. 50, p. 440. 
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paratively short. ‘The result is that if in (1) the independent variable be 
changed from «z to ¢, where t = }(z), so that (1) becomes 


where A,,...., A, are functions of ¢ alone, that then 


dA, 3n—1 4, 3 day 3n—1 , 3 
n> 2, 


‘‘and either side is a differential criticoid which we may term a differential 
quadricriticoid.’’ Since y remains unchanged, this amounts to saying that 


n> 2 
is an absolute covariant for the transformation t= (ax). “The differential 


varies from the ordinary criticoid in this, that the corresponding coefficients of 
the former contain n, the order of the differential equation, while those of the 
latter are free from n.” 

I cannot find that Cockle has published any other invariant for transforma- 
tion of the independent variable, nor any for the simultaneous transformation 
of both dependent and independent variables. Harley* mentions, however, that 
Cockle had in a letter suggested the possibility of the existence of such inva- 
riants. 


§4. Resumé of Cockle’s Results. 


In 1862 Cockle gave in explicit form two invariants of the general equa- 
tion (1) for transformation of the dependent variable alone. In 1870 he gave a 
method of finding a system of invariants, for change of the dependent variable, 
from which all others may be derived by differentiation, although he does not 
prove this system to be complete, merely mentioning that other invariants may 
be obtained by differentiating those already found. In 1864 he gave a cova- 
riant for the equation of the third order, and in 1865 he stated how all the 
covariants of the general equation may be found for transformation of the depen- 
dent variable alone. In 1875 Cockle gave a single invariant of the general 


* Royal Soc. Proc., vol. 88 (1884), p. 57. 
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equation for transformation of the independent variable alone. In all of his 
articles he uses only finite transformations, and in the main his methods seem to 
have been elimination methods, although it is not always clear how he first 
obtained his results. 


CHAPTER 2. 


Cockle’s Results obtained by Lie’s Methods. 


§5. It will now be shown how Cockle’s results would be obtained by Lie’s 
method of continuous groups. The outline of the method as applied to this par- 
ticular problem was given by Lie in 1884.* The following derivation follows 
that outline, and is made rather more general than is necessary to obtain the 
few invariants actually found by Cockle, so that the truth of some of his state- 
ments may be examined. 

Take first the case in which the dependent variable alone is transformed. 
The variables x and y are to be transformed by means of 


where a, y, are the transformed variables, and y is an arbitrary analytic func- 
tion of x alone. All of these transformations evidently form an infinite contin- 
uous group defined by differential equations. 

We get the infinitesimal transformation by writing ~(x)=1+ (a). d¢; 
then dz =0, dy=y¢(x). dt, and the symbol of the infinitesimal transforma- 
tion is 


We are to subject the equation 
y + + + bay =0 (2) 


to this transformation, and find functions of the coefficients a,,....,a, and 
their derivatives which are invariant. To this end we must compute the incre- 
ments of a,,....+,a,, and of the various derivatives, and form the extended 


* Math. Annal., Band 24, p. 578. 
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transformation. We have 


d dda d 
= 
= dy“ (dy), 
k! (m) —m) § 


by Euler’s theorem for the differentiation of a product. Let us take the varia- 
tion of (2): 


éy™ + na, dy®—) + - + +a,0y 


+ 1) +. weet ny! da,_1+ yoda, = 0. 


On substituting the values of dy”~” as given by (3), this becomes 


n—1 


! —k m), (n—k—m — 


k—m)! m! 


Here and in what follows we must understand a,=1. Making use of (2) the 
first sum vanishes. Then changing the letters and order of summation in the 
last double sum, the preceding equation becomes 


k—1 


This equation must subsist identically for all values of y“-”, and hence we 
must have 


| 
| 
( ) 
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We require not only the increments of a,,....,4@,, but also the increment of 


al? =: for k= 1, 2, -, mn, and all values of s. We have, as in dedu- 
cing (3), 
—1) = d = _ a’ 
day? = 6 , )=....= (da,) , 
whence 
(k —m) 

a) (9 Gn) dt. (5) 

We have further 
s s+k—m 


8 ! a’ +k—m— 


(k— m) 8! (k—m+j) —N} 
dz (9 Am) 4 (s— An (s+k—m—1)! ((—k+m)!’ 


k—m 


and 


k—m 


= — Sn >i 
pai (4—m)! m! (8 + m—i)! (t(—m)! 


These formule include (4) as a special case, 


$6. Before considering the general case, let us investigate whether there 
are any invariants involving only a, and a, and their derivatives, and if so, how 
many. (6) gives: 


da, = —@' dt, da =—@et dt, da, = — (2a, 9' + 9”) bE, 
Hence the extended transformation is 


(8+ s—1 s— i 8 


Any invariant must be a solution of the partial differential equation obtained 
by equating this transformation to zero, and that whatever the function @ may 


S-k—m 
| 
| 
| 
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be. This condition is therefore equivalent to the following set of equations 
obtained by equating the coefficients of the separate derivatives of @ to zero: 


of 
0= + 2a, + ai (s—1) 
Of of af 
= of of Of 
+ das + 91 1 
of of (s — 1) 
7 


Now, according to Lie’s theory,* this system of equations must be a complete 
system, of which the solutions are the invariants sought. It is also easy to 
verify directly by combining these equations that they form a complete system. 
Neglecting the first equation, which shows only that the invariant cannot 
involve y, the number of the variables is o+1+o0—=20+1. The number of 
equations is o + 1, and hence there are exactly (20 + 1) — (o + 1) =o indepen- 
dent solutions, since the equations are obviously linearly independent. One 


solution is found to be 
I, = a, — ai — ay. 


This is Cockle’s quadricriticoid. Since x is not transformed, as must be inva- 


riant, for if w and » are any two invariants of the linear differential equation, 
then a is also invariant.t Hence theo solutions of the foregoing system may 


be chosen as 
dl, I, 


dx! dab 


* Math. Annal., Band 24. 
+ As a proof of this, for the general case is given later, a special proof is not given here. See 716, 


| 
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for these invariants are linearly independent of one another, and involve only 
the variables of the system. We may say then that there is only one essential 
invariant involving only a, and a, and their derivatives to any order, as all 
others may be derived from this one by successive differentiation with regard 
to a. (Compare Cockle’s statement that ‘the differentials of critical functions 
with regard to the independent variable are critical.”) 


$7. Next consider the invariants involving only a,, a,, a; and their deriva- 
tives. We have, in addition to the values already given, 


da; = — (3a,9! + 30,9" + 9”) dt, 
s—2) — (s 2) ! $—2—i 
4 35 (s—2— St. 


Forming now the extended transformation as before, and writing the first 
three of the resulting equations, we have 


3 


Oa, 


=o + of + of of 


da, 


The remaining o —2 equations involve differential coefficients of f with regard to 
af,...., and aj,....,a¢—” only, and are therefore 
identically satisfied by any function of a,, a}, a{!, a2, a3, a,. There are altogether 
o-+1 equations, which form a complete system in (6 +1)+o-+ (¢6—1) 
variables, and hence there are 20—1 solutions. Writing only those terms of 
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. . . . / / 
this system which involve differential coefficients with regard to a, aj, a, a 


and a,, we have 


0=- of -+ 2a, of + 3a, at 


0a, da, Cus 
“Od, + 3d, + da! 
of 


These three equations in five variables form a complete system, with the two 


solutions, 
L=a,—ai?—a, and J,=a,— 3a,a,+ 2aj— ay. 


I, is Cockle’s cubicriticoid. Then 


dl, dl, di, i, 

are the remaining solutions of the complete system, 20— 3 in number. There 
are thus two, and only two, essential invariants involving only a,, a), a; and their 


derivatives. 


$8. Proceeding in the same manner, we find that there are three, and only 
three, essential invariants involving only a,,...., a, and their derivatives. 
They are the three solutions of the following complete system: 


+ 


f, and J are solutions. Call the third solution Z. Neglecting the terms in 
a; and a’ in the second and third equations respectively, we find that we have 
still a complete system of equations with one solution, which must be J,, since 


| | 
| | 
af af ar | 
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it contains neither aj nor aj!. We have therefore to solve the equations 


1 Oa, ds da, ’ 
+ 
The ordinary method of solving such a system gives as the one solution of this 


system, 
I,= a, — 4a, a, — 8a3 + 12a,a} — 6at — 


This is Cockle’s quarticriticoid. 


§9. By exactly similar reasoning we see that the ‘‘criticoid” of the k™ 
“degree” is the one solution of the following complete system : 


of of of of } 
of of of k (k — 1) of 
_ i! af i! of 
of of 
of of 


From (4) we see that the 7" (r=1, 2,...., &4—1) equation of this system, 
being the coefficient of @” in _ extended transformation, has the form 


(4 = 1) (8) 


The solution, f,, of this system (7) will not be the same as the B, given earlier, 
for this solution contains only a,...., a, a{*—”, while B, involves in addition 
6 


| | | of 
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to these all the derivatives aj,..., a#~”. The two sets of invariants B,,..., B, 
and f,,...., 4, are of course functionally equivalent. 

If we assign to a, the weight k and to aif the weight (4+), then J is 
isobaric of weight 2, J; isobaric of weight 3, and J, isobaric of weight 4. We 
might therefore from analogy assume that Jf, is an integral rational function, 
isobaric of weight £; thus: 
ay, — + ey + (C205 + 


+ (6,304 H+ + 


On substituting this value in the (4—1)™ equation of the system (7) we 
find that q,=—zk. Then the (&4—2) equation gives ¢, = k(k—1), 


k(k—1) 


first equation finally giving the coefficient of aj. In the series assumed for J, 
no parenthesis is to contain a’s of subscript greater than the subscript of the 
factor into which it is multiplied, otherwise terins will be repeated. We see 
thus that if J, be assumed of this form, that values of ¢ can be determined so 
that it is a solution of all of the equations. Therefore J, is really isobaric of 
weight /, and its value may be found in this way by algebraic operations, that 


, the (4— 3)™ equation will give ¢3, G3, C3, and so on, the 


is, without integration. 


§10. Having now the increments of y and aj (see (3) and (6)), the work 
of finding the covariants is short. For the equation of the third order, we have 
from (3) and (6), (the factor d¢ being omitted) : 

sy = oy, dy dy" =9"y + 29'y' + oy", 

da, =—9', — + 2u,9’), 

da, = — + 2a,p" + 2ajp'), — + 38a,9" + 3a2¢9’), 
Forming the extended transformation, and, as before, equating the coefficients 
of the different derivatives of @ to zero, we get 


of of ast of 
o=y oy + Oy!’ 
, Of of of of 
Oy!" oa! da, 2a, 3a, Day’ 


| 
_ af of, af 
0 dal! + us 
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This complete system of four equations in nine variables has five solutions, for 
the equations are evidently independent. Three of these solutions are J, i, 


al, 
and —~, and are free from y. The remaining two involve y or its derivatives, 


dx | 
and are absolute covariants. They are: 


y' + ay y + 2ay! + ay 


These agree with the relative covariants given by Cockle, for since y is a rela- 
tive covariant, the numerators of both of these absolute covariants must be rela- 
tive covariants. Comparing Cockle’s operative symbol, A, with the above 
equations, we see that it is equivalent to the second of them. For the relative 
invariants the zero in the left-hand member of the first of the above equations 
must be replaced by / (see §39). Cockle therefore had found only one of the 
four partial differential equations which his covariant satisfies. 


§11. For the covariants of the general equation of the n™ order, we have, 
from (3) and (6), as the extended transformation, 


w k 
k! (m), — m) of 
J oy 


n w—-k k s+i 
! (M)_(8 + i — m) 
2 2: i! (s-+-i—m)! (m—17)! da 


where w>vn is an integer, and the transformation is so far extended that terms 
of weight not greater than w enter. On changing the order of summation, this 
becomes 


n w—k jm 3! k! of 


1 1 m—k 
ters 


In this expression, when two upper limits are written, the smaller is chosen, and 
when two lower limits are written the larger one is to be used. Equating to 


(m) afk —m) 
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zero the coefficient of ~”’, we obtain the following complete system of partial 


differential equations: 


w of 
dy” ’ 
k! (k— of 
= (k—m)! m! oy” (9) 


k 
w—k s! Of 


= (s+i—m)! (m—i)! da 


k jm—s 
0 7 0 
a 


These w + 1 equations are linearly independent, for the first determinant of the 
matrix of the coefficients has the value y”*+’=0. The number of variables is 


n)(w—n+1) 


so that the number of solutions is nw—4(n?—n). Consider in particular the 
the case w=n. The numberof absolute covariants is then }n(n+ 1). Among 
this number we have the invariants 2, J;,...., £,, and their derivatives up 
to those of weight m. The total number of ne solutions is: 


There are consequently exactly 4n(u+1)—4n(mn—1)=n other solutions, 
and these are 


y y y 
We see that these quantities are solutions as follows: Let us use Cockle’s 
notation 


r 
Y, = ay” =>) (ag =1). 
0 J}? 


We have so determined dy and daf) that y,=0 is an invariant differential 
equation. But the expressions (3) and (6) for 5y® and da do not involve n, 
the order of the equation, and would be the same if determined from any other 


| | 

| 
| 


and their Relation to the Theory of Continuous Groups. 45 


equation y,=0. Therefore the equation y,=0, (r= 1, 2,...., ”) must be an 
invariant differential equation for the transformation in question. That is, 


when the substitution y=w.v is made. The factor p may be determined by 
considering the highest differential coefficient 


= 


Hence Yr = pv, = 
and (r= 1, 2,...., 2) are absolute covariants. 


This same fact may also be easily proved by direct substitution in (9). When 
we substitute 


in any one of the last w= equations (9) we have only to retain in the second 
summation those terms which involve a;; that is, we may write s=0, i= ™m, so 
that the equations become 


! n ke! af 
= (kK—m) __ 
(m= n) 
We have 
Oy, 7! OY, _ y! 
and 
r OY, 
= = 9 when k>r. 
Hence 
r—k 


r! 


r! (k —m) 


r 
r 
0 (7 J 
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That is, y, is a solution of the last » equations, and the first equation tells us 
that a solution must be homogeneous in the y’s. Therefore y,/y is a solution of 
the system (9). When w>~n the remaining solutions are obtained by differen- 
tiating those already found with regard to a. 

Cockle had therefore in 1865 indicated the complete system of invariants 
and covariants of a homogeneous linear differential equation of the n™ order, for 
a transformation of the dependent variable of the form y=v.u(ax). His system 
contained more than the requisite number of solutions, for we have just seen 


DP, 
that the solutions — are not needed. 
Ab 


§12. Let us now take up the case in which the independent variable alone 
is transformed. Then 
where x,, y are the transformed variables, and y is an arbitrary function of x. 
These transformations form an infinite continuous group defined by differential 
equations. We get the infinitesimal transformation by writing y= a+ & (a) dt. 


Then 
(x)dt, 


and the symbol of the transformation is 
of 
E(x) 


The following work is not made perfectly general, but is carried only far enough 
to get the covariant given by Cockle in 1875: 


| 
8 


= 


0 


| 
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k—1 
Since 2s al’ this becomes 
k—1 k! 
at 


As in the case for change of the dependent variable, we have 
dy™ + na, + .... fa, dy + da, +....+ yda, = 0. 


On substituting the values of dy™, dy"—», dy“—” as given by (10), this becomes 


0 = — gn | yo 2) nm 
9) 
+ nday n(n— 
4 1) 


Kliminate the term involving y™ by means of (2) and equate the coefficients of 
y"—» and y“—* to zero. This gives 


da, = £" —a, dt, 
da, = +. (n — 2) a, — 2a, bt, 
dai = = aff! dt = 1 — ) dt. 


The extended transformation is then 
wk / 


| 
f 
2 
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Equating the coefficients of the different derivatives of & to zero, we have 


Oy da, da, 
n—1 Of of of 
n—2 Of , n—1 Of 
3 Od, +3 da; 


By the ordinary methods the one solution of this complete system of three 


equations in four variables is found to be 
on 
— n> 2. 


This is Cockle’s “differential quadricriticoid.” Other invariants found by 
extending the group further are not here given because they are simply the 
solutions of equations to be given later. We have now found all of Cockle’s 
invariants by Lie’s methods, and proceed to the general case. 


CHAPTER 38. 


Invariants of the General Homogeneous Linear Differential Equation in Two 
Variables, for Transformation of Both Variables. 


§13. It is known* that the most general point transformation which trans- 
forms the equation 


n n— n! n—8 
+ + + ony = (4 =1) (2) 


into an equation of the same form is, when n > 1, one of the form 
(11) 
These transformations (11) form an infinite continuous group defined by differ- 


ential equations. Lie’s theory may therefore be used in finding all the inva- 
riants of the equation (2) for the transformations (11). 


§14. Let us consider the effect of a finite transformation before taking up 
the infinitesimal. The following treatment follows closely that for finding the 


* P. Stackel, Journal fiir Math., CXI, pp. 290-802. 
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factor by which a relative differential invariant in x, y, y’, y’,.... is multiplied 
when subjected to a point transformation. It is thought best to make this 
treatment only general enough for the purposes of this paper, and not to give 
the factor in determinant form, as might be done. We have 


y=y¥(x), 

3 Ys 

0 


When these values are substituted in 
yf? + + 


we must get a multiple of (2), for (2) must be an invariant equation, and the 
substitution (12) is linear in the y’s; therefore 


n—8) — 5 n! n—8 


Substitution of (12) in (13) and comparison of the coefficients of y™~” gives 


a, = + Bu (J 1, 2% (14) 


Solving these equations for (7 = 1, 2,...., gives 
1 
+ (j= 1, 2, 200+, 2) (15) 
0 
Differentiating (15) & times with magne to x gives 


am aj” 7 (2) . ay, where = 0. (16) 


The formula (16) includes (15), and (16) and (12) together with (11) are the finite 
equations of the extended group. Since (12) and (16) are linear substitutions, 
7 


— 
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any integral rational function in y“ and aj will be transformed into an integral 
rational function whose degree taken in either set of variables alone, or in both 
together, will be the same as that of the original function. 


§15. Now make the transformation 


y= Cy, 


which is included in (11). Then 


yy = Oy”, and a)’. 
Therefore any differential invariant 
(v). k 


must be homogeneous in y, y/,...., y” of degree zero, and any invariant differ- 
ential equation must be homogeneous in y, y’/,...., y” 
Next make the transformation, 


fi = Cx, 


which is also included in (11). Then 


Let us assign to [y’]’ the weight uy, and to [a;"]' the weight (7+ %)/. Then 
these equations show that any invariant must be isobaric in the ys and a{’s of 
weight zero, and that any invariant differential equation must be isobaric in the 
y””’s and a{*’s. Hence we have the theorem: 


Theorem I. 

Any absolute invariant of the linear differential equation (2) for the group 
of transformations (11) must be homogeneous in the ys of degree zero and 
isobaric in the y“’s and a\’’s of weight zero. An invariant equation (or relative 
invariant) must be homogeneous in the y™”s and isobaric in the y“’s and a‘"”s. 

This theorem must hold for every subgroup of (11) which contains the two 
transformations 

Cy; 


, Ce. 


§16. Let us consider an integral rational function which is a relative inva- 
riant. Then by Theorem I it is homogeneous in the ys, say of degree 2, and 


| 
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isobaric in the y“’s and a}"’s, say of weight w. Represent this by 
Qo 


This equation is invariant. ©” must be composed of individual terms, each 
of which is of degree 4 in the ys and of weight w in the y”’s and a*’s. The 
formule (12) and (16) show that any such term is to be replaced by the same 
term multiplied by ¥*/7'”, plus a function of weight less than w. Then 


where © is an integral rational function, none of whose terms is of weight as 
great as w. The left-hand member of this identity vanishes when we place 
Q° ¥) = 0, for this is an invariant equation. Hence © is identically zero, for a 
function of weight less than w cannot vanish by means of one of weight w. 


That is, 
ge, (17) 


/ 


This formula (17) shows how an invariant integral rational equation is trans- 
formed. The same is true if Q*” is any root of an integral rational function, 
extensions of the definition of degree and weight to such a function being made. 
These are the only functions which arise in the present article. If an invariant 
irrational algebraic equation were given, it could be rationalized, and then (17) 
would give the factor by which the invariant is multiplied when a transforma- 
tion (11) is made. 

Theorem II.—Whenever three relative invariants are known, an absolute 
invariant may be constructed by algebraic processes. 

Let 2°), QO» %) QC») be the three relative invariants. Then (17) 


shows that 


is an absolute invariant, if 4, 2, us be determined from the equations 


+ Azu; = 0, 
that is, if 


lg = | We Ws (19) 


Ag Ar} Ar Ae 
W,| Wy We 


| | 
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This formula always gives possible values of : u,: 43, except when 
Ay Agi Ag Wy: We: Ws, 


in which case it is necessary to know only two different invariant equations. 
This case occurs when two of the given relative invariants are free from y and its 
derivatives; it is then not necessary to know a third. No one of the Q’s may 
be an absolute invariant if (18) is to give a new absolute invariant. 

This theorem is the exact analogon of a well-known theorem of Lie concern- 
ing invariant differential equations of curves in a plane. 

Theorem III.—If an absolute invariant be a rational algebraic function, both 
its numerator and denominator are relative invariants, of the same degree and 
weight. Let J= U/V be an absolute invariant, where U and V are integral 
rational functions, which by (12) and (16) transform into integral rational func- 
tions, say U, and V, respectively. 

U 
k 


is an invariant equation, and this invariance is not destroyed if we clear of 


fractions. 


0—kV=0 


is therefore an invariant integral rational equation, and must be homogeneous 
in the y’s and isobaric (Theorem I). Say the degree in the y’s is 4 and the 
weight w. Then by (17) 


(U—kY). 


This equation is true for all values of k. Hence 


yp 
U,=—, U, Q. E. D. 


Theorem IV.—The total derivative with regard to x of an absolute inva- 
riant is a relative invariant of next higher order. 
If J be an absolute invariant, then 


| 
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and this is an identity when we make use of (11), (12) and (16). Hence we 
may differentiate totally with regard tox. This gives 


dx,” da’ 


which shows that = is a relative invariant, homogeneous of degree zero in the 


y’s and isobaric of weight unity. Its order in both y and the a’s is evidently 
one greater than that of J. 

As a corollary, we see that if we have two absolute invariants, 4 and J, 
that then 


di, 
da] dx ’ dl, 
is an absolute invariant, and 
a, Fi, i, 
We’ ai? (20) 
is an infinite series of absolute invariants in ascending order. For transforma- 
tion of the dependent variable alone, we may write =a. This justifies the 


method used at the end of §6. 


§17. The preceding theorems enable us to derive an infinite series of abso- 
lute invariants in ascending order from two known relative variants. We always 
know a third relative invariant, namely, y, for we have y,= By. Then apply- 
ing Theorem II gives an absolute invariant, and [IV gives a new relative inva- 
riant of next higher order. Using II again yields a second absolute invariant, 
and this alternating process may be continued, or (20) may be used, and we 
thus get an infinite series of absolute invariants in ascending order. 


§18. Ifa single absolute invariant, say 


is an absolute invariant of order one greater than that of J. A repetition of 


| 

: be known, Theorems I], III, [V, together with the foregoing remarks, show that 
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the process gives an infinite series of absolute invariants from a single absolute 
invariant. 


§19. For subgroups of the general group (11) it is often possible to find an 
infinite series of absolute invariants by differentiation processes from a single 


relative invariant. Thus if 
Cy”, 


where Cis an arbitrary and y a known constant, we have a subgroup of (11). 
Suppose that for this subgroup we know a relative invariant U of degree A in 
the y’s and isobaric of weight w. Then we have 


T= w= Cy’ y; 


Ui U' + (Av w) Yi + Cry’ * x" y. 
The elimination of y’, v7”, and C between these four equations shows that 


— —w) Ui 
U 


is an absolute invariant for the subgroup 
n= 


when U'is a relative invariant, of degree 4 in the y’s, and isobaric of weight w. 

For other subgroups other methods of deriving new invariants from known 
invariants by differentiation can be developed (cf. Forsyth’s quadriderivative 
and Jacobian processes)*, but as we have now all the methods we need, we shall 
not go into this. (Cf. §51.) 


§20. With these general remarks on the methods of finding new invariants 
from known invariants, we return to the actual process of finding the invariants 
by the method of infinitesimal transformations. 

The symbol of the infinitesimal transformations of the group (11) is 


(23) 


*Phil. Trans., I, 1888, pp. 407-418. 


| 
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where £ and 9 are arbitrary functions of x alone. This transformation must be 
extended by taking into account the variation of y® and a. We have 


= = — ot + (dy*~) 


(k —1) 


Making use of Euler’s theorem for the differentiation of a product, and of the 
formula 
s! k! 

(4 —m—1)! (m+1)!’ 


we find, in the same way that (10) was found, 


=> (k— +1)! [(m + 1) — (k— m) (24) 


§21. The variation of (2) gives 

On substituting in this equation the value of dy~* from (24) we get 

n! 

n! a, nm—s)! 


s! w—J)! 1)! 


s! (n—J)! (J—8+1)! 


j—l1 


| 

| 
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But in consequence of (2), —né') = 0. Hence we finally 


j)! 
get by equating coefficients of ane 


(§- 8). (pm — —8 +1) 

$22. In extending the group of transformations we also require éaj”. 


da” = — Flap (bai) 


dx 
k—1 


The quantity within the bracket is the same as that encountered in finding dy, 
a, replacing y. Hence 


k! (4 — m) m+ ke —m | (m + 1) 


Combining the first two summations into one, and changing the letter of sum- 
mation, gives 


—_ 


The form (26) is useful for some purposes, but in order to find the equations 
which give the invariants, the indicated differentiation under the second summa- 
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tion sign must actually be carried out, and then the summations arranged 
according to &® and @®. Performing the differentiation gives 


s+ 1)! 8! 
(j—s)! 8! (s—j+m)! 
j—1 k+j+1—s 
7! k! (n ) 


(j—s+1)! s! (k+j—s—m-+1)! (m+s—j—1)! 


In the double sums the order of summation must now be changed so that the 
summation with regard to m comes first. 


$23. In changing the order of summation the typical term will remain the 
same, only the /imits of summation being changed. The limits of summation 
are changed as in the following example: 


k+j—s 
2 >> shows that y—s<m<k+j—s. Hence if m be first chosen, we 
j-—s 


have for s, 
j—m<sck+j—m, 


s also lies between other limits, namely: 0<s<j—1, and sometimes one set 
and sometimes another must be chosen. The third inequality combined with 
the first gives 

I<m<k+y, 


smaller ,k+j—m 


0 


of 


In all of the following work if two (or more) upper limits are written the smaller is 
to be chosen, and if two (or more) lower limits are written the larger is to be chosen. 


8 


& 
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§24. Changing the orders of summation in this way gives 


— (k—8+1)! 8! 
(j—m)! m! (k+y—s—m)! (s+m—yJ)! 
k+j+1 
(g+1—m)! m! (k4+j+1—s—m)! (m+s—j—1)! 
Formula (27) includes (25) as a special case, so that we need use only (27) 


and (24) in forming the extended group. 


§25. It has been already stated that af” has the weight (4+ 7), and that 
y™ has the weight uw. If then we consider only those extended transformations 
which involve no y of weight greater than w, and no a” of weight greater 
than w,, we have as the required extended transformation 


(Wj Ws) 

In this formula the values of oy from (24) and of oe ; from (27) are to be sub- 


ot 


stituted. The result will involve double, triple and quadruple summations. 
The order of summation must then be so changed that the summations with 
regard to & and @ come first. When this is done, we get the extended trans- 


formation : 
(w, wy) (s) (s) 


j-—1 
Wa—j 8 ° j 
_ Sige jl af 


0 


1 
+ Seo >; > 


(n — 


| 
i 
| 
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§26. If F(y™, a) is to be invariant for this transformation, then X“:”» F=0. 
This equation breaks up into a number of equations, obtained by equating the 
coefficients of ¢ and & to zero, for all possible values of s. The general case 
will not be here considered, but only the two special cases, w,=0, w,=w, 
and w,= w,=w. The first of these will yield what are ordinarily known as 
invariants, that is, the invariant functions so obtained will not involve y or its 
derivatives ; the second yields, in addition to those of the first class, the so-called 
covariants. In writing these equations those coming from @” are always given 
first, and then those from &”. ‘The former class of equations yield the inva- 
riants for transformations of y alone, the latter the invariants for transforma- 
tions of x alone, while the common solutions of both sets of equations are the 
invariants for change of both « and y. Hither set of equations alone forms a 
complete system. We have then the following complete system of 


Equations to be satisfied by invariants involviny only aS, where k+j cw, for 
transformation of both x and y: 


— __ = J ji k! & — Mm) of 
O = at (j— —m)! (k+j—s—m)! (m+s—y)! 
(s = 1, 
Sw-—s 
—A, f= a (s iy! a; ( ) 


lw—j jl (n— 7) $—m) of 
_ k m 


1, 2,....,w—1) 
n— 


In using these equations it is to be remembered that a,=1, so that aj? =0 
when k>0. 


| 
| | 
| 
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In the same manner we get the complete system of 


Equations to be satisfied by invariants involving af” (le + 7<w) and y (usw) 
for transformation of both x and y. 


o= Y,f y 


=) k! ony 
w j- 
w—J - 1 k! s—m) of 


— k ’ 


w w— j 
0 


30) 
| 8) of ( 


V(s+1)! 


1 


k! (n—Jj) af of 
1, 2,..+., w-—1) | 


$27. Using the notation of (30) we may write (28) in the form 
w+i1 


(31) 


The equations Y,f= 0 in (30) are, of course, the same as the equations 
(9) which yield the covariants for transformation of y alone. The equations 
X,f = 0 in (30) yield the covariants for transformation of x alone. 


§28. The equation 0 = — A,/ of the system (29) shows that every solution 
of this system must be an isobaric function of the a{*’s of weight zero. Every 
rational invariant must therefore be the quotient of two integral rational func- 


| | 
| 
w 
w—j (k+j— 
1 0 
s—j 7 0 
| 
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tions, which are isobaric of the same weight. The equation 0 = — X,f of (30) 
shows that the covariants must also be isobaric of weight zero in the a{’s and 
y””s, and the equation Y,f=0 that they must be homogeneous of the zeroth 
degree in y, y/,..... ,y™. (Cf. Theorems I and III.) 


§29. The complete system of partial differential equations (29) contains 
2w + 1 equations. When w<vzn there are $w(w-+1) variables. Hence there 
are at least 

4w(w + 1) — (2w + 1) = — 8w — 2) 
solutions. In order to have any solutions for this case we must have n>w>4. 
When w > 7 there are nw — $n (n — 1) variables, and therefore 


nw—3n(n — 1) — (2wW + 1) =(n— 2)w — § (rn? —n — 2) 


solutions: When n=2 this is always negative, however great w_ be 
chosen, which shows, if we assume the equations to be independent, that 
the linear differential equation of the second order has no invariants, a fact 
which has long been known. When x= 38 there are w— 4 solutions, so that 
there is certainly a solution for w= 5, that is, involving terms of weight five. 
We shall return to this later. Similarly we see that there is one solution 
involving only a,, a, a; and their derivatives to those of weight 5, whatever n 
may be. Call this invariant J;. Hither its numerator or denominator involve 
terms of weight 5. Then making w = 4 in the formula 3 (w* — 3w — 2) for the 
number of solutions, we see that there is one solution which must involve a,. 
Call this solution J,, When w=5 there are four solutions, one of which 
involves a;, and which we shall call /;. And in general call that solution J, 
which involves a,, and a’s of smaller subscript, with their derivatives up to 
those of weight m. When w<m we can in this manner pick out a set of w— 2 
independent solutions, from which we may obtain the rest by differentiation. 
These solutions which we have just chosen will be algebraic, and in all of the 
examples which follow they may be made rational by simply raising to a power. 
If we assume then that 


U' m) 


— 1 ’ 


(21) shows that 
4 


is an invariant, and 


& (m= 4, 5,...., w) 
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is a set of w — m +1 invariants, all independent, and none involving terms of 
weight greater than w. The invariant J, is not included in this set, and can be 
differentiated only w — 5 times, since it involves terms of weight 5, not 3. It 
therefore furnishes only w— 4 solutions, By subjecting 
to this process we thus get 

w—4+ [(w— 3) + (w—4) + (w— 5) +.... +241] 2) 
invariants which are evidently independent; that is, this process gives all the 


invariants. The system of w— 2 invariants 


is then a complete system of invariants from which all others may be derived by 


differentiation. 
When w >n the same process applied to 
yields 


w—4+[(w—3)+(w—4)+. + (w—n+1)] = (n—2)w— + 2) 
invariants, and we have here all the solutions. 


§30. The complete system of partial differential equations (30) contains 
2w + 2 equations. When w< the number of variables is w+1+ $w(w +1), 
and hence there are at least 3(w— 2)(w+1) independent solutions. Of these solu- 
tions 4(w”* — 3w — 2) are solutions of (29), so that we have still w to find. An 
examination of (30) shows that there is one solution involving y and y’ and a’s 
of weight not greater than 4. The differentiation process may be applied w — 4 
times to this covariant, which gives us all but the three covariants of highest 
order. The process cannot be applied oftener because it would then bring in 
a’s of weight greater than w. We shall presently give the solution of (30) for 
w= 3. This gives two covariants involving y, y’, y”, y and a’s of weight 
not greater than 3. The application of the differentiation process to these two 
yields the whole series of covariants except the one containing only y and y/, 
which must be determined by a separate integration. This latter covariant is 


also given later. 


§31. When, in (30), w<n, there are nw —tn(n—1)+w+1 variables, 
but they are not all independent, being bound by the given differential equation 
(2), so that y™ may always be eliminated from a covariant of order in y equal 
to or greater than n. Moreover, the covariants of order in y higher than n have 
little interest, for they can always be found by a differentiation process. The 
given equation (2) is an invariant equation, and, as will be shown later. 

2a; — 3a; — 6a,a, + 4a? + 6a,a; + a! 
is also a relative invariant. Hence by §17 


y™ + nay?) + + .... 


y [ 2a; — 3a; — 6aya, + 4a} + + aj! 


= 
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is an absolute covariant (equal to zero when we use (2)). The repeated appli- 
cation of (2) to this function will give all the covariants of order in y greater 
than n. The quantity y™ must then be eliminated from these by means of (2). 
We shall leave these covariants out of consideration, and when w,<n, take 
wW,=n—1. These values in (28) show that these covariants are the solutions 
of the following complete system : 


n—1 


c= (4 —s)! al? dy 


n w—j 
jlklatti—" 
(g—m)! m! (k+j—s—m)! (m+s8—J)! 
j-s 
1,2) 
(sn, 
n w—Jj af 
n—1 
k! of 
X = 
(s +1)! dy” (32) 


n 
w—j 


—(k—s)! (+1)! da 


i! (n akti— s—m) of 


1, 3. 
( 


8 w—j 
0=— f= = (s+ 1)! 


(s=n—1,n,....,w—1) 


>: ji (a— jg) of 


64 Bouton: Invariants of the General Linear Differential Equation 


The number of solutions of these equations is 
nw —4n(n— 3) —(2w + 2) = (n— 2)w— — + 4). 


Of these all but x — 1 are solutions of (29). These n— 1 are found just as for 
the case w <n, and in fact are the same solutions as for w= =2— 1. 


$32. As an example, let us give the solutions of (30) for w=3. The equa- 
tions become : 


I= Y,f=y + 7 + + of 


y" Oy!" 


=, of 


+ 2y" + 3y!" of +a + 2a; of 


of of Of 


—(n— 2)a, — (n— of 


—_n—1 af ,n—2 Of of 


This complete system of 8 equations (which are independent) in 10 variables 
has two solutions. By the ordinary methods they are found to be 
(n — 1) yy" — (n— 2) y" + 


(n—1)’r. 2(n—2) ,  (n— 2)/(3n—1 


(2a3 — 3a, — + 4a? + Gaya; + ay')! 


| 
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and 
+ (n — 8) ¢ + — aly! = | 


(2a, — — 6a,a, + 4a; + + 


Both numerator and denominator of both of these invariants are relative inva- 
riants (Th. III), and this justifies the use of the denominator made in §31. When 
n = 8, the numerator of the second invariant reduces to 


(y!" + 8ayy" + + ay) 
as it should. 


These are the two covariants mentioned in §30 from which all others 
(except the one involving only y and 7’) may be derived by differentiation. 

The covariant involving only y and y’ is the solution of the following com- 
plete system, which is obtained by writing (30) for w= 4 and then dropping the 
derivatives with regard to y", y!", and ay. 


of of 
57> 

oy dy’ 
» af 

a3 3 

FF, AF, 
dal! * Bail 


| 65 
| 
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das, da; 
3(n—8) 7 a 
+ 2[a,— (n—2) a —3) — (n— 8) +a) 
n—1 of af 


The one solution of this system of equations is 


6 (y/ + ay)( 2a; — 3a; — 6a,a, + 4aj + 6a,ay + ay’) 
_ + (n— 1) y (243 — 3a! — 6aza, — + + 6a,ay' + bay 
y (2a, — 3a} — + 4a} + + af’)! 


CHAPTER 4. 


Consideration of a Subgroup. 


§33. Let us now turn to the consideration of a case which within the last 
few years has received the attention of a number of writers, and which was per- 
haps first completely treated by Forsyth.* If in the equation 


y™ + nay®—) + (2) 


we make the transformation 


* Philosophical Transactions, 1888, I, ‘‘On Invariants, etc., associated with the Linear Differential 
Equation,” pp. 377-489. 
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the term involving z”~” disappears, and we get 


gi”) + n gin — 2) + p,2= 0, (33) 


where p,, P3,+.+..p, are functions of x alone. If in this equation a be sub- 
jected to an arbitrary transformation 
(x) ’ 
we can afterwards cause the term involving the (x — 1)™ derivative to disappear 
by a transformation of the form 
% = 2B (2x). 


All such transformations must form a subgroup of the group (11), for they 
are included in it and leave the form of (33) unaltered. We may then seek the 
invariants of (33) for the group of transformations of this form. The infini- 
tesimal transformations of this subgroup are readily found. From (27) we have 


da, = — ot + 


In the case under consideration a,=0 and da,=0. Hence we must have the 


relation 


(34) 


This may be taken as the defining equation of the subgroup in question. Inte- 
grated, it is 
+ C, (C = constant) 


= 


§34. When the preceding value of ¢ is substituted in (24), the result is 


1 1)— 2(k m +1) (k—m) 


Similarly (26) becomes 


(k—s+1)! s! 


| 
| 
| 
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This is Forsyth’s (13). Our (27) becomes 


(8 


2 {ir 

(j= 2, 3,....,2; k=0, ; 
For (37) gives 

(k) 


k 1 —s s) — 


§35. The extended transformation, corresponding to (28), is 


WwW, Ww, +1 
4 OS of +4 [s(n + 1) )—2(4&+1)] y(k—8+1) of 


oz” 8! (k—s +1)! 
w,—1 
(8) + 1+s5 (j-—1)] (k—s +41) of 
= 2 (k—s+ 1)! s! Pj op” (38) 


n 
(j+1—m)! m! (k4+j+1—s—m)! (m+s—j—1)! 


‘en 


To get the equations whose solutions are the invariants we must equate the 
coefficients of &"), and also that of C, to zero. As before, the two cases w, = 0, 
Ww, = wand w,=w,=w are considered. We find thus the following complete 
systems of equations : 


| 
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Equations to be satisfied by invariants involving only p(k +j< w), for the sub- 


i w—j ) 


k! [k+j+s({—1)] ,a-» 
,.f=2 (%— (s +1)! Pi dp\” 
. 
[n(g—m—1) +f + m—1] 8 — m) of (39) 
J+1—m)! m! (k+j—s—m)! (m+s—J)! 
(s=1, 2,...., w— 2) 


n 


+ 

M 


Equations to be satisfied by invariants involving p\”, (k+j<w) and 2 (/ Sw), 
for the subgroup = 
o= Y/f= ye 
(40) 
(s==1, 2,...., w) 


In making use of (40) the value of A/,,/ must be substituted from (39), and 
in using either (39) or (40) we must remember that p, = 1, p,; = 0. 


§36. The complete system of partial differential equations (39) contains 
w-+1 equations, and, when w <n, $w(w—1) variables. It has therefore at 
least 4 (w® — 3w — 2) solutions, These are of course the 4 (w* — 3w— 2) solu- 
tions of (29) for af) =0, a? =p!) Similarly when w>n there are 
(n — 2)w—}4(n*—n-+ 2) solutions, which are obtained from the (n— 2)w 
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—4(n?—n-+ 2) solutions of (29) for w>n by writing af’ =0, af? 
Or the solutions may be chosen as indicated in §29. 

The system (40) has w + 2 equations, and, when wn, 4w(w—1)+w+1 
variables, and therefore $(w +1) (w—2) solutions. When w <n, the treatment 
is exactly the same as for the general case ($30), but it is not thought to be 
necessary to write out the equations corresponding to (32). They are obtained 


from (40) by neglecting those terms in which = occurs, where kK<n. The 
first two equations of (40) show that every absolute invariant must be homo- 
geneous of degree zero inz,7,...., 2”, and isobaric of weight zero, as in the 


general case. 


The Relative Invariants. 

§37. Relative invariants, that is, invariant equations, may be formed either 
by equating an absolute invariant to a constant, or by forming determinants of 
the matrix of the coefficients of (39) or (40), as indicated by the general theory. 
This latter process is long, and the writer has found no method of applying it to 


the general case. 


§38. We may use another method to find the relative invariants which are 
reproduced save as to a factor of known form, and §16 shows us that the form 
of the factor is always known. Let us seek, as Forsyth does, those relative inva- 


riants, V, for which 
n= 


where v is an integer. Such invariants V cannot be the absolute invariants of 
any but a trivial subgroup of (34). For suppose that V were an absolute inva- 


riant. Then 


1 
and x, = x(x) = 1" const. 


As we are dealing with groups containing the identical transformation, this 


becomes 
x, 2x const., 


dx, = df, 
E=1, @=C, dy= Cy dt (by (34)). 


| 
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(37) then gives dp!” = 0. p® is therefore not transformed, and every function of 
p}” is an invariant for this transformation 


=a+a, 
= By. 

The relative invariants in question cannot, therefore, be found as the absolute 
invariants of any subgroup of (34). 


§39. They may be found, however, as the solutions of certain partial differ- 
ential equations. If in (41) we write 


Xx + dt.& (x), 
so as to get the infinitesimal transformation, we find 
Vi = (1 + V, 
OV = = V.. by (38), 
V8. 


This equation must subsist identically for every &. It therefore breaks up into 
a number of equations, which are the same as (40) with the exception of the 
equation obtained by equating the coefficient of & to zero. This equation would 
be replaced by 

1 2 0 
This equation tells us that / must be an isobaric function of weight v (cf. Theo- 
rem I). If / be isobaric of weight v, then f° is isobaric of weight u, and isa 
solution of the other equations if is. The of the foregoing equation may 
therefore be replaced by any other number, zero excepted, for instance by vy =1. 
The solutions seem to be simplest when we set v= w. We have then 


Equations to be satisfied by the relative invariants for which Vj=y'"V, for the 


— 
2 
(42) 
O= of 
dz)’ 


where X,,,/ is given by (40). 


‘ 
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§40. If these equations be rendered homogeneous by substituting a relation 


of the form 


it is readily shown that the resulting system of equations form a complete system 
with w+ 2 equations and one more variable than (40). It has therefore one 
more solution than (40). All but one of these solutions may be chosen free from 
J, being the solutions of (40). One solution F must contain /, and therefore 
there is at least one solution of the system (42). If this solution be multiplied 
by any solution of (40) we evidently get a new solution of (42). Conversely, 
the quotient of any two solutions of (42) is a solution of (40). These two facts 
together show that the number of solutions of (42) is exactly one greater than 
the number of solutions of (40), and al/ the solutions of (40) may be expressed as 
quotients of solutions of (42). (Cf. Theorem III.) 


§41. The number of solutions of (42) which are free from 2” is one greater 
than the number of solutions of (39), therefore at least 4w(w— 3). When 
w = 3 the equations obtained from (42) are not independent, there is one rela- 


tion between them. They are 


Of of 
3f= On, + 3p, + 3p; Ops” 
af 
0 = — 4p, 
3 Op, ’ 
3 op Ops 


= ) —(n — 2) 2° + 


1)(n — 8) 2+ 2(n— 2)(n— 3) 2” 


12(n—1) 2 (n— 1)? 
+e | 


Hither of the last two solutions divided by p,;—#pj; is a solution of (40), and of 
course may be obtained from the solutions of (30) found in §32 by setting a, = 0. 


| 
The one solution is f= p,— The other solutions of (42) for w= 8 are | 
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CHAPTER 5. 


Differential Equation in Canonical Form. 


§42. Laguerre has shown* that the general equation (1) may, by suitably 
choosing the functions y and ¥ of the transformation (11), always be transformed 
into an equation in which a4,=a,=0. Let us take this, with Forsyth, as the 
canonical form of (1). We then have to find the invariants of 


+): == 0. (43) 
g} 


The transformations which leave (43) invariant must be among those defined by 
(34), since g,=0. Therefore we may use (37) to compute dp,. It gives 


Sp. = —dt[ + err], 


This must vanish when p,=0. Hence the transformations which leave (43) 
invariant are defined by 


(44) 
or Ox = (a + 2ayx + dt, du=[C+ (n—1)(a, + ude. 
Our group therefore has the following infinitesimal transformations: 


The infinite group (11) for this case reduces to a finite group with 4 parameters. 
The finite equations of this group are 


i= » Y= (yx (46) 
Equation (35) now reduces to | 


and (37) becomes 


= {— +5) — [he (e+ 25 — (GF — 1) Ot. (48) 


* Comptes Rendus, vol. 88 (1879), p. 226; see also Forsyth, Phil. Trans., 1888, I, p. 403. 
10 
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§43. We find then 


Equations to be satisfied by invariants of (48) involving only qj, where k +7<w. 


w—j 
0= AM P= gi 


| 
| 


jw 
Equations to be satisfied by invariants of (43) involving gj”, (& + jw), and 
u (lS wv). 
j 
0= an 2 u® ou” ’ 
“1 jw 
in w—Jj af 50 
0= ue” ALF, 


where Aj” is given by (49). 


§44. The number of solutions of (49) when w<n is 4 (w— 2)(w—1)— 2 
= 3 (w* — 3w — 2), for the equations are independent. When w > , the num- 
ber of solutions is (n — 2) w — 3(n? —n +2). The number of solutions of (50) 
when w <n is $(w— 2)(w + 1), and when w>n is (n — 2) w— § (n*— 3n + 4). 

The number of solutions of (50) which must contain u” is w or n—1, 
according as w<n orw>n. All except two of these solutions may be chosen 
free from g”. They are therefore the same for all equations (43) of the n™ 
order. Hence a linear differential equation of the form (48) has two, and only two, 
characteristic covariants. 

By writing out the first few terms of (50) it is easily proved that these two 
covariants may be chosen as 


+ (n— 1) 


(n— 1) — (n— 2) ul” 
(51) 


and 


| 
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Complete Solution of the System (50). 


$45. This problem may be divided into two parts, viz. 


1. The problem of finding all the solutions of (49). 
2. The problem of finding all those solutions of (50) which contain 
only. 


These two classes of solutions, together with the two solutions (51), consti- 
tute the complete solution of (50). 


§46. Let us first find all those solutions of (50) which contain uw” only. 
These are called by Forsyth* the ‘identical covariants.’ They are the solu- 


tions of 
1 
> = 0, >: | dik (n— k) = 0. (59) 
0 1 1 


We can easily find all the solutions of these equations by making use of the 
general principles given in §§18, 19. The group (46) is evidently a subgroup 
of (11) for which 


and therefore if we can find one relative invariant the rest may be found by 
using (22). The matrix of the three equations (52) is 


yl! 


uu 


0 (n--1l)u 38(n—3)u".... 
Equating the first three-rowed determinant to zero gives 
U, = (n— 1) u/u—(n— 2) u" 


as a relative invariant, and this is the only relative invariant which can be found 
by forming determinants. Now usiug (22) gives 
— — 2) 
Uj 
or _ (n—1)P ul! — 3 (n —1)(n — 8) ul! +2 (n — 2)(n — 8) 
= Ui 


* Phil. Trans., 1888, I, p. 428. 
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as an absolute invariant. Then by (21) 


is a second absolute invariant, and continuing the process we find 
®,, A®,, A’®,, 5 


as all the solutions of (50) involving only wu and its derivatives, the last one only 
involving uw”. These solutions are evidently independent. This method does 
not seem to readily lend itself to the computation of all the solutions in explicit 
form. We therefore proceed in the following manner : 


§47. Let us assume at first that w<n—1. The first of the equations (52) 
tells us that f is homogeneous of degree zero in uw”, and the second that / is 
isobaric of weight zero in uv. w is a solution of the second and third equations, 
and U,=(n— 1) u’u—(n—2)w” is a solution of the third. If then we can 
find an isobaric and homogeneous solution of the third equation, we can make 
it isobaric of weight zero by dividing by a suitable power of U,, which is homo- 
geneous, and isobaric of weight 2. Wecan then make the function homogeneous 
of degree zero by multiplying by a power of wu. ‘The result will be a solution 
of (52). (This process amounts to finding another relative invariant, and apply- 
ing (21)). We have then to find a homogeneous and isobaric solution of the 
third equation of (52). There are evidently no solutions linear in uw”. There 
are, however, isobaric solutions which are homogeneous of the second degree 
in uw, When 27<w, and we write 


j-1 
F,, ==> + 4B; 
0 
where (; is an undetermined constant, we have 


XR, = Yk (n— k) +33 (n — ke) Bo; 


j+1 


=>: [h(n — k) + (27 + 1)(n— 27 + & — 1) B,_1] 


If now 


(23 —k+ 1)(n— 234+ 1) 


| 
| 

(Tr) Ae 


and their Relation to the Theory of Continuous Groups. 


(2))! (n— 27 +h—1)! (n—k—1)! 


(4= 0, 1, 


then we have 


j-1 
+ 4B, P, (54) 
0 
2 2 


is a solution of X{’f=0. U,; is isobaric of weight 27, and homogeneous of the 


second degree. 
*U 


2 2 


is therefore a solution of (52). Since 2/Sw, the number of such solutions is 


> —lor <> : , according as w is even or odd. There are in all w— 2 solu- 
tions involving alone. Hence we have still to find —1or solu- 


tions of (52). 


§48. When we attempt to apply the foregoing method to find solutions of 
X;”f= 0 which are isobaric of odd weight and homogeneous of the second 
degree, we find that all the coefficients are zero, and there are no such solutions. 
The next step would be to assume as solution an isobaric function homogeneous 
of the third degree, but the work of substituting such a function in the equation 
XS’ f= 0 would be long. We might make use of the general method and choose 
solutions of the form 


where ®, has the value given in §46. This would give us a number of solutions 
which are evidently independent of those already found, and exactly equal in 
number to those we still need. They would therefore complete the solution. 
If, however, we take the solutions of this form, they are unnecessarily com- 
plicated. The numerator of the fraction would be u”~* multiplied into a 
function homogeneous of the fifth degree and isobaric of weight 2/+1. This 
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function is a solution of X;"”)f= 0, but it is not the simplest solution which is of 
weight 27+ 1. We shall now prove that there are such solutions homogeneous 
of the third degree. 

Theorem III applied to (55) shows that U,, is a relative invariant. Then 
(22) shows that an absolute invariant is 


(n — 1) uUj, — 2(n— 27 — 1) w'U,, 


ui 
2j 


When the value of U,, from (54) is substituted here we get a solution of (50). 


If we write 


(n— 1) — 2(n — 27 — 1) (56) 
4. = — (j=1, or (57) 


2 


is the solution of (50) which we sought. U,,4, is isobaric of weight 27 + 1 and 


homogeneous of the third degree. (57) gives > —lor 2 solutions accord- 
ing as w is even or odd, and these, together with the solutions ®,,, > —lor 


ae number, are the w — 2 independent solutions which involve w® alone. 


The treatment of the case w <n is exactly the same as in the general case, 


and will not be further considered. 


$49. Having now found all the solutions of (50) which necessarily involve 
u or its derivatives, we must next find all the solutions of (49). The equation 
A{”f= 0 simply shows that the solution must be isobaric of weight zero in the 
qgi’s. gz is a solution of the second equation. Therefore if we can find any 
other isobaric sulution of the second equation, we can make it isobaric of weight 
zero by dividing it by a suitable power of q, and thus get a solution of the system. 
Let us first assume w<n. Then we may write A{”f=0 in the form 


wi—l 


Let us see whether any solutions of the first degree in g{? and isobaric of weight 
m exist. Assume 


m—3 
©, = dian, (45 m<vw) 
0 


a 


I 
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Then 
m—1 
= [(m +9 — 1) Om, (G+ 1) Om, m—j—1] 


©,, is therefore a solution of A{”f= 0 if 


Am, m—j— um —j)(m +7 m—j—1) (7 = 3, 4, 1) 
(m — s)(m—s+1) os 


(m— 2)! m! (2m—s— 2)! am, 0 


=(— Ga—s—1)! (m—s)! 2 
The last equation is an identity fors=0. If we choose ay, »= 2, then 


m! (m— 2)! (2m —s — 2)! 


hm, (— 


Therefore with this value of a, , 


m—3 


@,= (m= 4, G,...., w) (59) 
0 
is a solution of AfY’f=0. Then 
J = (mee (60) 
qs 


is a solution of (49). We have w— 83 such solutions. Direct integration of (49) 


shows that 
J, = — (61) 
q3 


is a solution. From these w— 2 solutions all the others, 
(w? — — 2) —(w— 2) = 3 — bw + 2) 


in number, can be found by differentiation processes. We have simply to apply 
(21). If we define the operator 3 by 


a 
> da’ (62) 
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then (21) gives us as absolute invariants (and hence solutions of (49)) the follow- 
ing set : 
These solutions are independent of one another, and their number is 
(w — 4) + [(w— 8) + (w—4) + (w—5)+.... +24 1] 2); 
that is, (63) gives all the independent solutions of (49) for w<n. Ifw>n, 
further differentiation of J;,...., J, is seen to give all the solutions. 


§50. To summarize, the complete solution of (50) consists of the following 
invariants : 


(51) 
U 
Pe, G 2, 3, ’ or (55) 
2 
= G= i, ,——lor= (57) 
A 2 
J.= 69393 — 793 
— Qn (m= 4, 5, , w) (60) 


In these formule the quantities U,;, Uy41, On and S are defined by (54), (56), 
(59) and (62) respectively. These formule give the }(w* — 3w— 2) invariants 
and the w covariants (which involve no letter of weight greater than w<n) of 
the equation in canonical form 


(m= 4, 5, w) (63) 


n 


for all transformations which leave this equation invariant, namely, for the 
4-parameter group 


| 
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Of these invariants, U,;, U,,,, and J,, are exactly the same as those given 
by Forsyth. The latter, however, gives instead of the derived set (63) another 
set of invariants, which of course must be functionally equivalent to (60), (61) 
and (63). 


The Differential Parameter. 


§51. In conclusion we shall show that all the different methods of which we 
have made use in deriving new invariants from known invariants by differentia- 
tion, are only special] cases of what Lie calls the “ Differential Parameter.’’* 

Consider first the case of Theorem IV, where two invariants, J, and J, are 


known, and Jef a is shown to be invariant. The differential parameter is a 


function 
k / 7 


such that when /, and /, are invariants, Q also is invariant. We have 


if we make use of the notation of (28). Moreover, we have 


Since Q is to be invariant when /, and J, are, we have 6Q=0 when 6/,=0, 
d/,= 0, and this for all values of @ and &. Hence, on substituting the values 
of 6/{ and df), using (30) and (31) and equating the coefficients of @® and & to 
zero, we get 


+f 


This is a complete system of equations giving Q. The system has all the solu- 


* Lie, ‘‘ Continuierliche Gruppen,”’ herausgegeben von Scheffers, pp. 670, 680, 739. 
11 
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tions of (30) and two others, which are the differential parameters. One is 


evidently 

dx} da’ 
which is the result given in the corollary to Theorem IV. The other solution is 

Q, = (2a; — 3a; — + 4a} + + ay’)? 

No use has been made of this second solution in the earlier part of the foregoing 

paper, but in Chapter 5 it is used in formula (62). 
Next take the case of $18, where two relative invariants, U and V, are 


known, each of degree 4 and weight w. The ratio = U/V is then a known 
invariant. As before, let 


be the differential parameter. Then 


= XO. M+ IU + + ort 
Considerations similar to those of §39 show that U and V are solutions of 
o= Y,f, (a= 1, 2, 
o= 4,.,/, 
f= Vf, 
uf=— Xf, 


= (OY, 0 + FX, 0) dt = (Ad — w8') VU. ot, 
= (Ad — we") 


As before = — dt. Then SQ =0, dJ=0 gives 
dQ dQ 
This breaks up into 
~ 2, w) 
dQ 
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These equations have three more solutions than (30). One of them is U/ V, the 
second is Q, given earlier, and the third is the desired differential parameter, viz. 


This is the same as (21). It should be noticed that no use has been made of the 
fact that /= U/ V, so that in the last formula J may be any invariant whatever 
and V any relative invariant of degree 4 and weight w. 

Lastly, consider the case of §19, and suppose that we know a single relative 
invariant, U, of degree 4 and weight w. For this case ¢ = y + 7é', where y is 
an arbitrary constant. The transformation becomes 


w+l 


Let us see whether there is a differential parameter of the form 


We have, as before, 


é6U= (Ap — Udt = [Ay + (Av — w) &'] 


, 
= (Av — w) St + [Ay + (Av — w—1) 
Substituting the values of )U and §U’, and equating the coefficients of y 
and & to zero gives 


dQ , JQ 

0= YQ +AU +3 

dQ 

0= X,0 — — (w+1)U 

4+ X,Q + (Av—vw) 

X,0. 3, 4, +- 1) 

Expanding by using (30) gives 

dQ 0D 

dQ AQ. 


eee @ 
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where the dots indicate terms which do not involve derivatives with regard to 
y,y', Uor U'. Neglecting these terms we get a complete system with the one 
solution 

(Av — w) U'y—v Uy! 


w—aA w+il 


Q 


This is the same as (22). In computing the first two differential parameters, Q, 
and ©,, no use whatever was made of the finite transformations of the group. 
For the last two, however, use was made of the fact that the factor of (17) is 
known. 
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On Systems of Multiform Functions belonging to a 
Group of Linear Substitutions with 
Oniform Coefficients. 


By E. J. WiuczynskI. 


INTRODUCTION. 


The integrals of a linear differential equation with uniform coefficients have 
the characteristic property of being uniform and continuous everywhere except 
in the vicinity of the singular points of the equation, where they undergo, in 
general, linear substitutions with constant coefficients. 

While Fuchs takes the differential equation to be given, and the essential 
problem for him is the determination of the substitution group belonging to its 
integrals, Riemann takes up the converse problem. He supposes the branch- 
points and the fundamental substitutions to be given arbitrarily. The question 
then arises as to the existence of a system of functions having the given substi- 
tutions and branch-points. In the cases treated by him, Riemann proves the 
existence theorem by passing to the differential equation and finding the arith- 
metical expressions for the functions. A direct proof, similar to that furnished 
by Schwarz and Neumann as basis for Riemann’s theory of Abelian Functions, 
has been given by Klein for a very special case only.* 

It will therefore not be surprising that we encounter still greater difficulties 
if we attempt to prove the existence of the general functions, studied in this 
paper, as I believe, for the first time. Nothing like a general and direct exist- 
ence theorem is therefore to be found in it. But the existence of a large and 
important class of these functions is demonstrated by an indirect method, which 
consists essentially in generalizing the hypergeometric functions in a proper 


manner. 


* Klein in Ritter’s memoir, Math. Ann., Bd. 41. 
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The first part of the paper treats of the theory of the functions, so far as 
concerns their behavior in the vicinity of any singular point. This suffices to 
establish the existence theorem in some very simple special cases. The latter 
part of the paper deals with the generalized hypergeometric functions. 


§1.—Formulation of the Problem. 


Let (y:, Y2;++++, Yn) be asystem of n functions of x, which are uniform 
everywhere except in the vicinity of m points, called branch-points, a), dz, , 
Suppose moreover that when 2 makes a circuit around a; in the positive direc- 
tion, the system (y;, Y2,+-++, Yn) undergoes a linear substitution with variable 
coefficients. It is therefore supposed that the coefficients of the substitutions are 
themselves functions of ~, and, as we shall mostly assume, uniform functions. 
But we shall also to some extent consider the case that these coefficients are 
multiform with a finite number of branches. 

We will assume that the n functions (y,,..-.+, Y,) are independent, signify- 
ing thereby that no relation of the form 


+ dee = 0 


can be identically verified, where y,, y,...., y, are uniform functions of x in 
the vicinity of the singular points a,. 


) i 
Let 


(i) 


af, -..., a8 


be the substitution which (y,,....,y,) undergoes when x describes a positive 
circuit around a;,. 
Obviously the relation must hold 


(2) 


if 1 denotes identity. This suffices to show that no such systems of functions, 
which for briefness we will call A functions, are possible with only one branch- 
point. Ifthere are two branch-points the two substitutions are inverses of each 
other. 

It is the purpose of this paper to develop the general properties of the A 


— 


qe 
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functions, and to establish their existence in some general cases. The analogy 
to the theory of linear differential equations is striking, and most of our results 
will be found by methods familiar to those who are interested in that theory. 


§2.— The Characteristic Equation. 


Let a be any one of the branch-points, and A the corresponding substitution. 
If we put 
A,, Ag, «+++, A, can generally be so determined as functions of x, uniform in the 
vicinity of «=a, that after a circuit around x=a, z will change into Zz = az, 
where w ts also uniform in the vicinity of x =a. 
In order that this may be so, the equations 


A + Ag (92 —@ + + == 0, (4) 


Ay Gin + Ay Gen An (Gus —@) = 0 


must be verified, since y,, ...., Y, are supposed to be independent. Therefore, 


the case 7; = ”2~,=.... =A, =0 being of course excluded, we must have 
Gey 
F(o)= O19 » Ang = 0, (5) 


which is the characteristic equation. The above theorem will then, as equations 
(3), (4), (5) show, be true if x=a is not a branch-point of the characteristic 
equation. 

In general this equation will have nm unequal roots, o,. Jf c=a is no 
branch-point for any of them, there will be n linear homogeneous combinations of 
(Yrs Yn), Which we will call (2, .... , such that 


denoting always by a dash over a quantity the value which it assumes after a 
positive circuit around «=a. 

The substitution expressed by (6) is said to be in the canonical form, and the 
system (z,,...., 2) is to be called the canonical system belonging tox= <a. 
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It is important to distinguish whether F(a) is reducible or not. If it is 
irreducible the n roots a,,...., 0, corresponding to each value of « are but 
the m branches of a single monogenic function of x, so that any one root w; can 
be analytically continued into every other root w,, or, as we may also say, from 
every point of the Riemann’s surface belonging to (5) there is a path to every 
other point of that surface. The multipliers a, will then be permutated if x 
describes closed circuits in that Riemann’s surface. If /'(@)=0 is composed of 
several irreducible factors, only the roots belonging to each factor are thus inter- 
changeable. In particular, it may happen that F(o) is a product of n linear 
factors. Then a, ....,@, are absolutely uniform functions of «. 

Let us now assume that =a is a branch-point of the characteristic equa- 
tion, where the uw roots a, a,,...., @, are interchanged cyclically, so that 


— — Ws, O,; QO, = @. 


Let us moreover denote the 4’s which result from (4), when o is put equal to a,, 
by Aw (A= 1, 2,....,) and the corresponding z resulting from (3) by z;. Then 
obviously if we determine %,...., 2, by the same equations (3), (4), (5) which hold 
in the general case, 


and similarly for any group of roots which has =a as a branch-point. These 
equations will in this case be termed the canonical substitutions instead of (6). 
If x =a is no branch-point and w,,....,@, are unequal roots of F(o) = 0, 
21, +ee+, %, are independent. For if there were a relation with coefficients y, 
uniform for 
+ FY ner =O, 


by making circuits around « = a, we would find 


+ - + OnYnen = 0, 


carn 
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But unless y,; = y,= .... =, = 0, this is impossible, because the determinant 
@ 


n—1 n—l n—1 
Q@) ’ ’ ’ QO, 


= (@ — « « — — Wg) (@, — Wy) — Og) 


cannot vanish for unequal values of a, ...., @,. 

Now let x=a be a branch-point. Obviously after uw circuits around a, 
%,), the canonic functions belonging to the cycle of roots a,...., 
will have changed into ofz,...., exactly as if a, ...., 0, were uniform 
for «=a. Suppose that there are still other groups of 7, p,.... roots, the 
members of each group being permutated when «x describes a circuit around 
a=a. Let o be the least common multiple of u,v, , ete. Then from a 
relation 

Vika + = 0 

would follow by making o, 20,...., (n—1)o circuits 


The determinant of these n equations 
(af — a3) (@{ — — ) eeee — of eeee — 


can only vanish if the quotient of two w’s is ao” root of unity. Therefore if 
z=aisa branch-point of the characteristic equation, and if the quotient of no two 
roots of this equation is a root of unity, the system of canonical junctions, which we 
have defined, consists of n independent members. 

The cases of equal roots, or if «=a is a branch-point of roots whose 
quotients are roots of unity, will be treated hereafter. | 


§3.—Jnvariance of the Characteristic Equation. 


Before we can treat the cases mentioned at the close of the last paragraph, 
we must notice the following theorem : 
Tf instead of (y;, +++ Yn) we consider the system of functions 


Ni = + Mie + + Mates Det (Hix) 0, 
(e= 1, 2,...6,%) 
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where wu, are functions of x which are uniform in the vicinity of «=a, then 
the characteristic equation belonging to the y functions is the same as that for 


(Yar Yor Yn) 
To prove this we can proceed exactly as in the theory of linear differential 


equations. It is therefore unnecessary to reproduce the demonstration. 


§4.— Form of the Canonical Substitutions when the Characteristic Equation has 
Equal Roots, or Roots whose Quotient is a Root of Unity. 


Let =a be no branch-point of the 4 roots of a, @,...., @,, which we 
will suppose to be equal. Then there will be one function z, for which 
= 
Since y,,..+.+, Yn are supposed to be independent, z, y%,....,¥Y, Will be like- 
wise. Then we will have 


( 2 


Yo = Part + + BonYns 


ee e@eee 


where (@;, and @, are uniform in the vicinity of z=a. The corresponding char- 
acteristic equation becomes 


@, Pas 


so that, since F'(#) =0 has the root a, 4 times, according to the theorem of the 
invariance of the characteristic equation, the equation 


has this root A— 1 times. The following system of linear equations 


+ + + Brityn = Ox; 
($== 3, 


therefore admits of solution, and if we put 


| 
0, Bez Bre 
, Pon | 
Bay —@, Bus | 
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we shall find 


+>) (Boies + + + Byrn). 


i=2 


Or Z = Oy% + 


where @,, is also uniform in the vicinity of «=a. If a, is absolutely uniform 
iS 

Now %, 2, Y3;++++, Y, can be taken as independent members of a system, 
and we can continue this process so as to find the following theorem : 

If w, is a root of the characteristic equation of multiplicity 2, there exists a 
group of a functions %, %, «+++, % which take the following values when x describes 
a positive circuit around «== a: 


Tf @, ts an absolutely uniform function of x, the same is true of the quantities w;,. 
If «=a is a branch-point for the uw interchanging roots a,....,@, of the 

characteristic equation, these are of course unequal. The case of equal roots 

can then only occur if the irreducible factor f(@) of F(a), of which a, is a root, 

occurs more than once. Therefore @,, @,....,@, Will each occur the same 

number of times 4 if /(@)* is the highest power of /(w), which is a factor of F(a). 
Now for one circuit around z=a 


and for u circuits 


If we put 


w circuits of « around x=a will correspond to one of ¢ around ¢=0 and 
@,+++.,, Will be uniform as functions of ¢ in the vicinity of t=0. Let 
@;, fori=1, 2,...., be the A roots which are equal to a,, then, 
corresponding to each of these i groups of % equal roots there are 2 functions 


| 
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%, Which after one circuit around t=0, or u cireuits around 


change into 


— 
= Oi 


Zig Zy + wf Ze, (9) 


Zia — + + eeee OP Zia» 


where w, and the quantities a) are uniform functions of (ax mii in ‘the vicinity 
of x=a. 

Finally, we must treat the case that «=a is a branch-point, and that 
@,, @),++.., @ only differ by factors from @,, which are o roots of unity (§2). 
o was the least common multiple of uw, v, etc., where these integers gave the 
number of branches in each cycle of w’s which were permutated by a circuit 
around «=a. Since 

Qi = =, 

this reduces the problem to the case of equal roots for a multiple circuit, as 


solved by equations (9). 


§5 —Analytical Form of the Canonical Functions in the Vicinity of the Branch- 
point to which they belong. 


In all of the different cases mentioned, it is possible to find analytical 
expressions for the canonical system of functions which hold in the vicinity of 
oa. 

Let us first consider the case that all of the roots of the characteristic equa- 
tion are unequal, and uniform in the vicinity of z=a. Let f(x) be uniform in 
the vicinity of =a, and put 

ef) log 
Then, making a positive circuit around «=a, 
Putting therefore 


] zh; log w log (x — a) 
F(x) = loga, (10) 


we find 
(10a) 


RI 
| 
€ 
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if log @ is uniform for «=a, i. e.if «—a is neither a zero nor an infinity of 
finite multiplicity of. Ifa is an essential singularity, the expression (10) will 
not in general verify (10a). It will however do so, as is at once seen, if in the 
vicinity of «=a, w can be expressed in the form 


for then log @ is uniform. 
If a is a zero or infinity of w, expression (10) must be modified. Suppose 
that it is a zero of multiplicity u, so that 


@ = (a — 
where q’ is neither zero nor infinite forx—=a. If we put 


1 
log (z— a) 
1 ’ 


then, if z is the required function for which z= az, 
sadn, 


or putting 7 , 
n= (x—a)"n. 
Now let 


2 
= 108 (%—a)] 


Then 


(log (x — a)? + log (a — a) — 


Therefore if z, denotes 7/2», 
which shows we may put 


? 


Therefore we find 
1 


log (x —a)[log © log (« —a) — uri] ‘ 


If x=a is an infinity of multiplicity », w in this expression must be 
replaced by —». 

Now let H(a) denote either (10) or (11), as the case demands, If the roots 
of the characteristic equation are all unequal, 


Ela) 


13 
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i.e. denoting this quotient by 9$,(x), @;(x) is uniform in the vicinity of =a, 
and can therefore be developed in a series of integral powers of «—a contain- 
ing in general an infinite number of positive and negative exponents. We will 
therefore have 


We need not give the detailed proof of the following theorem, as it can be 
obtained in a manner which is familiar to those interested in linear differential 
equations. 

Tf a, 1s a multiple root of the characteristic equation, uniform in the vicinity of 
x= a, occurring A times, the canonical functions belonging to this group of equal 
roots, whose behavior is expressed by equations (8), can be represented in the form 


% = ou (x), 
(2) + (=) log (x —a)], (13) 
= (2) + log (@—a) + (2) log J 
where all of the o functions are uniform forxz=a. If a, is absolutely uniform, all 
of the @ functions can be expressed in homogeneous linear functions of o, Pa, +++ 5 Par 
with absolutely uniform coefficients. The coefficients of the highest powers of the 
logarithm, in particular, differ from $y, only by an absolutely uniform fuctor. 


Now let x=a be a branch-point for the mw interchanging branches 
@,,@,,+.++.,@,- The canonical functions in this case are those for which 


if the quotient of no two w’s is a u™ root of unity. The expressions 


1 ) 


have the same property if w,,....,@, do not vanish or become infinite for 
xz =a, and a slight modification of (11) gives expressions which have the same 
property if a,,....,, are zero or infinite for z=a. It is only necessary to 
multiply (11) by (« —a)** if A is the multiplicity of the zero or pole. 

Again calling these functions #(a;) in either case, we have 
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i. e. if we put 
E(a) vi (x) ’ 
(x) are permutated by a circuit around e=a. They are there- 


fore the roots of an equation of degree u whose coefficients are uniform in the vicinity 
ofx=a,and%,...., %, are represented by 


%, = E (a;) (x). (4501, (14) 
In the vicinity of a, 1; (x) will be developed in a series of positive and negative 


1 
powers of a). If 


1 (x) = P [(e—a)*] + P, 


1 


di (w) = + P 


(a — a) 


then 


where a is a primitive u™ root of unity, namely, 


If x=aisa branch-point for the root a,, and if this root, and of course also 
the other roots belonging to the same cycle a, .... ,@,, occurs more than once, say A 
times, there will be ~ canonical functions corresponding to the root w,, 


= (a) (2), ] 
(oy) [er (x) + (7) —a)], 
‘ | 

J 


@ 


(15) 
= (x) + (2 log (2. —a) +i (x) log 


1 
where all of the functions are uniform functions of t =(x— a)" wm the vicinity of 


1 
If a, is an absolutely uniform function of (a —a)«, all of the functions 
can be expressed as homogencous linear functions of Py (ax), (x) with coeffi- 


cients which are absolutely uniform functions of (x — aye. 

A similar system exists for the A(u— 1) roots equal to @3, 
respectively. 

If finally a, @,, ...., @, are roots of the characteristic equation whose quo- 
tients are roots of unity, there exists a system of » canonical functions of the 
same form as (15). 
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§6.— Cogredient A functions, and functions of the same kind and class. 


We will call two A functions (y,,..., y,) and (yj,..., y),) cogredient if they 
have the same branch-points and the same group of substitutions. This term, 
borrowed from the theory of invariants, was used in the theory of linear differ- 
ential equations as I believe for the first time by Klein. It is a generalization 
of the notions of class and kind which are due to Riemann and Poincaré. 

We will say that two A functions belong to the same kind* if they have not 
only the same branch-points and substitution group, but also have those singular 
points in common in whose vicinity they are uniform, but in which they have no 
definite, finite or infinite value.t 

If, finally, for two A functions of the same kind the poles also coincide, they 
are said to belong to the same class. 

We will here be principally concerned with the most general of these con- 
ceptions, which is that of cogrediency. 

systems of cogredient A functions, obviously the system 

where wW, ty,.++., %_, are any uniform functions, is also cogredient with 

If between A+ 1 systems of cogredient A functions there is no relation of 
the form (16), they are said to be independent. Then the theorem holds that there 
can be no more than n independent cogredient systems of A functions. 

For if (yi, are m +1 systems of cogredient A 
functions, and we define g,,...., 9, by 

it follows at once that g,,...., g, are uniform functions of. For g,,....g, are 
equal to the quotients of the determinants which are obtained from the matrix 
Wis 


Ynr 


* We have translated M. Poincaré’s *‘ espéce”’ by kind. 
tCalled by Fuchs ‘‘ Unbestimmtheitsstellen.”’ 
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by omitting always one vertical line. Now when 2 describes a circuit around a; 
each determinant is multiplied by the determinant of the substitution A;. Their 
quotients are therefore uniform. 

This result is perfectly analogous to Riemann’s theorem, and can be stated 
as follows : 

Any n+1 systems of cogredient A functions verify a homogeneous linear rela- 
tion with uniform coefficients. 

The same is true of n + 1 systems of the same kind or class, except that the 
uniform coefficients must then be subjected to certain conditions, as in the fol- 
lowing theorem : 

If the development of the canonical functions in the vicinity of every singu- 
lar point, and for all of the n + 1 systems, contains only a finite number of nega- 
tive powers, the coefficients of the linear reiation are rational functions. 


§7.—Linear Differential Equations. 


When the fundamental substitutions have constant coefficients, 
dy, 
dz’ dx’ dx 

diately shows that (y,,..-., y,) are integrals of a linear differential equation 
with uniform coefficients. 

But there are other cases in which A functions are connected with linear 

differential equations. Let S denote any substitution with uniform coefficients, 
and let us put 


) are of the same class as (y,...-, Y,), and this imme- 


S(ni); n= (y;)- 


Let %, be the substitution which 7,,....,%7, suffer if « makes a circuit around 
x=a,. Then 


A= hs. 
Now if all the substitutions %, have constant coefficients, 7,,...., 7, are a funda- 
mental system of integrals of a linear differential equation, and y,,...., 


th 


therefore verify a system of n linear differential equations of the n™ order. If 


therefore all of the substitutions A, can be expressed in the form 


4, = 34, 
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where 2%, has constant coefficients, and we put 
then 7,,...-. :%, constitute a fundamental system of integrals for a linear 


differential equation of the n™ order.* 
It may also happen that certain linear homogeneous combinations of 


(Yis++++, Yn) and of the derivatives of y,...., y, up to a certain order, can be 
found such that they are cogredient with y,,...., yY,- If those combinations 
are repeated m times, a system of linear differential equations is obtained 


which y,,...., Y, must verify. 


§8.— Case that all Substitutions are Transformed into the Canonical Form by the 
same Transformation. 


The results of §5 obviously prove the existence of A functions having only 
two branch-points by giving their complete expression, the branch-points being 
a=a and «=o in the formule. But instead of the latter, any other point 


may of course be taken.t The functions z,....,z, which are canonical for 
x =a, are also canonical forz=b. 
In all cases in which the functions %,...., 2, are canonical for all singular 


points a, @,...., 4, at the same time, we can construct our functions without 
difficulty. Let us confine ourselves to this special case, which will he useful by 
showing in a very obvious manner certain relations which in the more general 
cases remain more or less obscure. 

Our case will be even more special than this. Let all characteristic equa- 
tions have unequal, absolutely uniform roots. In addition to the m branch- 
points, a, dz,...., A, we will take «=o as branch-point (in general) with its 
substitution A, so chosen that the relation is verified : 


The n roots of the characteristic equation belonging to a, are to be denoted 


by Og -+++,@n- Then Will be homogeneous linear func- 


tions of 


Elon) (4= 1, 2) 


i=1 


*I have been informed that Halphen has noticed this, but I have not been able to find the reference 


in the books at my disposal. 
{By a linear transformation. 
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with uniform coefficients. ,(2) are uniform functions. This shows that these 
functions as determined by their group still contain m arbitrary uniform func- 
tions. 

Since each z function is a homogeneous linear function of y,,...., Y, with 
uniform coefficients, z,,...., 2%, must be uniform everywhere except in the 
vicinity of @, dz,++++, 4m, ©. Now let 6 be a point which coincides with 
neither of these points, and let « = 6 be a zero or infinity of some of the w,, func- 
tions. For briefness we will omit the subscript /, thus 


[] o(2). 


If @; has a; for a zero or pole (counting the latter as a negative zero), we have 
1 
E (ca,) log (x — ai) [log wi + log (x — ai) uni | 


and this holds also if a; is no zero of w;, if then we put a} = @,;, u; = 0. 
Let «= b be a zero of a; of multiplicity »,. Then 


= (a — 


where w;’ is neither zero nor infinite for x= 6, But then in general 6 will 
become a branch-point for z. z will be uniform in the vicinity of x= 6 only if 
the coefficient of log (a — 6) in the exponential vanishes, i. e. if 


log (x — a;) = 0, 


i=] 
which is only possible if »;= 0, i. e. the points a; and the multipliers a; cannot both 
be taken arbitrarily. If the singular points a; are given, the multipliers must be 
so chosen that they have neither zeros nor poles which are different from these 
points. But, as is seen in the same way, a, also can neither be a zero nor a 
pole of a, except fori =k. 

This suffices to show that the zeros and poles of the roots of the character- 
istic equations merit especial attention. The results of this paragraph can partly 
be generalized, but it is not our intention to push this investigation any further 
at present. 

§9.— Generalized Hypergeometric Functions. 


It can be easily shown that the theorems of Gauss for the hypergeometric 
series F(a, 3, y, x), such as the “relationes inter functiones contigues,” the 


= 

— °° 
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development into a continued fraction, the criteria of convergence, the relations 
between functions having as fourth element 2 and 1— a* and the representation 
by definite integrals, have the character of identities and do not essentially rest 
upon the assumption that a, 8, y are independent of x. If then a, @, y are 
taken as uniform functions of «, which is the generalization which we have in 
mind, these theorems will remain true. The substitutions which two functions, 
for instance those defined in the vicinity of = 0 by 


B+1—y, 2—y, 2), 


undergo when x makes circuits around 0, and x= will then have 
the same form as when a, 3, y are constants, but their coefficients are now func- 
tions of z. Of course y, and y, are no longer solutions of a linear differential 
equation in general. 

The validity of the relations between the above functions y, and y, and 
hypergeometric series, whose fourth element is 1—~<, is especially important 
from our point of view. The proof usually adopted which depends upon the 
differential equation is of course unsuitable for the general case. But we can 
immediately apply that method of proof which starts from the definition by a 
definite integral. 

The relation 
fw — u)’—*®-1(1 — au)-*du 


vi 


F(a, B,y, «)=- (18) 


in which the denominator equals B(8, y — @), remains true if a, 0, y are func- 
tions of x, provided that 

R(B)>0, R(y—-B)>0, (19) 
i. e. for such values of x for which these inequalities hold. But if these inequali- 
ties are not fulfilled we will have to consider the double-loop integrals which 
have a definite sense, whatever values a, 8, y may have. 


We could essentially follow the course of reasoning given by Klein in his 
‘‘Vorlesung, Ueber die hypergeometrische Funktion,” Géttingen, 1894. Only 


* Called by Fuchs ‘‘ Uebergangssubstitutionen.”’ 
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some obvious points need closer consideration if we wish to determine the func- 
tion theoretic character of our functions in that way directly. 
It suffices to give the result. The double-loop integrals 


= fun (w— — du 
(0, 2) (20) 


= fw — (@— 


2) 
the integration being on a double loop around 0 and x, and around 1 and x respec- 
tively, form the elements of a A function with the branch-points 0,1, ©. The substi- 
tutions belonging to 0 and 1 are 


while, of course, 


A, = A;*A;".* 


The points x = 0, 1, » are not the only singular points of the A function 
however. But these other singularities are only infinities in whose vicinity the 
function is uniform. They can be easily found from the representation in terms 
of the hypergeometric series. 

The A function (20) will not in general verify an algebraical differential 
equation with rational coefficients. For if we put y—@—1=0, y, will essen- 
tially become equal to an Eulerian integral of the first kind B (a—y +1, —a+1). 
Putting further y = 1, and therefore = 0, 

_T(a)T(i—a)_ a 

y=Ba—yti1, —a+1)=B(a, —at+1)= 


This verifies the equation 


whence dy\*_ ¥ dae 
Therefore y * =s can be expressed as algebraical functions of 
da’ dat" 


> Now if there were an algebraic relation between 


da 
sin ---- 


* For the proof when ¢, (, y are constants, see Schleisinger, Hand. d. Lin. Diffgl. vol. II, pp. 460, 463, 
14 
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with coefficients algebraic in x, there would be a similar 
fA 
relation between sin 7a, . Computing sin xa from this rela- 


tion, differentiating with respect to 2, and eliminating sin a, an algebraical 


n-+1 
relation between da peeies a results. But we can choose a as uniform 
da da** 
function of x, so that this is impossible. For instance, if we put 


(a), 


a function which, according to Mr. Hélder,* verifies no algebraical differential 
equation with rational coefficients, y will have the same property. In general, 
then, if a, 8, y are any uniform functions, the A function will not verify a 
differential equation with rational coefficients. It is an entirely different ques- 
tion, however, whether it may verify such an equation with uniform transcen- 
dental functions. 

We will prove one general theorem about such differential equations in the 
next paragraph. 

The A functions found in this paragraph can be easily generalized. The 
essential property, which must be retained in this generalization, is the represen- 
tation by definite integrals. 


§10.—Differential Equations. 


Suppose that (y,,....+, Y,) is a A function, and that at least one of the 
characteristic equations belonging to some one branch-point, has absolutely 
uniform and distinct roots. Then there exist n functions 


1, 


where A,, are uniform functions which, for a circuit around that branch-point a, 
undergo the substitution 


Now suppose that (y,, ----, y,) verify a system of algebraical differential equa- 
tions with uniform coefficients, | 

Di (Yrs Yor Yn) =O. (K=1, 0) (24) 


* Holder, Math. Ann., vol. 28, or Moore, Math. Ann., Bd. 48. 
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Then substituting the values of y, found from (22), 4, --..-, 2, will also verify 
such a system with uniform coefficients 
Ay %) =O. (A= 1,2,..-.,n) (25) 


But from (25) a system of n differential equations can be deduced, each of which 
contains only one unknown function z,. These equations will appear in the 


form 
where F, is an algebraic function of z,,...., = ae and of the coefficients of 
(25). These equations can therefore be reduced to the form 

B, (4) =0, (k=1,2,-.-.,n) (26) 
where #, is a rational integral function of z%, ...- , | with coefficients which 


are uniform functions of x. 
Let E(z) =0 (27) 


be any one of these equations. If x describes a circuit around «=a, z changes 
into wz, where w is a uniform function, while the coefficients of # remain unal- 
tered. We must therefore also have 


E(az)=0, (28) 
i. e. oz must also be a solution of (27). 


Let the equation be of the n™ order and of the m™ degree. We can write 
for the left member of (27), 


E(y)= En (y) + (y) + ---- + + (29) 
denoting by #, a homogeneous polynomial of degree k, : 


where p;,,....;, are uniform functions.* 
In such an assemblage of terms we will call those terms the highest for 


which the sum of the indices 
+ + 4, 


(ix), 
y as usual. 


* yt, denotes 


— 
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has the greatest value. We always have 
IO. 1, 2,...., m) 


Now (29) vanishes for y=z or for y=oz. Putting y=wz, we have 
which shows that the highest terms in #,(az) differ from those in E,(z) only by 


the factor a". If we divide H (az) by wo”, which is of course different from zero, 


the highest terms of #(z) and —; E(w2) will be identical. If all of the other 


terms of these two expressions are not identical we will have another differential 
equation for z, 


E(2)— 


in which the highest terms of the m** degree are at least by one lower than in 
(27). We will say that this second equation has a lower type than the first. If, 
then, z does not verify a differential equation of lower type than (27), a suppo- 
sition which we can make without loss of generality, the corresponding coeffi- 


cients of # (z) and (oz) must be equal. 
Now suppose that p,,, ....1,,_,2°2"....2-Y is the highest term in £,,_, (2). 


1. age 
The corresponding term in £,,_, (a) 


Therefore 


1 


which would give o=1 if p,x,....,,_, did not vanish. But that would make z 
uniform in the vicinity «=a, which is contrary to our supposition. Therefore 


And since this is the highest term of £,,_ ; (2), 
(2%) = H(z) =0, 
i. e, the differential equation reduces to 
En (%) = 0. 
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It is homogeneous. But according to (22) it is at once seen that af the character- 
istic equation belonging to at least one branch-point has absolutely uniform and 
distinct roots, the system of differential equations with uniform coefficients, if any 
exists, which the elements of this A function verify, consists of homogeneous equations. 
Let us give a simple example. In the generalized hypergeometric series, 


1.2.y¥(y +1) 
let @=y, and let a be any uniform function. Then 
Therefore 
1 dy _ a da 
1 1 (dy da 1 Pa 
da = Gat? dz i—a« adx* 
Whence 
@a 1 dy dy_ 1 
1 
or 
Pa Pa. 
dy’ da dy 1 |, dé da \ 
Y dat daw) — da dx | ay | de — | 
da dx dx 


a homogeneous quadratic equation for y. If a is a rational function, the coeffi- 
cients are also rational. The equation is a non-homogeneous linear equation for 
log y. The most general homogeneous quadratic equation of the second order 
which can be satisfied by A functions is such an equation, linear in log y. 


§11.— Conclusion. 


Confining ourselves to the behavior of A functions in the vicinity of any one 
branch-point, we found no difficulty in deducing general results. But we could 
only study the functions for all values of x by limiting ourselves to such special 
cases in which we could give analytical expressions defining them. In the case 
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of constant coefficients of the substitutions not very much more has been done, 

the group is supposed to be given. A direct existence-theorem as required by 
Riemann’s principles has only been given by Klein for a linear differential equa- 
tion of the second order, the roots of whose determinating fundamental equation 
are real. We have not been able to find any proof of this kind, but have been 
satisfied in verifying the existence of such functions expressible as definite 
integrals. 

There are some lines of investigation which seem to be promising. First, 
we can investigate the A functions expressible by definite integrals. Secondly, 
starting from the conception of cogrediency, we can attempt to formally find 
systems of combinations of (y,;,...., Y,) and their derivatives, which are cogre- 


» Yn) and thus find differential equations which the functions 


dient to (y, ---- 
Finally, these equations 


belonging to a certain group must verify, if they exist. 
will also be found by continuing the formal process used in §10. The conditions 


that the differential equations thus found are inteyrated by A functions can then 
be investigated, as well as the functions themselves. The inversion problems 
associated with such functions will be of especial interest and importance. 


CuHicaGo, Feb. 27, 1898. 
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The Partial Differential Equations for the Hyperelliptic 
and o-Functions. 


By Oskar Bouza. 


The partial differential equation satisfied by the hyperelliptic ©- and 6-func- 
tions, which furnish the recursion formule for the expansion of these functions 
into power series, have been first established by Wiltheiss in a series of papers 
published in Crelle’s Journal* and the Mathematische Annalen.t Two steps 
can be distinguished in his deductions: 

First he establishes a system of partial differential equations for a canonical 
system of integrals of the first and second kind or their periods, the differentia- 
tion taking place either with respect to the roots or with respect to the coeffi- 
cients of the polynomial on whose square root the integrals depend. 

From these preliminary differential equations he derives, in a second step, 
the final equations for the ©-functions by several different methods, all of them 
indirect and rather complex. 

The principal object of the present paper is to replace this part of Wiltheiss’ 
work by simpler and more direct proofs. Two such proofs are given in §4 and 
§5: the first proceeds directly from Weierstrass’ definition of the most general 
©-function by means of an exponential series without using any further proper- 
ties of the ©-functions ; the second starts from the expression of the O-functions 
in terms of the 3-functions, and makes use of the well-known partial differential 
equations of the 3-function. In both proofs the work is vastly simplified by the 


* Bd. 99, p. 286 (1884). 
t Bd. 29, p. 272 (1886); Bd. 31, p. 184 (1887) ; Bd. 38, p. 267 (1888). 


| = 


108 Bouiza: The Partial Differential Equations 


use of the notations and methods of the theory of matrices* which has already 
been so successfully applied to the treatment of ©-functions by Baker in his 
book on Abelian functions. 

The preceding §§1 to 3 contain a simplified proof for the partial differential 
equations satisfied by the periods of the integrals of the first and second kind. 
For independent variables I have chosen the branch-points, as Wiltheiss does in 
his first paper; it seems indeed, from the simple recursion formula given by 
Brioschit for the expansion of the even 6-functions of two variables, that differ- 
entiation with respect to the branch-points will, in the end, furnish simpler 
results than the Aronhold process which Wiltheiss uses in his later publications, 

The two concluding §§6 and 7 contain applications of the previous results 
to Wiltheiss’ 7/-functions, to that class of G6-functions for which—in Klein’s 
notation—yu = 0, and to the expression of O(0, 0.... 0) in terms of the branch- 


points. 


§1.— Notations. 


I use throughout the notations of Weierstrass’ Lectures on Hyperelliptic 
Functions of Winter 1881-82, with the same slight modifications adopted in my 
former papers ‘‘On Weierstrass’ Systems of Hyperelliptic Integrals of the First 
and Second Kind,”{ and “On the First and Second Logarithmic Derivatives of 
Hyperelliptic 6-functions.’’§ 

Accordingly the hyperelliptic curve is denoted by 


+2 797 4+. 2p+1 
y= R(z)=)> ( ) = AST] (e—a), (1) 
A==0 +=0 
a(x) 
w= 2,+++-,9 


are a system of ¢ linearly independent itegra ls of the first kind. 


* Cayley, ‘‘A Memoir on the Theory of Matrices,’”’ Phil. Trans., vol. 148. See also Taber, ‘‘ On the 
Theory of Matrices,’ American Journal, vol. XII; Weyr, ‘“‘ Zur Theorie der bilinearen Formen, Monats- 
hefte fur Mathematik u. Physik, Bd. 1, and Baker, ‘‘ Abel’s Theorem and the Allied Theory,”’ Art. 189- 
191, 405-410. 

t Gottinger Nachrichten, 1890, p. 236. 

} Papers read at the International Mathematical Congress, 1893, p. 1. 

§ American Journal of Mathematics, vol. XVII, p. 11. 
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F(x, &) is an integral function of x and & of degree p +1 in either variable, 
satisfying the three conditions: 
F(, 2)= 


R' (x) denoting the derivative of R(z). 


The integral 
F(x, &) dx 


yn 


—where y’ = & (£)—is of the second kind; its only poles are the two conjugate 
points (, + 7), and in the vicinity of these poles an expansion of the following 


form holds: 
&)de_s «=F 1 


If a be a branch-point, the integral 


fi (x, - oi is again of the second kind, 


(a —a)’ 
has but one pole a, and admits in its vicinity the expansion 


F(x, a) dx _ 
(4) 


The polynomials of degree p — 1 g,(x), together with the function F(a, &), 
determine uniquely p polynomials g,,,(a) of degree 2p at most by means of the 
fundamental relation 


The p integrals 


are of the second kind and constitute, together with the p integrals w,, a canont- 
cal system of associated integrals of the first and second kind. 
15 
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In the following developments no special assumption concerning this 
canonical system is made except that we suppose the polynomials g, (x) to be inde- 


pendent of the branch-points a,. 
The letters a, @,y.... are always used for summation indices running 


pp 
from 1 top; >, means ey ® whereas the symbol > denotes summation over 
a, B 


a=] p=1 (a, B) 


all the ? (p “7 1) two-combinations of the numbers 1, 2,...., 9. 


§2.—The Derivatives of the Integrals of the First Kind with Respect to a 
Branch-point.* 


Let a be any one of the 2p + 2 branch-points a,; we propose in this § to 
determine the partial derivative of the integral w, with respect to a. 

Following the example of Klein and Wiltheiss, we unite the p integrals w, 
into one by introducing a parameter & as follows: Let h, (&), h,(&),...., A, (&) 
be p polynomials in £ defined by the equation 


(a — =)" gp (x) hig (E). (6) 


The h, (€)’s will be of degree p—1 at most, linearly independent, and indepen- 
dent ofa. Hence, if the path of integration be likewise independent of a, 


2 da da y J (x—a)y 
This is an integral of the second kind; in order to express it in terms of the 
integrals w,, w,4,, notice that its only pole is a and the expansion in the 


vicinity of a: 


(a— (a— 


Hence, according to (4), the integral 


is of the first kind; the expression in the bracket [ ] is therefore a polynomial 


* Compare for this § also Schroeder, ‘‘ Ueber den Zusammenhang hyperelliptischer o- und 3-Func- 
tionen,’’ Diss. Gdttingen, 1890, §9. 
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in «x of degree p — 1 at most, and the same is true with respect to. We may 
therefore write 


(a — (a — * P(e, a) => (22) Ing (E) (7) 


— a R(a) 
the x,,’s being independent of x and &. 
The integral of the second kind, 


F(x, a) dx 
(a—a)y 


? 


is at once expressible in terms of the integrals w,,, by means of (5), viz. 


We thus obtain 


x — da x — iF(x,a 


R'(a) («—a/ 


To obtain from (8) the derivatives Ot, it only remains to arrange, by 


da 
means of (6) and (7), both sides according to the functions h,(£) and equate cor- 


responding coefficients. 
If, in particular, we suppose the path of integration to be closed in the 


Riemann surface, and denote by 
20, and 2y,, 


the corresponding periods of the integrals w, and w,,, respectively, we 


obtain the 
Theorem I: 
The simultancous periods 2a,, 2n, of the integrals w,, w, +4, satisfy the differen- 


tial equations 


B 


B 


the quantities x,, being defined by (6) and (7). 


= 
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§3.—The Derivatives of the Integrals of the Second Kind with respect to a 
Branch-point. 


OW, +2 


To obtain the derivatives =e start from equation (5), in which we 
a 


interchange x and £. Differentiating with respect to a and integrating with 
respect to x along a path independent of a, we obtain 


The integral on the right-hand side is of the second kind; its poles are x=a 
and the two conjugate points (£, +»). In the vicinity of a the expansion begins 
with the term 


which is at the same time the first term in the expansion of 
F(a, £) F (a, a) da 


@— 
according to (4). 


In the vicinity of (&, + 7) the first term of the expansion is 


} 71 1 
since F(a, &)= R(E\+4ER 
and therefore 
OF (x, &)_ (é) 


But this is, according to (3), at the same time the first term in the expansion of 
1 F(x, &) dx 
4(E—a)J (w—&)'y 


Hence, if we put for shortness, 


EF 
2) 
+ 
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the integral (a, da 


is of the first kind and consequently A(a,&) a polynomial in x of degree p—1 
at most, and since 


A(z, A(E, =); (11) 
the same is true with respect to the variable. We may therefore write 
x, £)= Ga (x) go (E); (12) 
a, B 


where A,, is independent of « and &, and moreover 


Aap = Apa (13) 
Kquation (9) may now be written 


F(a, & F(x, a) F(—,a 
+47 —a)(x—E)’y —if (a)(x — a)? — 


and if we express the two last integrals in terms of the integrals w,,, by means 
of (5) and let the path of integration be the same closed mr as in §2, we obtain 


Is , a) (a 


From (2) it follows that the expression 


— _ 4) 


remains finite in § =a, and is therefore an integral function of £ of degree p —1. 
In order to arrange it according to the functions g, (€), multiply by h,(¢t) and 
sum from @=1 to P= 


according to (6) and (7). Hence follows 


He (E) =>} go (E). 
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Thus we obtain the 
Theorem II. 
The simultaneous periods 2w,, 2n, of the integrals w,, w, 4, satisfy also the 


differential equations 
On. 


the quantities x,, and A, being defined by (7) and (12). 
Let now 
200.8 (15) 


be a canonical system of periods of the integrals w, and w,,, respectively. The 
differential equations satisfied by these periods, according to (A) and (B), may 
be written in an abbreviated form by the use of the notations of the theory of 
matrices. Write in a general way 


M= 
the first index always referring to the row, the second to the column; let fur- 


ther JM denote, as usual, the matrix derived from M by interchanging the rows 
with the columns (“transverse of M”). And write finally 


( 29. (a) Ip (a)) 


With these notations and with Cayley’s agreements concerning multiplication 
and addition of matrices, the 4p” differential equations obtained by applying 
(A) and (B) successively to the 2p period-paths, may be combined into the fol- 
lowing four matrix equations: 


= (A’) 
KQO'’—TH’, 
6H =— AQ — KH, 
dH’ = — AQ! — 


— | 
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§4.—The Partial Differential Equation for the ©-Functions: First Proof. 
Weierstrass’ function* 
© Up, Us M, N) 

associated with the canonical system of integrals w,, w,,, and the canonical 
system of periods (15) is defined as follows: 

Let the three matrices A, B, T be defined by the equations 

2AD =H, (16) 

Sincet 


it follows that 
(27) 


that is 


Then 
© (261, Ugy Uz M, N) 


Wig Vay 


where 


a, B a, B a, B 


and the indices 7,, v2,....,v, take independently all integer values from — o 
to + 

The object of the present § is to express the derivative of © with respect 
to a branch-point a in terms of © and its first and second derivatives with respect 
to the u,’s. Since a@ is implicitly contained in the quantities a,,, b.3, Tag, We 


*** Lectures on Hyperelliptic Functions,’ and Schottky, ‘‘Abel’sche Functionen von drei Varia- 
beln,’’ 21; Baker, ‘‘Abel’s Theorem,” etc., Art. 189. 
t These are, in matrix form, two of the well-known bilinear relations between the periods (15) ; see 


Baker, Art. 140. 
t Compare for the notation end of @1. 


QH=HQ, ana=07, 
| | 
| 
| 
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a). The partial derivatives of © with respect to a,,, 6.8, T.,: By differentiating 
the series (18) on the one hand with respect to the quantities @,,, 6.8, Tas, on the 
other hand, with respect to the u,’s, the following theorem is easily verified : 

Theorem II. 

Considered as a function of the quantities 


Ua Aap Tap, 
Weierstrass’ function 
© (U,, Uy, Uz M, N) 


satisfies the following partial differential equations : 


= 2.8, == 2u.%,.0, 
aa ap 


Us = 20. p> Ay Up 


where ae indicates that in the summation the terms for which B=«a are to be 
a, B 
omitted. 
The three systems of equations contained in (C) can again be written in the 


(C) 


form of three matrix equations. Let 


(20) 


and observe that W= VU, N= N, V=U, W=W. With these notations the 
three matrix equations replacing (C) are: 


V=20.UA+ PB, 
W= 20.(A— 2AUA) + 2(AV+ VA) + 221 BNB. 


(C’) 


M= 20. U, 


| 
OT 
| | | = 
_( 00 ) OO.) 
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In these equations © plays the part of a scalar factor; they can be immediately 
solved with respect to N and P, and in order to obtain P we have only to 
remember that for any two matrices A and B the rules hold: 


A +B=A+B 
and AB= BA. 


b). The derivatives of a,3, b.g, Tag With respect to a can be found by combin- 
ing (A’) and (B’) with (16). The matrix equation 
440 = 
written non-symbolically, reads 
2) Cap Wey Nay» 
B 


hence da dw On. 
B 


the last equation may be written in matrix form 
23A.Q+4+ 24.60 = dH, 


similarly BbQ=0, 
= 


Substituting for dQ, dQ’, 5H their values from (A’), (B’) and solving for 64, 
dB, 57, we obtain the 
Theorem IV. 
The expressions for the derivatives of the quantities a,,, 5,,, T., with respect to 
a branch-point a are exhibited in the following matrix equations : 
AK) + 247A, 
$B = — B(K— 2A), (D) 


c). We now return to equation (19). Using the notations (20), we may 


20 ab, ar, 


write it 


| 
| and if we denote again 
— ) — (Oba) (as ) 
| 
| 16 
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This expression can be made accessible to the methods of the theory of matrices 


by the following remark : 
Let, for any square matrix A of p’ elements, {A} denote the swm of the 


elements in the principal diagonal,* that is 
{At= 


From this definition of the symbol {A} follow at once the following rules: 


| At = {A}, 
{A+ {A} + {B, 
{A bp, = {BA}. 
From the last equation follows: si j (21) 
{ABC| = {|BCA!|= {CAB} 
d 
dep = {AB} = AB}. 
a, B 
dO 
Our expression for Qq may therefore be written 


If we substitute for M, N, P and 5A, dB, d7 their values from (C), (C’), (D), we 


obtain 


20 


a, ={— 40. UA—©.4P + 0(UAK— UKA) 


+ 20(AUAT — UAPA) + (2V0A — AVE — VAT) +3 WE — VR}. 


This expression simplifies considerably, if we apply the rules (21), and remember 
that 4= A, V=U0,T=rP: 


{UAK} = {KAU} = = (UE. 
{AUAT} = UAPA! = SPAUVA}, (22) 


* Since the above was written, I found that the operation { A } has been studied by Taber, in his 
paper ** On the Application to Matrices of any Order of the Quaternion Symbols S$ and V,”” Proc. London 
Math. Soc., vol. XXII, p. 67. 


| 

| 
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Thus 00 reduces to 
da 
dO 
=/40. UVA—90. AT — VK +4 Wr}, (23) 


and returning to non-symbolical notation we have the 

Theorem V. 

Weverstrass’ most general ©-function defined by (18) satisfies the partial differ- 
ential equation 


=—10. » Aap Ue 


Ja (a) g (a) 


the coefficients x, and A, being defined by (7) and (12). 


$5.—The Partial Differential Equations for the ©-Functions: Second Proof. 
According to Weierstrass, the function O(u,....4u,; m,n) is connected 
with the function 


9) = (Yq + 4+ Ng) + (va + Ma) (Yat Ma) (24) 
by the relation 
where 
g (ty = > Up, (26) 
a, B 
and the v,’s are determined by 
The function $ satisfies the partial differential equations 
= 2% ~—. 


Hence 
a 


da 


a). Since a is implicitly contained in the v,’s as well as in the 7,,'s, we 


— 
| 
| 
| 
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have 


da da,, du! dt, da dv, a’ 


or on account of (28), 


_ ly 03 du, 
Ov, Ov, Ou — dv, 


The first term on the right-hand side may be written 


1 


) )o 
dv, | 0.) Ou, 


But from (27) follows 


Substituting this value and the value for /7 from (D), and making use of (16) 
and (21), we obtain 


b). On the other hand 


oS Ov, 
° Oa ie = {| 


hence if we substitute for SQ its value from (A’) and remember that HO-' = 24 
we obtain 


aS dv, (,, a) 
Lae, 


(30) 


— 
| 
From (27) follows 28 ) (a) 
(, 
= | 
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c). Now from (25) 


Ou, OU, Ot, OU, Ou, 


But from the definition of g(u,....u,) follows 
(00 29) (29 99 say, 


|Ou, Oug| duz,| 
( (0g og) _ 
Further, 
g 
and 2UA. 
Out, | 


Substituting the values thus obtained for bai, oa and ke Fa, | in (29) and (30) 


and making use of the relations (22), we reach the result 


1. tty) 


~~ = {— KV + 20. KUA— 20. AUAT (31) 


d). Finally, 
U,Us= {dA.U}, 


& Oa 
therefore, replacing 5.A by its values from (D), we have 
AU— KAU—ARU + AU}. (32) 


Adding (31) and (32) and observing that 
{| KUA|=AUK}=/ KAU} =} AKU}, 
we reach the final result 
20 _ 
da 


in accordance with (23). 


{—30.AU—©. Ar — KV + 3 WT}, 


dg | 
Ou, Ou, Ou, Og 
| 
| | 
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§6.— The Partial Differential Equation for Wiltheiss’ Function Th(u,....+ U,). 


If w denote the determinant 
| | 


and Adja,, the minor of w,, in this determinant, we have 


But ( Adjaug ) —Q-! 
| @ | 
therefore 
] 
or 0 logo _ ,p, 


To obtain the value of | X}, observe first that |} remains invariant, if we pass 
from one set of integrals of the first kind, w,, to another, w,, the function 


F(x, &) remaining the same. 
For if* 


ga (x) =>) Cay Ge (a); 
we have at the same time, 
hs (E) =D, he 
and if we write 
DY hp =D) 9, (2) he (E), 
we obtain = 


K= CKC-, (34) 


and therefore according to the rules (21), 


= Kf. (35) 


* The g’ (a)’s are again supposed independent of a 


= 
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Further, it follows from (7), if we make use of (6), that 


— 3 (2) F(x, a) 


or since by (5), 


Io+«(4) Ja(x)s (36) 


2 
And if we choose, as we may according to the above remark, g, (x) = x*~!, we 


obtain 


29. (4) Jp+a (a) 
(a) 


— 
therefore 
2 
Xaa — Ja (a) Jota (a), 
or if we put in (36) «=a: 


‘Ki = 2) 


(a) (37) 


So far the function /’(x, &) was only subject to the conditions (2). We now 
introduce the special assumption that F(a, £) shall be the p+ 1" polar of R (a) 
with respect to & (Klein) ; then 

4(29 +1) ’ 
hk” (x) denoting the second derivative of R(x). 

We thus reach the 

Theorem VI. 

Under the assumption that F(a, &) is the p + 1" polar of h(x) with respect to 


£, the logarithmic derivative of the terminant w with respect to a is expressible as 


follows : 


(38) 


d logo _ (a) Ga (4) (4) F 

4 (2p +1) R'(a) (F) 
By combining this result with (E) we immediately obtain 
Theorem VII. 


Under the same assumption, Wiltheiss’ function 
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satisfies the differential equation 


aTh _ ta te 
a, B 


Oa ~ (29+ 1) F(a) 
Th 1 


U, OUg 


§7.—The Partial Differential Equations for the Functions +. 


Suppose, as in the previous §, F(a, &) to be the p + 1* polar of R(x) with 
respect to &, and let 
fi (x) = (x). («) 


be a decomposition of # (x) into two factors of ~~ 1, ©,, and G6,, the 


corresponding ©- and G-functions. Then ©,,(0, 0, , 0) $0 and 
If in (E) we put 


we obtain 


d log O(0)..- Gu (4) Jo (4) log © \ g. (4) ge (4) 


But for arbitrary parameters s, ¢* 


9. (8) go (t) = (a1) 


Expand ¢ (s)) (¢) + (¢) (s) into Clebsch-Gordan’s series, and put t=s: 
Ga (8) Jp (8 (9, (42) 


denoting the second transvectant of @(s) and (s). 
Putting s =a and combining (40) and (KE), we obtain the 


Theorem VIII. 
The G-function which belongs to the decomposition of R(x) into the two factors 


of degreep +1: . 
(x) = (a) 4(2), 


* See Bolza, American Journal of Mathematics, vol. XVI, p. 30. 


=_ 
—_ 
| 
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satisfies the partial differential equation 


06 1” 
a, B 
064, Ja (a) g (a) 
Kap Ua +2 Ou, Ou, (a) (H) 


where f (x)= 

From (40) it is easy to derive Thomae’s* expression for d log @,,(0.... 0) 
in terms of the branch-points. In fact, if a be a root of the factor (ax), we 
obtain from (41) by first letting s =a and then t=a: 


and combining this result with (40) and (F), we obtain 


©(0....0)_ 
= 8 F(a) oa (43) 


A, being the discriminant of 9. 
Similarly, if 6 be a root of ~(x), we have 


Hence d log O(0.... 0) =d log wt Aj A}, (44) 


which is Thomae’s result. 


UNIVERSITY OF CHICAGO, September 22d, 1898. 


* Crelle’s Journal, Bd. 71. p. 201; compare also Schroeder, ‘‘ Ueber den Zusammenhang der Hy per- 
elliptischen G- und 3-Functionen,”’ §12-§15. 


| 
| 


On Certain Differential Equations of the Second Order 
Allied to Hermite’s Equation. 


By Epwarp B. VAN VLECK. 


Hermite’s differential equation 


= [n(n+1)p(u) 


can be thrown by the substitution 


f(z) 


e=p(u) or u= 


into the form 
(x (a) dy n (n + 1) h 


y¥=0. 


As is well known, it admits of two solutions whose product is a polynomial in x. 
Other differential equations of the second order which have the same or an 
analogous property have been given by Fuchs,* Brioschi,+ Markoff,{ Linde- 
mann,§ and G. W. Hill.|| Markoff confines his attention to the hypergeometric 
equation, Fuchs and Brioschi to differential equations in which the coefficient of 


oj is one-half the derivative of the coefficient of — . Lindemann, in his dis- 


cussion of the ‘‘ differential equation of the functions of the elliptic cylinder,” 
limiting form of Hermite’s equation, proves that it admits of two solutions whose 
product is a holomorphic function. Hill’s equation is an extension of this equa- 
tion, and possesses the same property. 


* Annali di Matematica, Ser. II, t. IX. t Annali di Matematica, Ser. II, t. IX, p. 11. 
} Math. Ann., Bd. 28. § Math. Ann., Bd. 22. || Acta Mathematica, Bd. 8. 
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The object of the first section of this paper is to determine in general what 
regular differential equations of the second order admit of two solutions whose 
product is a polynomial. It will be found that there are several distinct classes 
of such equations under which those hitherto considered are comprised as special 
cases. Incidentally we shall obtain a class of irregular equations with three 
singular points, which includes the equations of Lindemann and of Hill. 

The properties of the two solutions and of their quotient 7 will be developed 
in the second section. In particular, it will be shown that the monodromic 
group of substitutions of 7 can be thrown into the form 


Qa 

and that, conversely, if the group of any regular differential equation can be 
thus expressed, there will be two solutions whose product is a polynomial 
multiplied by certain factors which correspond to the singular points and 
can be removed by an elementary substitution. So far as I am aware, the 
identity of these two classes of equations has not been hitherto noted. 
The other properties developed are for the most part extensions of properties 
given by Hermite and Klein for Hermite’s equation, but to effect the generaliza- 
tion a new method is employed which is independent of elliptic integrals. The 
third section of the paper is devoted chiefly to an investigation of the position of 
the real roots of the polynomial product with reference to the singular points, 
when these points are real and their number is limited to four. Klein’s investi- 
gation* for Hermite’s equation here also paves the way, but the ‘“ Oscillation 
theorem” upon which it is based is inadequate to the more general discussion, 
and recourse is had to the method of conformal representation. 


§1. Any regular linear differential equation of the second order with a sin- 
gular point at o may be written in the form 


dy dy 


daz 


i=1 


* Math. Ann., Bd. 40. 
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where + al +al=r—1. [2] 


The singular points ¢, will here be supposed to be given, but the “ accessory 
parameters” a,,..+.,4,—, and the exponents 4/, a;’ are to be so determined 
that the product of two particular integrals shall be a polynomial P,, of the 
n* degree. The two fundamental integrals for ¢; have in general the form 


(a—e)"][1 B — 4 C (a—e,)* +... [3] 
[+ (w@ ][1+ + 


the leading coefficient in each series for convenience being taken equal to unity. 
When, however, the difference of the two exponents is an integer, one of these 
integrals must in general be modified by the introduction of a logarithmic term. 
In the first factor of each expansion a definite sign is to be attached to the bino- 
mial, but for the present it is immaterial which sign is selected. The corres- 


ponding expansions for the singular point » are 
1 B C 
P Oo — [+ (— ) 9 eeee ] 


and a similar series for P’ . 
The foregoing expansions hold only over a limited portion of the x-plane. 


When, however, the product of two solutions is a polynomial, the integration of 
the equation can be effected by familiar methods, and its general integral will 
be expressed in terms of two particular integrals which hold over the entire 
plane. Two cases are possible, according as the two solutions forming the poly- 
nomial product are identical or distinct. In either case the polynomial itself 
satisfies the differential equation 


dy dy (4p 2 dy 

where p and q denote the coefficients of 2 and of y in [1], and it is obtained by 
substituting for y in this equation a polynomial of the n™ degree with unknown 


coefficients. When the two solutions are identical, their common value y, is the 
square root of the polynomial. A second integral can be obtained by means of 


the well-known relation . 
Yiy2= CT] [4] 


| 
| 
q | 
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which exists between any two independent integrals of the equation. This gives 
for the quotient of the two integrals 
— 
In the second case, if y,, y, represent the distinct solutions, differentiating the 
equation y, ¥, = P,, and combining with [3], we find 


da 


where C, C’ and C” are constants. These formule hold equally well when for 
P,, a holomorphic function can be substituted. 


’ [6] 


§2. We proceed now to determine the conditions under which the square of 
a single solution y, can be a polynomial of the n™ degree. Let y, at any singu- 
lar point in the finite plane be expressed as aP*i + bP*. Since the expansion 
of its square into a series is to begin either with a constant or with a positive 
integral power of «—e,, the exponents Aj and A// must be restricted in value. 
If neither a nor b is zero, both exponents must be positive integers (including 
zero) or each must be the half of an odd positive integer. If, on the other hand, 
either a or b is zero, y, is one of the fundamental integrals for ¢;, and only the 
single exponent which belongs to this integral is thus restricted. It is necessary, 
therefore, that at least one exponent of each singular point in the finite plane, 
say Ai’, shall be equal to the half of a non-negative integer. Also, since the 
square of y, is a polynomial of the n‘ degree, one of the two exponents for 


infinity, say A/{, must be equal to — >: The proposed solution can therefore 


now be — in the form II (a—e,)“’Y, where Y is a polynomial whose 


degree is n! = — — Aj! = — (ali + 5a/’). The substitution of this in [1] gives 


as the ae equation for Y 


dY 
z—e, dx 
4 Ae + (A + 24 r— $4. Bly r—3 4, Y=0, [7] 
II (a — 


| 
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where A, is the exponent-difference 2;— Aj’. This equation has been shown by 
Heine* to admit of a polynomial solution of degree n’, provided the parameters 
A’, B',.... are properly determined, and the number of such determinations for 
any given set of exponent-differences A, is 


We conclude therefore that the differential equation [1] will admit of a particular 
solution whose square is a polynomial of the n‘" degree only when the exponents satisfy 
the following conditions : 

(1). One exponent Aj! of each singular point in the finite plane must be half of a 
non-negative integer. 


(2). = — Ai! must be a non-negative integer n’. 
(3). One exponent of the singular point at infinity must be equal to — = : 


When any set of exponents is given which conform to these conditions, the 
number of such equations will be (n', r—1). 

It will be noticed that when neither a nor b is zero, the exponent-difference 
A; must be an integer. The logarithmic term, which ordinarily appears in the 
expansion of P’i or P*’ when this is the case, must necessarily be eliminated by 
the conditions imposed upon the accessory parameters; that is, e; is an apparent 
singular point. Furthermore, since neither exponent is negative, it follows that 
e,cannot be an infinity of any solution of [1]. Hence the product of any two 
solutions will be holomorphic in the vicinity of the point. 


§3. The simplest application of this result is to the differential equation for 

the hypergeometric series F'(a, 8, y, x). The exponents for this equation are 
0 oo 1 

1—y a y—a—(}]. If, therefore, n is even, the sufficient condition is 


0 0 


that a or @ shall be equal to — > ; if m is odd, not only must a or @ be equal 


to — = , but either 1—y or y—a—@ must be the half of an odd positive 


* Berliner Monatsberichte, 1864, or Handbuch der Kugelfunctionen, Bd. I, s. 473. 
r= 2, this number is unity. 


| 


Second Order Allied to Hermite’s Equation. 131 


integer not greater than >: These results comprise four of the six cases given 


by Markoff in which the product of two solutions of the equation is a polyno- 
mial of the n™ degree. In two of these four cases he fails, however, to notice 
that the polynomial is the square of a single solution. 


§4. We have now to consider the conditions under which the product of 
two distinct solutions will be a polynomial. Let the requirement be first made 
that it shall be finite and one-valued. In the vicinity of e; it will have the form 


Yr = a + + PH. 


If neither a nor 6 nor ¢ is zero, it can be argued in the same manner as before, 
that the exponents are both non-negative integers or are each the half of an odd 
positive integer, and that e; is again an apparent singular point, in the vicinity 
of which every product of two integrals is holomorphic. The same conclusion 
holds if either a or 6 singly is zero. If ¢is zero, the only condition is that the 
two exponents are each the half of a non-negative integer. Hence unless e¢; is 
again an apparent singular point, one exponent must be half of an odd positive 
integer and the other a non-negative integer. Finally, if a and 6 are both zero, 
Ait+ Ai’ shall be a non-negative integer. Setting aside the apparent singular 
points, we have then some such scheme as 


Cy €3 eeee \ 

/ / / IT 
4+ m, 4+ m, Ag = 
mi! my! 


Sor the exponents of the singular points in the finite plane, the m being zero or positive 
integers. 

Such a scheme suffices to ensure at each of the points separately the exist- 
ence of a one-valued finite product which has either the form a (P*’)? + 6(P*’)? 
or cP* P%", We have next to learn under what conditions the product of two 
integrals will be one-valued when x makes a circuit around two singular points. 
Let e, and e, be two singular points whose circles of convergence overlap, and 
suppose also their exponents to have the values written down in the above 
scheme. Place 


(9] 
y 4+ § Pr: 


| 
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In the vicinity of e, the product can be expressed as 
a, (P“)? + 6, (P*7)? +e, Ps 
in the vicinity of e, as 


(aya? + dry? + + + + 
+ (24,48 + 2yd + ead + P% [10] 


By a circuit about e, the sign of c, is changed; by one about e,, the sign of the 
coefficient of P*: P*:’. Comparing [10] with its value after both changes have 
been made, we obtain as the conditions that the product shall remain unaltered 


by a circuit around the two points, 


aab+bys=0. [11] 


There is, therefore, save for a numerical factor, one product of two integrals, and only 
one, which remains unaltered for a circuit about e, and e,.* In the region common 
to the two circles of convergence this product can be written in either of the 


forms 


ay (aa? + byy?)(P%)* + + 

which shows that the product 1s also unaltered for a circuit around e, and e, 
separately. 

There remain yet two other possible exponent-schemes for e, and e to be 


/ 
examined, namely, eal = and (aj + Aa/ =m, 4+Aa/ 
m 


but in neither case can a one-valued product be obtained without a specialization 
of the accessory parameters of the differential equation. For, assuming the first 
case, a, (P*:)?+ ,(P*)? must in the vicinity of e, become equal to c,.P%: P*:. 
But if c,=0, the coefficients of (P%:)’ and (P%:’)’ in [10] can vanish only when 
a” 
tial equation. On the second assumption P*:, P*: in the vicinity of e, can differ 
from P*:, P* only by constant factors, and this involves a two-fold specializa- 


tion of the parameters. 


= 0, and this imposes a condition upon the parameters of the differen- 


*In case the two circles of convergence do not overlap, the reasoning still holds good. The right- 
hand members of [9] must then be taken to represent what the left-hand members become, when con- 
tinued analytically along some definite path to the vicinity of e, . 


— 
= 
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The conclusions which have been reached for the singular points in the 
finite plane apply with only slight modifications to the point #. When the 
product of two integrals is here one-valued, either (1) the point is an apparent 
singular point, and A, A) are congruent both to 4 or both to 0, mod. 1; or (2) 
they are congruent to 4 and 0 respectively; or (3) AL, + AY is an integer. The 
exponents must be still further restricted if the product is a polynomial of the 


n'" degree. When expanded in series for x= », it begins with (—). Hence 
in the first two of the three cases just specified, the exponent which is the 


smaller algebraically must be — > and in the third case the sum of the two 


exponents must be —7. 


§5. These considerations suffice for the solution of our problem, when there 
are three singular points ¢,,¢, . The differential equation then contains no 
accessory parameter. ‘'o obtain a one-valued product we are therefore limited 
to taking two pairs of exponents which differ by the half of an odd integer. To 
make this product a polynomial, the exponents must also be so chosen that the 
product shall be finite in e, and e, and have at » a poleof the n™ order. Accord- 
ingly we can take for the exponents either of the two following sets of values, 
but no others: 


/ 
I 3+ m 
" 
Mm, My, 


the m being positive integers and n, an integer, positive or negative, so chosen as 
to make in agreement with [2] the sum of the six exponents equal to unity. 
The first of these exponent schemes comprises those equations which can be 
reduced by elementary transformations to the hypergeometric form without 
destroying the polynomial form of the product. For if mj'=m,!=0 and 
¢;=1, & = 0, we have at once the hypergeometric equation. When these con- 
18 


| / 
Il | +m, + = m, | 
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stants have other values, an entire linear transformation of the independent 
variable will reduce ¢, ¢ to 0, 1, and the substitution 


in which 4, a, denote respectively the smaller of the two exponents at ¢, & will 
reduce one of the exponents at each of these points to zero. Applying, in par- 
ticular, the exponent scheme to the differential equation for F(a, @,y, x), we 
see that the product of two distinct solutions of that equation will be a polyno- 
mial, when a, @, y have values in accordance with the following scheme : 


0 oo 1 
\ 0 0 


This scheme embraces the two cases distinguished in Markoff’s investigation, 
which were not included under §3. 


§6. The same line of reasoning may be applied to a differential equation 


1—ai— , 1 dy 
da — L— Cy dx 


with two singular points in the finite plane and an essential singularity at o. 
The product of two solutions will be holomorphic when 


+m, 2=4+m, 


/ 
= mi’, Ay! = mj. 


To this form both “the differential equation of the functions of the elliptic 


cylinder” 
ay _ 2 
(A cos? o + B)y 


and also the equation 


= (AFB 008 29 + C cos 49 + 


which Hill uses in his calculation of the motion of the lunar perigee, “so far as 
it depends on the mean motions of the sun and moon,” can be reduced by the 
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substitution «= cos 2p. The resulting finite singular points and exponents are 
+1 


1 1 
2 2 


0 0 


§7. The case in which there are four singular points can be discharged with 
almost equal rapidity. The sum of the eight exponents is 2 and the differential 
equation contains one arbitrary parameter. Consider first the following scheme 


of exponents : 
/py Re 
m ms m 
III 1 + 3 2 2 3 2 
n 
my! my m; — 


in which the m and n,, have the same significance as before. It has been pre- 
viously demonstrated that, except for a multiplicative constant, there is one, and 
only one, product whose value is independent of a circuit about two singular 
points, and that the same product is independent of a circuit about either sepa- 
rately. Since a circuit about two points is at the same time a circuit around the 
other two, it follows that there is one, and only one, product which is one-valued 
over the entire plane. The exponents show that it is everywhere finite except 
at o, where it has a pole of order. It is therefore a polynomial of the n™ 
degree. Special interest attaches to this case, since no restriction whatever has 
been placed upon the arbitrary parameters. We shall subsequently see that this 
is impossible when the number of singular points is greater than four. 

The general differential equation given by the foregoing scheme includes 
Hermite’s equation as a special case. To obtain the latter we have only to 
place mj = m/ =.... =m{/=0andn,=n+1. As already noticed, the sub- 
stitution «= p(u) will remove the first derivative from this equation and reduce 
it to the form 


= [n(n+1)p(u) + Aly. 


A corresponding reduction can be made in the more general equation. First, by 
a substitution similar to [12], we may reduce the differential equation to one 
which has an exponent-scheme of the form III but in which one exponent mj’ 


| 

| 
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of each finite singular point is equal to zero. When this is done, the substitu- 
tion of the new independent variable 


= da 


which makes z an elliptic function of u, say p,(u), will remove the second 
derivative and reduce the equation to the form 


§8. A second group of equations with four singular points can be obtained 
by combining with two such singular points as occur in III an apparent singular 
point. Since the sum of the eight exponents is 2, two exponents for the fourth 
singular point must be chosen whose sum is an integer. According as the appa- 
rent singular point is at o or in the finite plane, the exponents will therefore be 


n 
/ / 
my my, — 
2 
m! 
/ 1 / 3 
m+s m+h 
ms 
m ms 


The accessory parameters in the differential equation will in either case be 
determined by the condition that the logarithmic term in the expansions for the 
apparent singular point must be made to vanish. 

With the first of these two exponent schemes a differential equation first 
given by Brioschi* and later applied by Haentzschel} to the theory of potential 
is closely connected. Haentzschel’s form of the equation is 


= [(m?— 3) p(w) —A]y, 


in which m is an integer eas to Brioschi’s ioe . If we free the equation 


from doubly periodic coefficients by the substitution «= p(w), it becomes 


(40° — gue — 93) FY + (62 Y y =0. 


* Annali di Matematica, Serie 2, t. 9. 
t “* Studien iiber die Reduction der Potentialgleichung,”’ p, 54. 


| 
+B 
du? (py —& — 
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Both writers prove that this equation admits of two integrals whose product is a 
polynomial multiplied into /x—e,. Brioschi, however, appears to leave h arbi- 
trary, an oversight which is corrected by Haentzschel. The exponent scheme for 


1 1 1 1 1 
the equation is but by setting y= Va — ey it may 
1 
$4 ¢ 
be reduced to ‘ and thus brought under IV. Brioschi 
m— 


gives the equation as an instance in which the square of the product of two solu- 
tions is a polynomial, but the modification just made shows that the equation 
does not differ essentially from those which we are here considering. Indeed, 
more generally, whenever the product of two solutions of a regular differential 
equation containing any number of singular points is equal to a polynomial mul- 
tiplied by a product of powers of the binomial «—e,, these factors may be 
removed and the equation reduced to the form treated in this paper by an appro- 
priate substitution of the form 

y = TI (a2 —e)"y. [14] 


$9. In the general case, where 7, the number of singular points in the finite 
plane, is greater than 3, the differential equation contains *+— 2 accessory 
parameters. On these we are at liberty to impose an equal number of condi- 


_ tions in order to secure, if possible, a polynomial product. The consistency of 


the conditions thus imposed will have its verification in the existence of the poly- 
gons hereafter to be introduced in connection with the conformal representation 
of 7, the quotient of two solutions. Consider first the case in which the expo- 


nents are 
Ro 


2 
my’ mi +m! 
We have seen that, irrespective of the values of the accessory parameters, there 
is one product of two integrals which is one-valued for circuits around 
é,and e,. Let it be required that this product shall be one-valued for circuits 
around the remaining r—1 singular points. If r is even, the exponent differ- 
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ence for the point » is an integer. One condition must consequently be 
imposed to remove from P** or P** the logarithmic term which would naturally 
appear. This leaves 7 — 2 singular points, all of the same character, and 7 — 3 
independent parameters. If 7 is odd, one exponent for is an integer and the 
other is half of an odd integer. Whether then ¢ is even or odd, the singular points 
which remain for consideration are all of the same character, and their num- 
ber exceeds by a unit the number of remaining parameters. Of these singular 
points, two may be disregarded, for it has been shown that when the sum of 
the exponents of each of the two points is the half of an odd integer, the product 
of two integrals will be one-valued for circuits around these points, provided it is 
one-valued for circuits around every other point. The number of singular points 
left is therefore now one less than the number of parameters. At each of these 
points let y,y, be expressed in the form + The 
values of the coefficients here obviously depend upon the accessory parameters 
of the differential equation. The condition that the product shall be one-valued 
over the entire plane requires that each coefficient c; shall vanish. Since this 
imposes a single condition upon the parameters for each remaining singular 
point, a one-valued product can be obtained by imposing a total number of con- 
ditions which is one less than the number of parameters, When this is effected, 
the values of the exponents ensure that the product will be a polynomial. To 
each set of exponents I there belongs therefore a differential equation containing a 
single arbitrary parameter, for which the product of two particular solutions will be 
a polynomial. 

This result may be regarded as an extension of one obtained by Brioschi 


for differential equations in which the coefficient of oo is one-half of the deriva- 


2 
tive of the coefficient of =A . Such an equation is evidently obtained by placing 


all the m of scheme I equal to 0. 
Similar considerations apply to such exponent schemes as 


(Et 


mi! m!! 


ai, 
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Since, however, the introduction of a singular point whose exponent-sum is 
an integer imposes two conditions upon the parameters, the total number of con- 
ditions will be equal to the number of accessory parameters. They will, there- 
fore, be completely determined. It follows also that a scheme with more than 
one pair of such exponents will be in general impossible. It is, however, con- 
ceivable that in exceptional cases the conditions imposed at the several singular 
points might not all be independent. Cases may therefore arise where more 
than one such pair of exponents is present, as will indeed be obvious later when 
the conformal representation is considered. 

This exhausts the possibilities of our problem except in so far as apparent 
singular points are introduced instead of those whose exponent-sums are the 
halves of odd integers. This can be done, since an apparent singular point, like 
the point it replaces, imposes but a single condition upon the accessory parame- 
ters. The number of points whose exponent-sums are the halves of odd integers 
must not, however, be made less than 2. 


II. 


§10. To distinguish briefly between the singular points whose exponent- 
sums are the halves of odd integers and those whose exponent-sums are integers, 
we will hereafter refer to them respectively as singular points of the first and 
second kinds. When the two solutions are distinct, we can, by a suitable substi- 


tution of the form [14], reduce the exponents for a singular point of the first 


kind to $+ m,, 0 and those for a singular point of the second kind to + 4A 


without destroying the property that the product of the two solutions is a poly- 
nomial. In the same manner the exponents for an apparent singular point can 
be reduced to zero and a positive integer. It becomes then what has been 
termed a semi-singular point, in the vicinity of which all solutions can be 
expanded in an ordinary power series. For convenience we will henceforth 
assume that these reductions have been made for all the singular points. The 
only effect of the reductions upon the polynomial is to remove from it all the 
factors — é;. 


§11. At any singular point of the first kind the two solutions can be 
expressed as follows: 
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When « describes a circuit around the point, these will be changed into 


1 


The result of a circuit around two such points is therefore to multiply the one solu- 
tion by a constant p, the other by its reciprocal av If, now,.only singular points 


of the first kind are present, a hyperelliptic integral similar to [13] may be 
introduced as the independent variable in place of ~. Since the periods of wu 
are due to circuits of x around pairs of singular points, the proposition last enun- 
ciated shows that there are two solutions of the differential equation, each of which 
is multiplied only by a constant whenever a period is added tou. This theorem is 
well known in the case of Hermite’s equation, the two solutions being then ordi- 
nary doubly periodic functions of the second class. In Hill’s equation* the mul- 
tiplication results upon the addition of the period 27 to the argument ¢. 

When the circles of convergence of the two singular points overlap, a 
formula can be given for the computation of p. Suppose the two points to be 
€, Bya circuit around these points /a, P? + ./— 6, will be replaced 
by (Waa —b, y) — (Wa B= /— 6,5) P™++, or, expressed in terms of 
P}, P™ +! with the help of equations [9] and [11], by 


(Va, Ph V8, ( 


We have therefore the formula 


ad + By AW aByd 
ins ad — By [15] 


A circuit around an apparent singular point is obviously without effect upon 
the two solutions. On the other hand, near a singular point of the second kind, 
each solution is, except for a constant factor, identical with one of the two funda- 
mental integrals, and they will therefore be multiplied, the one by e+*** and the 
other by e~”’, where x describes a circuit around the point. Combining these 
results with the preceding we obtain the following noteworthy proposition : 


*See either Hill’s article in the 8th volume of the Acta Mathematica or one by Callandreau, 
Astronomische Nachrichten, No. 2547. 


a 
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If the two solutions, whose product is the polynomial, are selected as the bases of 
the monodromic group of substitutions of the equation, this group will take the form 


Il. 


§12. The essential character of the group of a linear equation of the second 


order is more commonly exhibited by means of the quotient 7 = = . For the 
2 


equation under discussion the substitutions of y have the form 


9 


L a= or II. [16] 


In the Autographie of Klein’s lectures upon ‘Linear Differential Equa- 
tions,” 1894, p. 148, a list of 11 cases is given in which the substitutions are sim- 
pler than the general substitution 7 = ate Most of the differential equa- 

yn 
tions which correspond to these cases are well known, as for instance the equa- 
tions belonging to the groups of the regular solids. The chief case which has 
not received a general investigation is that in which the group has the form to 
which we have just been led by the consideration of the polynomial product. 


Conversely, if for any regular differential equation the group of y= on can be 
2 


expressed in the form [16], the product of the two solutions y,, y, must either be a 
polynomial or a polynomial multiplied by powers of the binomials x — e,, and the 
latter case can evidently be reduced to the former by such a transformation as [14]. 
The form of the substitutions of the group shows, in fact, that the product is 
multiplied by a constant when « describes a loop enclosing one or more singular 
points. Such a product is expressible as a holomorphic function multiplied into 
powers of the ~ — e; which correspond to the multiplicative constants and to the 
infinities of the product. Moreover, since the differential equation is supposed 
regular, the holomorphic factor must have a pole for «=, and hence it isa 
polynomial. 


§13. We shall hereafter confine our attention to real differential equations, 
i.e. to those in which all parameters, whether singular points, exponents, or 
19 


— 
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accessory parameters, are real. Subscripts will be assigned to singular points 
of the first and second kinds according to the order in which they occur on the 
x-axis, the apparent singular points being, for convenience, omitted. We will 
now consider some properties of the solutions which relate to the segments into 
which the axis is thereby divided. 

Consider first the four fundamental integrals which belong to the two 
extremities of any segment. Each integral has been defined by a power-series 
[3] which holds throughout a portion or the whole of this segment. Since the 
differential equation is real, the coefficients of each series must be real, and the 
signs in [3], which till now have been left arbitrary, can be so chosen that the 
integrals shall be real as long as the series converge. But any solution of the 
differential equation which is real along a finite portion of the axis, will, if con- 
tinued analytically, remain real, until the first singular point is reached where 
an ordinary power-series fails to hold. The four fundamental integrals, when 
thus continued, will therefore be real throughout the entire segment irrespective 
of the apparent singular points which it contains. If, now, in [9], whether the 
circles of convergence of ¢, and é, overlap or not, the right-hand members of the 
equation are taken to represent what the left-hand members become when con- 
tinued analytically from the vicinity of e, to that of e,, the constants a, @, y and 
6 must be real. It follows that p in formula [15] is either a real quantity or a 
complex imaginary with unit modulus according as a@yé is positive or negative. 
The substitutions which result from a circuit around two consecutive singular points 
€;, and e, of the first kind must therefore be either both hyperbolic or both elliptic. 

Following a precedent set by Klein, we shall apply the terms hyperbolic 
and elliptic not only to the substitution but to the segment e,_,¢, around which 
the corresponding circuit is made. Hquation [11] shows that the sign of a@yéd 
will be opposite to that of a Hence in a hyperbolic segment the product 

1 
can be expressed as A?(P%)?— B3(P™+#)?, and in an elliptic segment as 
Ai (P?)?+Bi(P” ++), in both of which A; and B; denote real constants. The two 
component solutions may therefore be so taken as to be real throughout a hyper- 
bolic segment; on the other hand, in an elliptic segment, they will be conjugate 
imaginaries. A segment, one or both of whose extremities are singular points 
of the second kind, will here be classed with the hyperbolic segments, since in 
this segment both solutions can be taken as real. This follows from the fact 


| 
| 

| 
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that in the vicinity of such a point the two solutions differ only by constant 
factors from the two real fundamental integrals. On the other hand, the seg- 
ments which terminate in a singular point of the first kind are the one 
elliptic and the other hyperbolic, because the sign of the second term of 
A? (P?)?+ Bi(P™ ++)? will be changed when «x describes a circuit around e,. The 
order of succession of the segments between any singular point of the second kind and 
the next point of the same kind is therefore a definite one. The hyperbolic and elliptic 
segments alternate with each other, beginning and ending with a hyperbolic segment. 
In agreement with this, the number of singular points of the first kind included 
between two consecutive points of the second kind must be even, as must also 
be the total number of points of the first kind. 

A difference between the two varieties of segments again appears, when the 
roots of the polynomial are considered. In an elliptic segment the polynomial 
consists of the sum of two positive terms. Both of these cannot simultaneously 
vanish at any point of the segment, for if this were possible, two independent 
solutions of the differential equation would have at this point a common real 
root, which contradicts a well-known theorem concerning the alternation of the 
real roots. It follows therefore that the real roots of the polynomial are situated 
only in the hyperbolic segments. 


§14. The foregoing theory can be advantageously set forth, and might, 
indeed, be independently developed, with the aid of the theory of conformal rep- 
resentation. As is well-known, the quotient y of two independent solutions of 
[1] builds the positive half of the «plane conformally upon a_ polygon 
EH, E,.... H,H, whose sides are arcs of circles. The angles at the vertices 
which correspond to the singular points e are successively equal to 
A,%,+.+.,A.7. The conformity of the representation ceases not only at the 
vertices but also at the points 7’ of the boundary which correspond to the appa- 
rent singular points. The latter points will, however, not be here classed with 
the vertices of the polygon. The angle between the two arcs which meet in 
such a point is a multiple of 7, and, because there is no logarithmic term in 
the expansion of y at an apparent singular point, the two arcs must be arcs of 
acommon circle. Hence the point is to be regarded as a sort of turning-point 
(see Fig. 1) where the direction of a side is reversed one or more times.* 


*For a further discussion of such points, see my article in the 16th volume of the American 
Journal. 
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The general shape of the polygon can be determined from the following con- 
siderations connected with the substitution-group of 7. If the polygon be 
reflected on any one of its sides, we shall have a new polygon which is the image 
of the negative half-plane. A reflection of the second polygon upon one of its 
sides gives a second image of the positive half-plane which is connected with the 
first by a substitution of the group of 7. If we suppose that the first reflection 
is on the side #,_, #; and the second upon £; Ej, (Fig. 2), the substitution will 
be due to a circuit around e,. The invariant points of this substitution will be 
the intersections of these two sides, produced if necessary, and hence also of the 
sides H,_, H, and H,£,,, of the first polygon. If ¢, is a singular point of the 
second kind, the substitution is of the form (16, II), whose invariant points are 
n=0 and y=. The two sides #,_,H, and H,H,,, are therefore parts of 
straight lines which meet at the origin [Fig. 2(a)]. If the singular point is of 
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the first kind, the substitution is of the form (16, I), whose invariant points, 
+o, are symmetrically situated with respect to the origin. Since the angle at £, 
is (m,+4) 7, the two circles of which #,_, #; and #; #;+, are arcs which cut each 
other in these points at right angles. But one of the singular points adjacent to 
€;, SAY &4, must likewise be a singular point of the first kind. It follows also 
that EH; E,,, (see (b) of Fig. 2) must cut a second circle at right angles and in 
two points which are symmetrically situated with respect to the origin. Evi- 
dently therefore HL; #,,, is the arc of a circle whose center is at the origin and 
E, _, £,; the segment of a straight line which passes through the origin, or vice 
versa. These conclusions concerning the shape of the polygon can be summed 
up in the following statement: 

When the two solutions y,, y, are distinct, the sides of the polygon are arcs of 
concentric circles and segment of straight lines which cut the circles at right angles. 


§15. The methods by which polygons of this character are constructed will 
be discussed in a later paragraph. In the meantime some of the conclusions 
already obtained may be easily verified by means of the conformal representa- 
tion. Toa circuit around two consecutive singular points of the first kind cor- 
responds a series of four reflections, as indicated in Fig. 2 (b). These result 
either in a simple revolution of the initial polygon through an angle ¢ or in 
increasing the distance of all its points from the origin in the ratio p’:1. In 
other words, the resulting substitution is either elliptic or hyperbolic. Clearly 
also the straight sides correspond to the hyperbolic and the circular sides to the 
elliptic segments. The theorem which has been already given concerning the 
alternation of these two kinds of segments is now immediately evident from an 
inspection of the figures. Furthermore, the roots of y, and y, are respectively 
the zeros and the infinities of their quotient 7. Hence we conclude that if a 
side Ei, E;4., of the polygon passes p times in all through the zero and infinity points 
of the y-plane, the polynomial has p real roots situated between e, and 6,41; Uf also 
the interior of the polygon includes the zero and infinity points q times in all, q pairs 
of roots of the polynomial are imaginary. Since also only the straight sides of the 
polygon can pass through the origin or infinity, the real roots must lie exclu- 
sively in the hyperbolic segments. 


§16. The conformal representation also makes apparent the significance of 
the singular points of the second kind. Should one of the circular sides of a 
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polygon be contracted to a point situated either at the origin or at o (Fig. 3), 


2 


the union of its extremities would evidently produce a vertex which would cor- 
respond toa singular point of the second kind. It is also obvious, conversely, 
that any such vertex can be regarded as having been formed in this manner. 
Hence any differential equation with singular points of the second kind which satis- 
fies the conditions of our problem can be regarded as the limit of an equation contain- 
ing only singular points of the first kind, each singular point of the second kind being 
created by the union of two points which terminate an elliptic segment. Thus, for 
example, when m, =m, = 0, the hypergeometric equations discussed at the close 
of §5 are limiting cases of Hermite’s equation. It is sometimes possible, also 
without changing the angles of the polygon, to contract a circular side to a point 
which does not coincide either with the origin or infinity (see again Fig. 3). In such 
instances the contraction of an elliptic segment gives rise to an apparent singular 
point. The result is also the same when it is possible to shrink a hyperbolic seg- 
ment to a point. From these instances it is clear that the various limiting forms 
of a given differential equation can be immediately inferred, when the shape of the 
corresponding polygon is known, In this respect, as in many others, the method 
of conformal representation has a decided superiority to analytical methods. 


III. 


§17. Our attention will now be restricted exclusively to such of our differ- 
ential equations as contain only singular points of the first kind. Ifthe number 
of these points is greater than 3, the differential equation will contain an arbi- 
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trary parameter which can be continuously varied. The polygon undergoes in 
consequence a continuous deformation, and the properties of the polynomial 
product also change. The present section will be devoted to a study of some of 
the changes in its properties which can be discovered by means of the conformal 


representation. Special attention will be paid to the changes in the distribution 
of the real roots of the polynomial among the segments of the axis of x. 


§18. The general theory of these equations is similar to the well-known 
theory of Hermite’s equation. When the parameter of the latter is continuously 
varied from — » to + », for certain critical values the two solutions forming 


the polynomial product become identical. The equation then becomes a Lamé’s 
equation, and the two identical solutions, when divested of all factors (a—e,)*, 


become identical. 


must take as before the quotient of two independent solutions. 


| 
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(2 — ), (w—e;), are simply Lamé polynomials. At the same time a 
change takes place in the distribution of the roots of the polynomial product 
among the segments of the axis. We will now show that for our more 
general differential equations the changes in the distribution of the roots 
occur only when the two solutions become identical. Since the coefficients 
of the polynomial are real, a change can be supposed to take place in only two 
ways: either (1) by the passage of one or more roots through a singular point 
from one segment into the next, or (2) by the conversion of pairs of real roots 
into conjugate imaginary roots. In the latter case a multiple real root must 
first be formed. But it is well-known that no solution can have a multiple root 
at a non-singular point of the plane, neither can two independent solutions have 
a common real root at such a point. It remains therefore only to examine when 
the polynomial has a root which coincides with a singular point. 
impossible when the two solutions are distinct, because then in the vicinity of 
the point the polynomial may be written in the form A? (Pt)? + B’(P™t?), only 
the second term of which vanishes forx=e,. The changes in the distribution of 
the roots of the polynomial can therefore take place only when the two solutions 


This again is 


§19. When this is the case, a change simultaneously occurs in the character 
of the conformal representation. To determine the shape of the polygon we 
One of these, 


¥y,, may be assumed to be, as in section I, the square root of the polynomial, and 
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can accordingly be written in the form (a — e)**:----@—4&) *,P, where each ¢ is 
either zero or unity and P denotes a polynomial which does not vanish at any 
singular point. Formula [5] then shows that the generating substitutions of the 
group of 7 will have the form 


n= + B. 


One of the two invariant points of every such substitution is », and it follows 
that every side of the polygon, produced if necessary, must pass through this 
point. When, therefore, the two solutions forming the polynomial are coincident, the 
polygon is rectilinear. 

The position of the roots of the polynomial product can be directly deduced 
from the polygon. For it is clear from [5] that the roots of y, are the only 
infinities of 7. Hence if a side E, E,4., of the polygon passes p-times through ~, p 
roots are situated between e; and ¢:4,; Uf the interior of the polygon includes the 
point « gq times, g pairs of roots are imaginary ; and lastly, of a vertex of the polygon 
as situated at », the corresponding singular point is a root. It will be noticed that 
each of these roots is a double root of the polynomial product unless it coincides 
with a singular point. In this case the order of its multiplicity is 2,. 


§20. We have shown that in every instance the distribution of the roots 
among the segments is determined by the form of the polygon. To ascertain 
the changes in their distribution which result from a variation of the parameter, 
we have need therefore only to determine the changes in the shape of the poly- 
gon, and since a change can occur only when the two solutions become identical, 
it will suffice to follow the successive transitions through a rectilinear form. 
This will presently be done in detail for the case in which there are only four 
singular points. 


§21. Before doing so, however, it is necessary to say a few words concern- 
ing the methods by which the polygons are constructed. The term polygon is to 
be understood in the broad sense in which it is employed in the Theory of Func- 
tions. As has been already said, the polygon may include either in its interior 
or on its boundary the point . It will be necessary, therefore, in our diagrams 
to indicate upon which side of its boundary the polygon lies. This will be done 
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by shading the diagrams. The polygon may also contain overlapping portions 
or leaves somewhat after the manner of a Riemann’s surface. To facilitate the 
construction of the more complex polygons of this character, we shall have 
recourse to Klein’s processes of attachment of circles or planes to polygons of 
simpler type. A polygon is said to be ‘‘reduced’’ when it cannot be constructed 
by such attachment from any simpler polygon. The different modes of attach- 
ment may be most easily illustrated by reference to Fig. 4, which represents the 


8B A 


Fig. 4 


simplest type of a reduced polygon of four sides. To increase A by 2m a circle 
is taken with the same radius as one of the opposite sides, say CD, and is placed 
above (or beneath) the polygon so that its boundary shall fall upon this side. 
The circle and polygon are then cut along a common line from A to CD, and the 
two are united across the cut like the two leaves of a Riemann’s surface, the por- 
tion of either of which lies on one side of the cut being connected with the oppo- 
site portion of the other. In the resulting polygon the side CD must overlap 
itself. This process is known as the polar attachment of a circle, and may be 
repeated any number of times. If the same process be applied to increase the 
angle C, which, with the surface of the polygon, lies upon the convex side of 
AB, the portion of a plane exterior to a circle having the same radius as AB is 
to be employed. ‘To cover such cases, the term circle, as in the Theory of Func- 
tions, will here be used to denote alike the portion of a plane within or without 
the bounding circumference. To increase two angles each by 2m, the process of 
diagonal attachment may be used. An entire plane is placed upon the polygon, 
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the two are then cut along a common line between the 
vertices of the two angles (Fig. 5), and finally are con- 
c » nected in the manner before described. A third process, 
known as lateral attachment, increases each of two adja- 
cent angles by 2. Along the intervening side a circle is 
placed which has the same radius and which continues 
the surface of the polygon across this side. The connecting side is then erased 
so that the two figures form a continuous surface. Fig. 6 gives the result of such 


Pia. 6 


attachments on the sides CD and BC of Fig. 4. Two successive attachments on 
the same side are together equivalent to a single diagonal attachment of an entire 
plane between the two extremities of the side. It is to be observed that this 
attachment is not applicable to a side which overlaps itself. A fourth process, 
known as ¢ransversal attachment, adds to the polygon a circular ring, and is suffi- 
ciently explained by Fig. 7. The attachment can only be made to two sides, 
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which are arcs of non-intersecting circles, and leaves the angles of the polygon 
unaltered. The various attachments which have been described are not always . 
possible, nor, when separately possible, are they always compatible one with 
another, but a glance at the polygon is usually sufficient to determine what system 
of attachments is applicable. It is therefore unnecessary to discuss the limita- 
tions upon their use further than to say that no cut can cross itself or any other 
cut. Whenever we have occasion to employ these attachments, they will be 
indicated merely by drawing the cuts and placing beside each cut a number to 
show how many attachments are to be made upon it. In the case of lateral 
attachment on any side, the number will be placed adjacent to the side. 


§22. We may now return from our digression and take up the case of four 
singular points. The exponents in this case are 


No 

¢+m 
0 0 0 
2 


and the differential equation takes the form 


dy 4 my 4—m;\ dy 


x—e, x—e,/ dx 


—n,ne+h \y=0. [17] 


— — &)(a% — 


If m, is used to designate the integral component of A, 


it is easy to 


prove that the sum of the four m is equal to the degree n of the polynomial. 

The polygon corresponding to this equation, whether it consist of one or 
many leaves, is in general a curvilinear quadrilateral bounded by two arcs of 
concentric circles and by two straight lines which cut the circles at right angles. 
By geometrical considerations, which will here be only briefly outlined, it can be 
shown that there are eleven types of reduced polygons of this character and no 
more. These are shown in Plate 1. The apparent form of some of these types 


can be altered by the substitution 7= eS , which exchanges y, and y,, but for 
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our purpose the original and the transformed polygon are obviously equivalent. 
In the case of types 2, 4 and 6, both forms of the polygon are presented. 

The construction of these eleven types is based upon 
Fig. 8, which consists simply of two concentric circles 
cut by two straight lines through their common center. 
The vertices of the polygon must be selected, one from 
each of the four pairs of intersections A,, A,; B,, B,; 
C,, C,; D,, D,. We will first suppose that no side of 
the reduced polygon overlaps itself. If neither of the 
rectilinear sides passes through 0 or », the one must 
be either B,C, or B,C, and the other D,A, or D,A,. 
The boundary of the polygon has therefore the form 
represented in type 1. To show that the polygon itself 
must lie with reference to the boundary as represented 
in our diagram, it suffices to observe that if it were on the other side of the 
boundary it would contain the whole of the circle of which AB is an arc, and 
would therefore be reducible by a lateral detachment of this circle. These con- 
siderations, however, as yet only determine the angles to within multiples of 27. 
But any other polygon, bounded in the same manner as the first polygon of the 
plate, would contain at least two angles which would exceed the corresponding 
angles of the latter by multiples of 27, and would therefore permit of the diago- 
nal detachment of one or more planes. Type 1 therefore represents the only 
type of reduced polygon which has no side which overlaps itself or passes through 
0 or ». In the discussion of subsequent types similar reasoning will show, after 
the boundary of the polygon has been determined and also the side of the boun- 
dary upon which the polygon lies, that there is only one reduced polygon which 
meets the requirements. This will hereafter be assumed without further remark. 

We proceed next to determine the reduced polygons which have but a 
single side which passes through either the origin or infinity. It is immaterial 
through which point the side is assumed to pass, since the points may be 


exchanged by the substitution 7 = —. This side may therefore be taken as 


D, «A, or D,«A,, and we may also suppose that the adjacent surface of the 
polygon is the border shaded in Fig. 8. The second rectilinear side must be 
either B,C, or B,C,. If, now, the first side terminates in A,, this vertex must 
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be connected with B, and B, respectively by the arcs A,B, and A,B,B,, because 
otherwise the polygon would contain the whole of the circle lying within the 
circumference A,B,B, and would consequently be reducible. Completing, finally, 
the polygon by the addition of a fourth side, we obtain types 2,3 and 4. The 
polygon in which the fourth side is the arc C,C,D, is excluded, because it would 
necessitate a winding point at D, and would therefore be reducible by lateral 
detachment along this side. If, on the other hand, the first rectilinear side termi- 
nates in A,, the second cannot be B,C,. For if it were, the whole of the half- 
plane adjacent to the former side would be contained in the polygon and could 
be detached laterally. We have therefore only to connect D, «A, with B,C,, 
and this can be done in two ways, as shown in types 5 and 6. 

If both the rectilinear sides of the polygon pass through the origin or 
infinity, we may distinguish the following cases: 


(1). One rectilinear side D, «A, passes through and the other, B,B,C, or 
B,B,C,, through the origin (Types 7 (a) and 7 (b)). 

(2). Both sides pass through the origin or through , say the origin. We 
have then to connect two such segments as D,A,A, and B,B,C, (Type 8). 

(3). One side D, «A, passes through the origin and infinity, and the other 
only through the origin. The segment B,B,C, must be selected as the second 
side, since otherwise the polygon could be reduced by the lateral detachment of 
the half-plane adjacent to the former side (Type 9). 

(4). Hach side passes through the origin and infinity. With D, A, must 
be associated the segment B,  C,, since otherwise a half-plane could be removed 


(Type 10). 


It remains now to consider the possible forms of a reduced polygon, one or 
more of whose sides overlap. Examples of such polygons can be obtained from 
two of the preceding types, namely, Types 4 and 7(b) by prolonging the opposite 
arcs each by a semi-circumference. We shall, however, still consider the polygons 
to be of the same type. The only other types in which the arcs can be produced 
till they overlap are the 1st and 3d, but these polygons will then be reducible 
either by transversal or by polar detachment. There are therefore no other 
reduced polygons in which the sides overlap because the polygon winds in ring- 
form between the concentric arcs. We have therefore only to consider the cases 
in which the overlapping is effected in some other way. Since the surface over- 
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laps at the same time as the side, it must wind around one or both of the vertices 
opposite to the side. If the side be rectilinear, it is easy to see (compare Fig. 9) 


Fic. 9 


that the surface makes a complete winding around one of the two vertices. The 
polygon can therefore be reduced by polar detachment. The same is true if a 
complete winding takes place around a vertex opposite to a circular side. There 
remains therefore only the case where there is a partial winding around both 
vertices, so that the angles here are $a. The only reduced polygon of this 
character which can be constructed is presented in Type 11. Our list of reduced 
polygons is therefore now complete. 

Each reduced polygon gives rise by attachment to a system of polygons. 
Many of the polygons thus constructed can, however, be constructed from two or 
more distinct types. We will, for example, obtain the same form of polygon by 
a lateral attachment on BC in Type 3 as by a diagonal attachment between B 
and D in Type 4; or again, by a lateral attachment on DC in Type 8 as by a 
lateral attachment on BC in Type 7 (a). 


§23. We are now prepared to construct for any given values of the m a 
polygon which corresponds to the differential equation [17], and to trace the suc- 
cessive changes in form, when the parameter / of the equation is continuously 
varied. A complete determination of the polygon depends, of course, upon the 
anharmonic ratio of the singular points as well as upon the accessory parameter. 
A two-fold variation in the form of the polygon is accordingly possible. Hither 
the ratio of the radii of the two concentric arcs or the inclination of the two 
rectilinear sides may be continuously altered. We shall, however, take account 
only of such changes of form as affect the type of the reduced polygon and the 
corresponding system of attachments. With this understanding it will be first 
found that by continuous geometrical deformation a series of different forms is 
obtained, which succeed one another in definite order, and subsequently it will be 
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shown that a variation of the parameter / alone gives rise to the series thus 
obtained. We may start with any polygon having the angles (m; + 4)x, for 
from it all other forms of polygons with the same angles will be subsequently 
obtained. We will first consider the case in which some one of the m, say m,, 
is equal to or greater than the sum of all the others. 


I. m Sm, + m, + 


To bring the m to a form corresponding to the system of attachments to be 
employed in the construction of the polygon, we shall avail ourselves of one of 
the four following arithmetical reductions, in which s, ¢, 2 and z denote integers, 
positive or zero. 


(1) m,= 26+ 2¢+a+2 (2) 28+ 2%+a+2z+1 
=x 
M, = 2t m, = 1 
Ms; =z. Ms; = 

(3) m= 284+ %+a+te+1 (4) m= 2 + 2%+a+2+2 
M, = m,= 
m, 2t m,= 2+ 1 
= = 2. 


The first two reductions are to be employed when the polynomial is of even 
degree; the last two, when the polynomial is of odd degree. In all four cases 
the form of the reduction shows that after the selection of a suitable reduced 
polygon, a system of attachments may be employed consisting of ¢ diagonal 
attachments between /, and H,, x and z lateral attachments on the sides FH, 
and H,E; respectively, and s polar attachments from Z, to one of the two oppo- 
site sides, say H,H#,;. In the first case we must select the first type of reduced 
polygon, in the remaining three cases types 7, 4 and 3 respectively, A, B, C 
and D being taken in each case as the vertices H,,, E,, E,, F;. 

All possible changes in the form of the polygon for case 1 are shown in 
Plates II and III. As before pointed out, the essential features of the polygon are 
modified only by transition through a rectilinear form. It suffices therefore to 
indicate in our figures these successive transitions. The rectilinear forms are 
marked in the plates with even numbers, the intermediate stages with odd 
numbers. The passage to a rectilinear form is effected, of course, by withdraw- 
ing the center of the concentric arcs to ». With the exceptions to be hereafter 
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noted, the successive transitions can be effected only in the order in which they 
are given in the plates. 

The two plates, taken together, are divided into four sections, each of 
which illustrates a cycle of changes which is to be repeated as many times as 
possible. In the first cycle a polar attachment is transferred from H,H; to £,4;, 
as is seen by a comparison of the first and last figures of the cycle. The lateral 
and diagonal attachments remain, however, unaltered. The corresponding index 
numbers have been inserted only in the first and last polygons, it being under- 
stood that in each intermediate polygon there is an equal number of lateral, as of 
polar, attachments. The second figure may be obtained from the first by with- 
drawing the center of the circular sides to «#. The only new form which is pos- 
sible when it reappears in the finite plane is that represented in Fig. 3 (a) 
or a similar figure in which #,#, is the inner and £,£, the outer arc. These 


two figures are, however, equivalent by virtue of the substitution 7 = 3s. . Figure 
N 


3 (b) is of the same form as 3 (a), one of the s polar attachments being explicitly 
represented. If, now, in this figure the center of the concentric arcs is carried 
to the right along the side EZ, to »—if carried in the opposite direction, we 
return to Fig. 2—the vertices #; and H, both pass to », but #, must remain in 
the finite plane, since otherwise the polygon would degenerate into a triangle. 
We thus arrive at Fig. 4. The passage thence to Fig. 6 requires no comment. 
The seventh and eighth polygons have been omitted, inasmuch as they can 
readily be supplied by the reader, being similar in structure to the fifth and 
fourth polygons respectively, but with an interchange in the roles of H, and £;. 
Omissions of like character will likewise be made in subsequent cycles. This 
cycle is to be repeated s times, that is, until all the polar attachments have been 
transferred to L,#,. It may then be applied once more, until the reduced poly- 
gon 3 (a) is reached, when it will be found impossible to proceed further. The 
polygon thus obtained is the initial figure of the second section. 

The second cycle removes a diagonal attachment and replaces it by a pair 
of polar attachments to #,#,. At the same time the number of lateral attach- 
ments on #, #; is diminished and the number on #;#, increased, each by two. 
The successive changes require no particular comment, until we reach the two 
polygons 5. These (as later other pairs of polygons) are numbered alike to call 
attention to the fact that, although constructed from two different types of 
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reduced polygon, they are identical in form. On leaving this figure, two alter- 
native courses are open, either to proceed as in the plate to the ninth polygon or 
to pass from the one to the other by means of 5 (b) and 5 (c) (see adjoining Fig. 10) 


Fig. /O 


without the insertion of any rectilinear form. Hither succession of changes is geo- 
metrically possible, and a decision between them cannot here be made. Pre- 
sumably it is dependent upon the position of the singular points upon the axis. 
The cycle can be repeated until either all the diagonal attachments or all the 
lateral attachments on H,,H#, have been removed. The former is the case when 


= >t, that is, m,>m,; the latter, when my. 


The third cycle is applicable only when m,>m,, and the effect of its 
repeated application is to remove the remaining lateral attachments. The 
changes for the first half of the cycle are the same as in Figs. 1 to 5 of cycle 2. 
We then insert two new figures, numbered 5 (a) and 5(b), and thence proceed 
as in polygons 10 to 13 of cycle 2 to the ninth and final figure of the cycle. 
Hach half cycle removes a lateral attachment on #,,H; and replaces it, the one 
by a polar attachment from #,, to H,#,, the other by a polar attachment from 
; to the same side. According as the number of lateral attachments to be 
removed is odd or even, the reduced polygon with which we conclude the last 
application of this cycle will have the form given in 5 or in 9. Hach of these 
polygons contains part of a circular ring included between the sides 4,4; 
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and £,#,. Since all the lateral attachments have been removed from these 
sides, they can be indefinitely prolonged, thus adding an indefinite number of 
circular rings to the figure. This, as will be later shown analytically, is always 
the final outcome of an indefinite increase of the parameter. 

When m;,<m,, the prolongation of the two circular sides begins immedi- 
ately upon conclusion of the second cycle, the reduced polygon being then either 
5 or 13 of cycle 2. Owing, however, to the presence of diagonal attachments 
between Z,, and £,, this will not result at once in the addition of circular rings 
to the polygon. The last section of Plate III shows the effect of a prolongation 
of each of the circular sides for a complete circumference, a diagonal attachment 
being of necessity replaced by two polar attachments, the one from £,, to the 
side H,H,, the other from /, to the side #,£;. By a repetition of this process 
the diagonal attachments will be removed, but at any time before this has been 
accomplished another change in the form of the polygon may be made. By 
passage through a rectilinear form, the circular sides to which the polar attach- 
ments are made may be converted into the rectilinear sides. But if this is done, 
to continue the transformation of the polygon, it will be necessary to re-exchange 
the circular and rectilinear sides either by retracing our steps or by completing 
the series of changes as indicated in Fig. 11* of the text. The final outcome 
will be the same whether these changes be included or not. The diagonal 
attachments will eventually be all replaced by polar attachments, and the further 
prolongation of the circular sides #,,#,; and £,#, will thereafter result in the 
addition of circular rings ad infinitum. 

We have now traced all possible changes in the form of the polygon upon 
the hypothesis that the parameter is varied continuously in one direction. It 
remains to consider what changes the polygon will undergo when the parameter 
is varied in the opposite direction. As already stated, the only difference be- 
tween the first polygon of cycle 2 and the first of cycle 1 is that the polar attach- 
ments are all made to £,#, in the one case and to #,#; in the other. By a 
change of subscripts, the subsequent cycles will therefore apply equally 
well to either side of the first cycle. A variation of the parameter in the 
opposite direction will also ultimately result in the addition of circular rings, 
which, however, will be included between the sides Z, EZ, and L,E,. 


* The transition from 3 (a) to 8 (b) is effected by increasing in the former polygon the radius of the 
inner arc £,#, until it exceeds the radiusof H,#,. The two rectilinear sides then overlap, as in polar 


attachment. 
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This completes the discussion for case 1. The second case differs from the 
first in no essential feature. Plate IV gives the first cycle of changes. By its 
repeated application the polar attachments, as before, are transferred from H,F, 
to #,E,. In the last application of the cycle it will be found that the seventh 
polygon is identical in structure with the fifth of cycle 2, case 1, except that 
there is no lateral attachment upon #,#,. From this point on, the discussion is 
the same as in case 1. In the subsequent figures there will be an even or an odd 
number of attachments on this side according as the number of such attachments 
was in the former case odd or even. 

The changes for case 3 are shown in Plates V and VI and for case 4 in Plate 
VII. The successive cycles are in every way similar to those of the first two cases, 
and case 4* is related to case 3 precisely as case 2 to case 1. 


§24. When no one of the m is greater than the sum of the remaining three, 
we may, without loss of generality, assume that 


Il, m+m2>m,+m, m+ m,>m,+ mM. 


One of the four following arithmetical reductions may then be made, ¢, z and x 
being non-negative integers and y a positive integer. 


(5). m= 2%+2+2 (6). m= 
Mm, = 2+ y m,— 2+y+1 
Ms = Z. M, = 2. 


(7). m= (8). 2 


m =x+y 
m, = 2#+y+1 
Mm; = Zz. Ms; = 2%. 


In the first two of these four cases the polynomial is of even degree ; in the last 
two, of odd degree. The same reduced polygons may be selected as in the cor- 
responding cases of I, namely, the first, seventh, fourth and third types, 
B, C, D and A being taken as before for the vertices #,, #,, H; and H,. The 


*The seventh polygon of cycle 1 of this case, after the polar attachments have all been transferred 
to LE, E,, is converted into one similar to 5 (b) or 9 of cycle 2, case 3, by enlarging the radius of the inner 
arc until it exceeds that of the other arc, 
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polygons are then completed by ¢ diagonal attachments between £,, and EF, and 
by «, y and z lateral attachments along the sides H,#,, HH, and #,F;. The 
polygon for case 8 can also be built up from Type 4, since the first lateral attach- 
ment on BC in Type 8 is equivalent to a diagonal attachment between B and D 
in Type 4, and the polygon will therefore differ essentially from that for case 7 
only in the selection of the vertices £;. 

The first cycle of changes for cases 5-7 is shown in Plate VIII. The changes 
in case 8 are similar to those in case 7. With each repetition of the cycle the 
number of lateral attachments on each of two opposite sides, #,2, and EE, is 
diminished by a unit, while the number on each of the other sides is increased a 
like amount. The cycle is to be repeated until all the lateral attachments have 
been removed from one of the first two sides. This side is then free for polar 
attachment, as was also H,#, at the outset. The cycle is therefore to be both 
preceded and followed by other cycles in exactly the same manner as was cycle 1 
in the corresponding cases of I. We may therefore limit our attention altogether 
to the present cycle of changes in the polygon, this being the only one of a new 
character. 


§25. We have now seen for each case all possible changes in the form of the 
polygon. It remains to prove that when the parameter is continuously varied, 
the polygon will pass through the series of changes which have been described. 
For this it will evidently suffice to show that an indefinite increase or decrease of 
the parameter will result in the addition of an indefinite number of circular 
rings included in the one case between #,#, and E,#,, in the other, between 
E..E, and E,E;. To demonstrate this we first reduce equation [17] by the sub- 
stitution 

y = (a — (a ty 
to the form 

+ (FO + [18] 
in which F# (a) is a rational fraction that is finite except at the singular points. 
If h is then taken sufficiently large, the coefficient of y will have for any given 

h 
(a (a — &) (a — es) 
of A the sign will therefore be positive in the segments ¢,¢, and ¢,, for large 
negative values in the segments oe, and ¢e¢,. The coefficient can, moreover, be 


value of « the same sign as For large positive values 
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made greater than any given positive constant a. Now it is well known that 
every real solution of the equation y’+-ay = 0 has an infinite number of real 
roots which cumulate in both directions in the vicinity of the point at ». But, 
by a theorem of Sturm,* if G’ and G” are two functions of « which are finite and 
continuous for any interval of the axis of x, and if G! is algebraically less than 
G, then between any two successive roots of a real solution of y! + G/y=0, 
which are situated in this interval, there must lie at least one root of every real 
solution of y’ + G’y=0. It follows that when h is indefinitely increased, any 
real solution of [17] will have an infinite number of roots in the segment e,, and 
when h is indefinitely decreased, an infinite number of roots in the segment »e,. 
Like results must also hold for the segments e,¢, and ¢,¢,, respectively, since by a 
linear substitution the singular points ¢ and can be interchanged and at the 
same time the value of / is multiplied by a negative constant.t Thus, whether 
h is indefinitely increased or diminished, every real solution will have an indefi- 
nitely large number of roots in alternate segments of the axis. Furthermore 
these segments cannot be hyperbolic segments, because in such segments the 
two factors of our polynomial product are real solutions and its degree would 
then be infinite. In the elliptic segments the two solutions will have the form 
AP? + /—1BP™+?, in which P? and P™+* will each have an infinite number 


of zeros, the zeros of P? alternating with those of P™+#. Hence as x traverses 

either elliptic segment, the argument of 7, which is equal to 2 tan’ a cd , 
will increase without limit. It follows that when / approaches o, an indefinite 
number of complete circumferences will eventually be added to the circular 
sides of the polygon. Since the angles of the polygon remain unaltered, this 
can be done only by the successive addition of circular rings. 


§26. Our figures may now be applied to a study of the polynomial product. 
First consider cases 1 and 2 in which the product is of even degree. Upon 
examination of the rectilinear polygons it will be found either that the vertices 
all lie in the finite plane or that two of the vertices H,, H,, E, are situated 
at o. For the critical values of the parameter the square root of the polyno- 


* Lionville, tome I, p. 135. 
tSee my article in the Bulletin of the American Mathematical Society, June, 1898, p- 482. 


| 


Second Order Allied to Hermite’s Equation. 163 


mial product can therefore be expressed in one of the four following forms: 
(2). P, 
2 


(4). 


—m,—m,—1, 


The polynomials P thus introduced fall into four distinct classes, and those 
which belong to the same class are solutions of differential equations with com- 
mon exponent-differences. According to Heine’s formula [8] the number of 
polynomials in the several classes must be equal to 


n n n n 
(1). + (2). 9 = Ms, (3). — m,— ™s, (4). my, Mo, 


and the total number will be 


1, case 1; 
3, case 2. 


2n + 1— 2[m, + m, + = 48 + + 2a + 22 + | 


The number of rectilinear polygons will not, however, necessarily be so great, 
inasmuch as they correspond only to real values of the accessory parameter, that 
is, to polynomials with real coefficients. The lower limit to the number of such 
polygons can be obtained by a count of the minimum number of rectilinear poly- 
gons included between the two polygons with series of ring attachments, and it 
+ 1, case 1 
—1, case 2° 
furnishes, therefore, for the cases under consideration, a supplement to Heine's 
theorem. The missing polynomials belong to the first and third classes. 

An inspection of the plates also shows that the polynomials of the several classes 
recur tn each cycle in a definite order. The first cycle is, however, the only one in 
which all four classes are included. The order in which they there recur is for 
case 1 the same as that in which they were above enumerated ; in case 2 they 
recur in opposite order. 

As before explained, the changes in the distribution of the real roots of the 
polynomial product which result from a continuous change of the parameter Ah 
can easily be traced by comparing successively each rectilinear polygon with the 
polygons which immediately precede and follow it. In the two cases before us, 


will be found to be 4s + 2a + 22 | Our geometrical investigation 
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as also in all cases to be hereafter examined, each passage of the polygon through 
a rectilinear form exchanges the rectilinear with the circular sides. As therefore 
the accessory parameter passes successively through the critical values, each segment 
of the axis will be alternately elliptic and hyperbolic. 

The successive changes in the position of the roots may be advantageously 
shown by a graphical representation such as was introduced by Klein in his dis- 
cussion of Hermite’s equation.. For this purpose the values of A are plotted as 
ordinates and the roots of the corresponding polynomials as abscissas, The 
resulting curve F'(P,,, h) = 0 shows at a glance the dependence of the roots upon 
the parameter 2. Specimen sections of the curve, which correspond to the first 
applications of the various cycles, are given in the first half of Plate LX for 
case 1. Horizontal lines which represent the critical values of the parameter are 
added and numbered to correspond with the rectilinear polygons in Plates II 
and III. These, together with the vertical lines x= e,,@, ¢,, divide the plane 
into rectangles, in which alternately the two solutions are elliptic and hyperbolic 
To each successive repetition of cycle 1 corresponds a branch of the curve simi- 
lar to that drawn in the plate, but the number of oscillations between e, and e, 
which corresponds to the number of polar attachments on the rectilinear side 
f, E3 is every time diminished by a unit, and the number of oscillations between 
e, and e, is increased by a unit. In like manner the number of oscillations 
between e, and é, is increased by two units with each successive repetition of cycle 
2or 3. The dotted portions of the curve correspond to the series of polygons in 
cycles 2 and 4 whose presence cannot definitely be affirmed. The ovals are to 
be included in the curve only when the numbers which they enclose are odd. 
Below the first section of the plate are to be added sections similar in structure 
to those above it, but the roles of the segments ¢,¢, and e,e, must be inter- 
changed. The first section of the curve for case 2 is indicated at the foot of 
Plate 1V. The second and third sections are similar to the corresponding sec- 
tions of case 1 but with the insertion of an oval in the lowest rectangular space 
between «=e, and x= 

The curve given by Klein for Hermite’s equation is comprised under case 1, 
when the degree of the polynomial-product is even, and is the special case in 
which there is but a single cycle of changes. The curve therefore consists 
entirely of sections similar to that given for the first cycle, but without the ovals. 


| 
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§27. Cases 3 and 4. 

The theory of these two cases, for which the polynomial-product is of odd 
degree, runs parallel to that of the first two cases and may therefore be very 
briefly indicated. In each rectilinear polygon either all three of the vertices 
E,, E,, EH; lie at » or only one. For the critical values of the parameter the 
square root of the polynomial has accordingly one of the four following forms: 


™s 


(2). (w—e)™*! 
2 


-— My, 


(3). (x ’ 


my 


(4). (a — — e,)™* 
2 


-—M, — My, — Mz 


We have again four classes of the polynomials, and by [8] the total number in 


each class is as follows: 


(1) (2). any, 
(3). (4), my mz 5; 


in all, 2n + 1— 2[m,+ m, + m,] = 4s + 4¢+ A count 


of the total number of polygons will show that at least 4s-+ 2x+ 22 + 4 : ya 
are real. The missing polynomials belong to the first and third classes. In each 
cycle there is again a definite order in which the classes recur, the order in 
which they were just enumerated being that for the first cycle of case 3. Speci- 
men sections of the curve F'(P,,, 4) =0 are drawn for case 3 in the second half 
of Plate LX and for the first cycle of case 4 at the foot of Plate VII. The curves 
differ mainly from those of the first two cases in that the principal branches for 
the separate cycles are no longer closed curves, but form one continuous curve 
which traverses the entire plane. The curve given by Klein for Hermite’s equa- 
tion, when the degree of the polynomial-product is odd, is included under case 3 
and consists entirely of sections similar to the first of the plate, but with the 


omission of the ovals. 
22 


zz 
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§28. JI. Cases 5-8. 

An inspection of Plate VIII shows that the nature of the cycle there repre- 
sented varies greatly in the several cases. In the fifth case the vertices of the 
polygon remain throughout the entire cycle in the finite plane. There is there- 
fore but a single class of rectilinear polygons, and all the corresponding polyno- 


mials have the form P,,. The cycles which precede and follow that given in 
2 


the plate introduce three other classes of polynomials. If z>y, that is, if 
m,+m;,>m,+m,, we have the same four classes of polynomials as in cases 1 
and 2, and their total number 


2n — 2[m, +m, + + 1 is equal to 4¢-+4 22 + 2x + 1. 


Of these all except possibly 4¢ must be real. The missing polynomials belong 
to the first and third classes. If, on the other hand, z< y, the fourth class of 
polynomials must be replaced by one for which the square root of the polyno- 
mial product has the form (a — e,)™t*P,, ,- The reduction of the degree 


of this expression below 5 is due to the coincidence of 2 (m,+ 4) roots of the 


polynomial-product with the singular point #, Such a reduction can take place 


only if »—m,—1, which is the negative of “2 or the second exponent 


for «, is positive, and the necessary condition for this is easily seen to be the 
condition which is common to cases 5-8, viz. m,y<.m,+m,+m,. The total 
number of polynomials in the four classes is 


2n — 3m3;— m, — m,— +1 = 4¢4 2x + 1. 


Of these all except 4¢ must certainly be real. All the unreal polynomials belong 
again to the first and third classes. 

Case 6. Two alternatives are apparently possible in the first cycle, between 
which we cannot here decide. The cycle may, namely, be concluded, as in the 
plate, without the insertion of any rectilinear polygon whatever, or at its close a 
series of changes similar to the series given in figures 5b to 9 of cycle 2, case 1, 
may be added. The case differs essentially from the preceding in this, and only 
in this, cycle. 

Cases 7-8. In the first cycle each vertex of the polygon in turn recedes 
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to o. Accordingly, for critical values of the parameter, the square root of the 
polynomial-product will have the form: 
2 9 2 


Ms 


2 2 


m, = 


Four classes of polynomials are thereby distinguished, and their total number is 
3, case 7, 


2n — [m, + mz + + 2= 4t + + + 
Of these only Mae ae 8, belonging to the ist and 3d classes can be 
imaginary. 
It is noteworthy that in all 8 cases, with the single exception of case 6, the 
maximum number of imaginary polynomials is either 4¢ or 4(¢+1), depending 
solely upon the number of diagonal attachments in the initial polygon. 


WESLEYAN UNIVERSITY, Aug. 1898. 
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Note on Dfferential Invariants of a System of m Points 
by Projective Transformation. 


By Epaar Lovett. 


As is well known the n™ order differential invariants of a geometrical con- 
figuration by an r parameter Lie group generated by the r independent infinites- 
imal transformations 


OS, leg, (1) 
are found by integrating the complete system of partial differential equations 


where the U/”fare the so-called n™ extensions of the original transformations. 

In particular if we seek a differential invariant of the second order of a 
system of m points in the plane by the general projective transformation group 
of that plane we have to find a solution of the complete system 


= =0, (3) 


where represents the result of substituting for «, yin X;'f, and 
Xi'f,....,X4/f are the second extensions of the eight independent infinitesimal 
transformations which generate the projective group 


of of 

lace of =. 
respectively, p being written for oe and g in place o a; 
The second extension of the infinitesimal point transformation 
A y)p y) (5) 
is 

Xi + nq nig + (6) 


| 
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in which 
dy , aE " dg ‘= dy 
Py 

By means of these expressions the second extensions of the original eight infini- 

tesimal projective transformations are found to be, respectively, 


ap + xyg + (y—ay') gq! — ayp t+ y’qty (y—ay')d — 
Then those functions (2, Yur YX), Which are differen- 


tial invariants of the second order of a system of m points (a, J1, «+++ Lm+ Ym)s 

are solutions of the complete system of equations 

= 2 + + (yi — — Bayi! 
=> + yi + yi (yi — — =0. | 


This simultaneous system has at least 4m — 8 independent solutions; direct inte- 
gration yields that m of these solutions are of the form 


In order to interpret these invariants geometrically, take m curves in the plane 
perfectly arbitrarily except that a curve is to pass through each of the m points 
of the system which we are studying; let p; be the radius of curvature of the 
curve through (a;, y,) at (x;, y;); take any point (z,, y,) of the system of points 
and join it by straight lines to all the other points of the system; let 6; be the 
angle at (2,, y,) between the normal to the curve through (x,, y,) and the line 
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joining (2,, y,) to (a, y;), and let @; be the angle between the latter line and the 
normal to the curve through (;, y;); then the expressions (10) show that the m 
forms 
are absolute invariants under the general projective group. 
If, in particular, the m points lie on a straight line, these invariants reduce 


to the simpler forms 


3 


By means of the theorem of Reiss, stating that > pr? cos-°@, is zero when a 


straight line cuts a curve of the m“ degree, we have that the value of the inva- 
riant is minus unity in case the m points lie on a straight line and a curve of the 
m‘ degree simultaneously, and conversely. 

Let the given system of points lie on a straight line and let the curves be so 
chosen that they are normal to the straight line at the points of the system. The 
invariants then become 


t — 
or 0 (13) 
This includes as special cases the theorem that the ratio of the radii of curvature 
at corresponding points of two parallel curves is unaltered by projective trans- 
formation and also the theorem, given as new by Wolffing* but due to H. J. 
Stephen Smith,} that the ratio of the radii of curvature of two tangent curves at 
the point of tangency, is unaltered by projective transformation; it is obvious 
that the latter theorem appears without insisting that the curves be normal to 
the line. 

In view of the fact that the general projective transformation group preserves 
its form under a transformation from point coordinates to line coordinates (the 
individual transformations are not invariant, but the group as a whole), corres- 


* Wolffing, “Das Verhiltniss der Kriimmunsgsradien im Berihrungspunkte zweier Curven,”’ 
Zeitschrift fir Mathematik und Physik, Bd. XX XVIII, 1893, pp. 237-249. 

+ H. J. Stephen Smith, ‘On the Focal Properties of Homographic Figures,’ Proc. London Mathe- 
matical Society, vol. II, pp. 196-248. 
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ponding theorems relative to the invariants of a system of m lines can be imme- 
diately written down from the above forms. 

Consider a system of m points (a, 2m) 2m) in ordinary space. 
A differential invariant of this system by an infinitesimal point transformation 


of of | of 
is a solution, 
(x, Ys “1, Pi» qis th, Lm, Ym) Pm) eee (15) 


of the partial differential equation 


where is the n™ extension of Vf. 
In order to determine the form of this extended transformation we proceed 
as follows :* Putting 


the variation of the identity 
dz = pdx + qdy (17) 
gives 
dbz + dq .dy + pddx + qddy. (18) 


dx, dy, oz are given functions of x, y, z from (14), namely, 
du=E(x,y,2)de, dy=n(x,y, de, (a, y, 2) de, (19) 


where de is an arbitrary infinitesimal of the first order. The identity (18) is to 
exist for all values of dx and dy, hence it breaks up into two equations for 
determining dp and dq, the variations of p and q by the infinitesimal transforma- 
tion Vf. Calling these we and xde respectively, the first extension of the trans- 
formation (14) is 


(20) 
in which 
(Er + —9 (Ne (21) 


* See Lie, ‘‘ Vorlesungen iiber continuierliche Gruppen,” bearbeitet und herausgegeben von Schef- 
fers, Leipzig, 1893, pp. 709, 710. 
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Similarly the variation of the identities 
dp=rdx+sdy, dga=sdx + tdy (22) 


yields equations for the variations dr, ds, d¢ by the transformation Vf. The 
solution of these equations gives for the second extension of Vf, 


in which 
+ pr, + sn,— 7 + ph.) — 8 (nz + pn.); 
o=n, +97, + 87%, + tr, — (by + 92) — 8 (ny + 24) 


= + pu, + 1x, + 8x, — 8 (E + pk.) —t (ne + 

T =H, + qh, + + te, — 8 (Ey + 9.) (ny + - | 
The higher extensions are computed in the same way. We have now the 

implements in hand by which to prosecute the study of the problems in space 


corresponding to those already discussed in the plane. 
The formule (21) and (24) give the following forms to the second exten- 
sions of the fifteen independent infinitesimal transformations of the general pro- 


jective group of ordinary space: 


On’ Gy’ or ds ’ 
of of af 
of Of ” A Of 
— (2ps +9r) 2 (298 — — aes 
(Bre + doy) — + ty) — to | 


4 
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ny + (2— pe — aw) 


bo—Continued. 


o~ 
or 


Ox Op a 
= — (gr + aps) (pt + 29s) y} 


Or 
of 
Ot 


— {8qty + (pt + x} 
J 


From these forms we write directly the simultaneous system of partial differential 
equations 


1 t 


to be satisfied by the second order differential invariants of the system of m 
points. The complete system is one of fifteen equations in 8m variables; hence 
there are at least 8m — 15 invariant functions. By integrating the system by 
successive substitutions, m of these invariants are found to have the following 


form: 


These invariants are susceptible of a geometrical interpretation quite analogous 
to that given in the plane. Take m surfaces in space perfectly arbitrarily 
chosen except that a surface is to pass through each of the m points of the 
system; let R; and 2; be the principal radii of curvature of the surface through 
(x;, Yi, %) at (a, y%, 2%); take any point (x, y,.,%) of the system of points and 
join it by straight lines to all the other points of the system ; let 6; be the angle 
at (2%; Yr» %) between the normal to the surface through (2,, y,, %) and the line 
joining %) to y:, %); and let be the angle between the latter line 
and the normal to the surface through (z;, y;, 2;); then the expressions (27) show 
23 


+ 202) 
a 
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that the m forms 
“ cos! 6, 
28) 
cos* 


are absolute invariants by the general projective group. 
When the m points lie on a straight line these m invariants reduce to the 


simpler forms 
cos! 6, 


Sh, 
If the m points lie on a straight line and a surface of the m™ degree simul- 
taneously, we have 
cos* 6; 
as a generalization for ordinary space of the theorem of Reiss for the plane. 
If the m points are collinear and the surfaces be so chosen that they are 
normal to the line the invariants become 
(30) 
(eh, 
This last result shows that to generalize the theorem of Smith relative to 
tangent curves and the theorem given relative to parallel curves it is only neces- 
sary to substitute “surface” for “curve” and ‘measure of curvature” for 
“radius of curvature.” As a matter of fact there is nothing in the reasoning to 
forbid allowing the m points to fall together, and if we proceed to this limit from 
the case of collinearity and m surfaces normal to this line, the form (30) obtains 
in the limit and expresses an invariant relation by projective transformation in 
the curvatures of m surfaces tangent at a common point. 


PRINCETON, N. J., 21 April, 1898. 


Proof of Brioschi’s Recursion Formula for the Expan- 
sion of the Even 6-Functions of Two Variables. 


By Oskar Botza. 


In a note published in the Goettinger Nachrichten for 1890, p. 237, Brioschi 
has given, without proof, a recursion formula for the expansion of the even 
6-functions of two variables, in which he makes use of a peculiar differential 
operator considerably easier to handle than the Aronhold process used by Wilt- 
heiss* for the same purpose. He also gives the results of the application of this 
operator to the simultaneous concomitants of two cubics, and thus furnishes 
everything that is necessary for the actual computation of the successive terms 
of the expansion of the even 6-functions of two variables into power series. 

In the following pages I propose to give a proof of these theorems of 
Brioschi’s, since, as far as I know, no proof of them has ever been published. 


§1. The Partial Differential Equations for the Even G-Functions of Two Variables. 
Let + 


R(w)= af = (1) 
be a (non-homogeneous) sextic, and 
i= (aB)'a8!, A=(a8)'; (2) 
let, further, 
R= (3) 
be one of the ten possible decompositions of & into two cubic factors, and 
+= (9, O=(9, J=(9,%)s, (4) 


* Math. Annalen, Bd. 29, p. 272; Bd. 35, p. 483; Bd. 36, p. 184. 
+Since we are using non-homogeneous variables, the symbols a, fz, etc., stand for «,7+4<¢,, 
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and write 
= + 39,2" + 3, P= + 4, 
Sort + 43,27 + 63,27 + 49,2 + 


Let, further, 
= (x) (5) 


_ fr dx 


for the two integrals of the first kind used in the formation of the 6-functions. 


and choose 


If, then, a denote one of the roots of @, the following theorem holds: 
Theorem I. 

The G-function belonging to the decomposition (38) satisfies the partial differen- 
tial equation 


ao 
Ou, Ou, (a) ’ a) 


in which the summation indices take independently the values 1, 2 and the quanti- 
(les Aap, Xap are defined by the equations 


(a) (Anz? + + Age) = — — Fo A (7) 
=3 (3h a’ + 39,0 + $3)(% — &) — $ (89,0? + 33,4 + — (8) 


+ $33.9; + % O,0.(a — &) +47 (a—a)(E—a). 


Proof: In a previous paper, ‘The Partial Differential Equations of the 
Hyperelliptic O- and 6-Functions,”* I have given a proof of (A) with the follow- 
ing defining equations for the x,,’s and A,,'s : 


A (x, &) 4 [Ane. + Ans (x + &) + Age] 


1 F(z, a) F(E, a) 
&—a/ *R@e—ae— a) 


* American Journal of Mathematics, vol. XXI, p. 107, equations. 
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and 


where F(x, &) = a3? is the third polar of R(x) with respect to &. 

It only remains therefore to show that (9) and (10) are equivalent to (7) 
and (8). 

a). The expression for A (a, &) can be transformed as follows: 

Notice first that A (x, &) is the first polar of A (a, x) with respect to &; but 
by letting & =a and making use of the expansion 


F(x, R(x) + (a)(E — x) + (a)(§ — a) + 


we obtain 


where the zero term & (a) F(x) has been added for symmetry. 
But since 


(x) = + a8a, = (x) + 
we have 
R (a) (a) — (a) (x) = (x — a) (a) — 6 (a8) 885, 


and therefore 
(a) A(z, 2) = — ay, to (@—a) . (a8) 
Now observe that 
ala’ = alt + aff! — 
and apply Clebsch-Gordon’s expansion, which furnishes : 
+ 
= + ita (x — a)’ + § A (a — a) 


Bi + 4 + ii (x — a) — 4A (x — a) 


The result is equation (7). 


b). Similarly the expression for K(a, &) can be transformed as follows: 
By Clebsch—-Gordon’s expansion we have 


= — $3232 (x —a) + 9,0, (uw — (a — a)’. 


mm 
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Hence since 


== 0, 
@) — 4929! — (e—a) + 


Further, 
(x) (a) (a) (a) — (a) = 3929? + 4 (a —a)’, 


and by making «=a: 
(a) = (a) ¥(a) = 398. 
Thus we obtain 
(x #50, 6, (a — £) + I(x —a), 
which, after performing the division by 2 — a, reduces to 


R' (a) K (a, &) 
= — $389, —£) + $23.9, + 0,0, (a + 4S (a 


And if we reduce the degree of the right-hand side in a by means of the equa- 
tion (a) = 0, we obtain (8). 

Thus Theorem I is proved. 

If 6 denote a root of Y, the expression for = can be derived from (A) by 


simply writing 6 instead of a and interchanging @ and y, which operation 
changes the signs of $ and J, but leaves ©, 7, A unchanged. We shall refer to 
the differential equation thus obtained as equation (A’). 


§2.—Brioschi’s Differential Operator and the Recursion Formula for the 
Expansion of Gyy Ue) - 
Multiply equation (A) by 
292 (4 — (4) 
39193 + 4T(u— = 


u being an arbitrary new variable, and sum with respect to the three roots of > 
(notation >). Similarly, multiply (A’) by 
— 39293 (u) > (2) 


uw—b 
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and sum with respect to the three roots of } (notation 2’). Add the two equa- 


tions thus obtained and finally put w= = and multiply by w3. 
2 \ 
The left-hand side becomes* 


(39293 +4 Jd) (3a? + 2(8923,3, — 4 (Sa $° — 06 


0b 

a6 dG 

292 2 

+ (33293 + 4 — 

The right-hand side of (A) is an integral function of the second degree of a, 

say g(a), divided by F’ (a), and the right-hand side of (A’) is an integral function 


of the second degree of say q (0), divided by R’(b). But 


u—a _ g' (a) u—a 


q(u), 


Hence the result of the above-described operation is, for the right-hand side, 
q(u) + 9(u), 


— 
Po — Gah = 2, 
Do b3 — = 332 + 3d, 


and if we observe that} 


and 359 
do Wo 
this reduces to 
IG) 0G 
6 — 6— 262 (u, ) 
10 


"6 


6 
+3 (s—s!)(383% +4J)(u te 


*It is hardly necessary to say that here 3,, 3, are symbols, and that ¥,—%,u, + 9,u,. 
tHere 3,, 4, are of course coefficients of 
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Transposing the last term, we obtain the 


Theorem Il, 


If the three operators Gis), Gils), GS) 
are defined by the equations 


Ob’ 
Of. of _ of 
G, (/)= = 1 Ou, Up 
where 


and the operator D(f) by 


= (63493 + Juz) + 2 — (7) 
+ (63595 + Jui) Go(f), (18) 


the function G,, U,) satisfies the equation 
D(6) = 0% (4 


‘4 Ou, us 
We have chosen the two integrals of the first kind, w,, w,, in accordance with 
Wiltheiss and Brioschi; if, instead, we had taken w,=cw,, w,=cw,, we would 
have reached a slightly different result, viz. the first and last terms on the right 
would be changed into | 


1 4 2 2 
6746 and uj 


OG 

as follows from the formule* for the passage from one canonical system of inte- 
grals to another. Klein, in his paper on ‘“ Hyperelliptische Sigmafunctionen ” 
(Math. Annalen, Bd. 27), chooses 


da 
hence c= — 2. 


* Bolza, ‘‘On Weierstrass’ Systems of Hyperelliptic Integrals of the First and Second Kind,”’ 
Chicago International Mathematical Congress Papers, p. 8. 


| 
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Now let 
G (1, ty) = 1 (14) 


n 


be the expansion of 6,, according to powers of 1, %, es denoting the aggregate 


of the terms of dimension 2n. 
Substitute this series in (B) and equate the terms of dimension 2n on both 


sides. Remembering that 


OS,,—1 
Uy + Uy Ou, + Up —— (2n 1) 


we obtain 
D(S,_-1) = 12 (n — 1)(2n — 3) — (4n— 3) O28,_,4+ S,. 


This furnishes for n = 1 


S, = (15) 
and thus we reach Brioschi’s theorem : 
Theorem III. 
The successive terms of the expansion of G4, (u,, Us) into a power series 


are determined by the recursion formula 
S,, = D(S,_1) + (4n— 3) SS, — 12 (n — 1)(2n — 8) (C) 
where the operator D is defined by (13) and 
Corollary: The covariant 7 is expressible in terms of the simultaneous 


concomitants of and as follows :* 
i= AV—tIS, (16) 


in the notation of Clebsch, ‘‘ Binaerie Formen,” §61. 


* Proved by Caporali, Sul sistema di due forme binarie cubiche, 78, Rendiconto della R. Accademia 
di Napoli, 1883. 
24 


| 
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§3. Reduction of Brioschi’s Operator D(f) to an Aronhold Process. 


From 
3 = — + 391) 
= — + + 
follows 
of 
Of _ of of of 
Pi + 29; ae. + 393 50, 
_ 391 OF of 
= +139, + + 


Hence if be a homogeneous function of $2, of degree v and of u,, 
of degree m, we have 
of 8 of of m of of of 
We are going to apply the operator D successively to S,, S,, 8;,....; but 
it is easily seen from (C) that S,, is of degree 2n in uw, u., of degree n in the ¢$,s 


and of degree n in the ys. Hence we are only dealing with functions / for 
which 


_ 
and for such functions we have 
2 of _ of af\ _ of of Of 


Analogous formule hold for 


of Of OF 
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and we thus obtain for G(/), Gi(/), Go(/) expressions which are homogeneous 
and linear in 


ao af af af af af af a 
do)’ 09,’ Op,’ Oy,’ 


For their further simplification we may therefore write symbolically : 


perform the reductions in the symbolical form and in the final result resubstitute 


x, etc., for the symbols. 


Thus Go (Sf) = — 3 — 
Gi(f)= 
Since the degree v of fin the @,’s is supposed to be the same as in the ws, 
we have 
=% =r, 
and G,(/) may therefore be written 


Gy (f)= 3 (938 — — yy] 
=3 [— P29, + 


hence 


2G, [( — — (Yrs —y) 
= 6919; + (ua)? = cya + + 


D(f) = Cy Go (Pf) + + (/) 
= 397 + (X22 — — ] 


Now if we put 


we may write 


or D(f) =3 (9) 6.93 — 3 Oh. 
We thus reach the 

Theorem IV. 

If = + J (17) 
and 


3 (be) = + + + = M; 
— 3 (bY) = Nat + + + Nod = (18) 
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then Brioschi’s operator D(f) is equivalent to the following Aronhold process : 


Corollary: Hence follows the rule: 

To obtain D(/), replace in f the coefficients @; and , by the corresponding 
coefficients @, + AM, and y,-+ AN, respectively and expand according to powers 
of A. D(/) will be the coefficient of 4 in this expansion. 

In applying this rule to a function of u,, ue: 


D(fz) 


and in the result put «=w. This precaution is necessary, if we wish to use 
symbolical methods, since w,, w, enter into the coefficients of Mand N as well as 


into the function /”. 


we first compute 


$4. Hffect of the Operator D upon the Simultaneous Concomitants of @ and . 


We now proceed to determine the effect of the operator D upon the simul- 
taneous concomitants of @ and yas far as they appear in the successive terms 
S,, Sg, Sg, 


1. Since 
we need, in order to obtain S,, the value of D(@). According to the above rule 


but 
(NV, >), = — 3 (Od) (49)? — ¢:, 
therefore 
D(z) = — + 2 (od) + (bY)? 
But since* 
(3, (3, — ip, 
we have 


(bo)’p, = Wig, — 3p,(ux) , (18) 
= + 37, (usr), 


* Caporali, Rend. della R. Acc. di Napoli, Marzo, 1883, §3. 


c= 

— 


Expansion of the Even 6-Functions of Two Variables. 185 


hence 
= 2d (Pd) + 3p, 
= 2S (dy) Vidi, + 37, . 


Collect the terms, apply Clebsch-Gordan’s expansion and make use of the 


formule* 
T= dp) + Avy— OC’, (19) 
= Me + Vitu- Pos (19a) 

we obtain 
D (@2) = — 10739232 — J? (ux)’, (20) 

and putting «= w: 

D(@) = 12Ay — 120? + 2/3. (21) 


The reduction formula (C) furnishes now for S, the value 
2. To obtain S; we need D(J), D(3) and D(Ay). 


a). DV)=(9, 
(I, = 3 = 3 (0, ®),. 


Butt} 
(O, ©), = 6 (30)? + JOZ= — 3y — JO 
where 
v=(v, A). 

Hence 

(M, =— 9v — 3JO 

(VY, %+ 30, 
consequently 


D(J)= — 18y — 6JO. (23) 


b). + >): 
(M, = 3 (Ho) (DY) — 2 Viz 
= — 3 3 (OV)? . — (OY) 


*y. Gall, ‘‘Syzyganten cubischer Formen.” Math. Annalen, Bd. 31, p. 435, and Gordan, ‘ Invari- 
anten theorie,”’ II, p. 335. 
t Caporali, 1.?c. 
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Hence putting « = u and remembering that (N, $), can be derived from (¥, 1), 


by interchanging and 
D (3) = — 1808. (24) 


ce). D(Ay)=AD(v)+ 
D (Az) = 6 (99') + 4 (OP OF 
= = A),. 


Similarly, 
D(vz)=— 2(®, 
hence 
D (A2V2) = — Vi — Vi (®, 
= — 2(Avy)A,v,.@. (25) 
Hence, putting «= wu, 
D (Av) = 128. (26) 
The reduction formula (C) furnishes now for S, the value : 
S;= 0 [54Ay — 5473 + + + 10808, (27) 


which agrees with Wiltheiss’ result (Math. Annalen, 29, p. 297) if we make use 
of the syzygies (283), (323), (226), (224), (336), given by v. Gall in the above- 


named paper. 
3. For the computation of S, we need D(g) and D(v). 


a). Since 
D (97) =Mz, = Nz, 
we have 
D = — 362.84. 
Hence for x= 
D (ov) = — 189°. (28) 
b). =(Vvi, D(Az)): + (Ai, =2 (Av). &; — (bv). A — 
And making use of the relations* 
(>, A), = (A, 0), —3JA, 
V2=—(V; 9: 
we obtain for « =, always in Clebsch’s notation, 
D (v) = + 12TS + (29) 


Caporali, 1. c. 
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The result of the computation of S;, is 


6 2 4 
— 28 — 9%. 34. (Av)? + 2. 3. 2. —2", 34.9? 


4. For the computation of S,; the value of D(T) is required. 
T = (A, V)e 


hence 
= 4 (PA)(Pv)(Av) 
= 24 (SA)(Sv)(Av) — 
But* (SA)(SV)(Av) — (3) — 4 
hence D(T)=— — 12pa. (31) 


5. For the computation of S, the value of D(pz) is required ;-this can be 
reduced to D(Av, 9), as follows: 


If we denote Atv: 
we have from (19): 
= IMS, + — (O0')? (zy). (32) 
Hence 


(Av, ©), = (I, ©), —J(3, 9), + 


But from (19b) follows: 


further, 
(3, 0), 
T— 
hence 2(Av, 0), = —pra+dJv+3TO. 


From (20) follows : 
(Aiv2, D(O2)).= 12 (Lr) 107 (37)? 3272 — 4 7%. 
Put «=u, make use of (32), and observe that} 


* Caporali, 1. c. 
t Berzolari, Rendiconto dell Acc. di Napoli, Serie 2, vol. V, p. 77. & is used with the same sign as 


in Berzolari’s and Caporali’s papers, viz. 2 =— 


| 
Now D D +(D(AiVv2), 
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Thus we obtain 
(Ay, [),= 23—40.pn—4TT; 
further,* (Av, 3), = —}4JAvy — 


hence 
(Aiv?, = 1203 — 6Opn + 5Jv.0 + 3° TIS — 4+ 


On the other hand, 
(D(Aiv2), = 2 OL), = ©), + 24(©, ©), — 
Observe that by definition 
(vy, 0), =Q; 


further 
(, 0), = — JO, (®, v), =3pa+ 


Putting « = wu we have therefore 
(D = 6Q3 — — JOv — 


And if we make use of the relation} 
= — 403 + 2Ay(2T — — 4TO’ + — JO 


we finally obtain 


D (pr) = — 240 . pa — 1203 + Av + 8/70 + 16 (34) 
6. For the computation of S, the value of D(Q) is required. Since 
Q= (9, 


we have 
D(Q) = D(v2)), + (DO), 


The value previously obtained for D (v%) can easily be transformed into 


D (v2) = WIT — + + 12T32 3% 
+ — (6Q —4J*? — 2JT)(ua’ 


by means of the identity 
+ = — + 20707 + 4J* (ua)? 
Hence follows, by using previous results, 


(0%, D(v2)), = — Jpn — 2vJ* — 600. 


On the other hand we have, on account of (20), 
(D (03), v2), = 12 — 107 (Sv) 8 — 4 


* Berzolari, 1. c., p. 73. 


tCf. v. Gall, 1. c., the syzygies (444),, and A) on p. 426, together with Berzolari, 1. c., p. 74, (4). 
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But (3, 
(H,, v),= — ds + Jpn — 3.20; 


hence since: = 6H, + JS, 


(T, v), = 0O. 
Thus we obtain 
D (0%, = — 2J*v — 1200 


and D(Q) = — 4J*v — 1800. (35) 


Since D (Q) contains no new simultaneous concomitants of and , it follows 
that the terms following upon S, contain no other concomitants but those which 
have already made their appearance in the first six terms, and we have thus 
proved Wiltheiss-Brioschi’s result: 


Theorem V. 
The successive terms in the expansion 


S S, 
(uy, Uz) = 1 + + + + 


are expressible as integral functions of the following nine simultaneous concomitants 


of o(u) and Y(u): 


gv, S=(9,%), O=(9, 
AV: (Vv; A);; T (A, Ves 


pr, 


and the effect of the operator D upon these forms is exhibited in the following table : 


D(®) = 12Ay—120’+ 
D(J) =— 187 — 6J0, 
D(3) = 1803, 


D(Avy)= 
D (ov) = — 183’, 


D(v) = 60+412T3S+ WAy, 
D(T) =—8Jy — 12pa, 
D (px) = — 240. pn — 1203 + 8J’. Avy + 8Jv.0 + 16TJS, 


D(Q) = —4J*v — 1890. 


| 

| 


190 Bouza: Proof of Brioschi’s [Recursion Formula for the Expansion, etc. 


The above results can be compared with Wiltheiss’ results (Math. Ann., Bd. 36, 
p. 153) as follows: 
We obtain easily 
(Dp) b.9 = 30% .; — 1200, + Gide + + (wu). 


Hence it follows that Brioschi’s operator D is expressible in terms of Wiltheiss’ 
operators 6;, 52, 63, 64, 65 a8 follows: 

D 3 — 126, + 663+ 30,+ 205 
Our results agree exactly with Wiltheiss’ results, whereas the values for D(J), 
D(T), D(px), D(Q) do not agree with Brioschi’s results. 


UNIVERSITY OF CHICAGO, October 11th, 1898. 


Note to Professor Craig’s Memoir, ‘‘ Displacements 
Depending on One, Two and Three Paraméters 
in a Space of Four Dimensions.’’ 


By E. JAHNKE. 


In volume XX of this Journal Professor Craig, generalizing the kine- 
matical quantities p,qg,7 of ordinary space, has introduced six quantities 
pi(t,j=1, 2, 3, 4), as follows: 


| j= 1, 2, 3, 4) 


and established the following system of six differential equations analogous to 
the kinematical differential equations in the space of three dimensions: 


d 

d 

+ Poy + pod, 
Pru Pu Psy 


My memoir, “Ueber einen Zusammenhang zwischen den Elementen orthogo- 
naler Neuner- und Sechzehnersysteme,” Crelle’s T., Bd. CXVIII, 224-233 
appeared before. I have introduced there not only the six differential quan- 
tities 


I Ps = — (Gui + Goi + Gs + 


—> = =—)>' dys 
= — Sy, % 
a; 
Prez 
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but six other differential quantities 
Urs = Ja + + + %,7,7,8=1, 4, 2, 3 
= 2, 4, 3, 1 
3, 4,1, 3 
where = Gi + + Gi + Gia + Gis + Gis- 
I have obtained, with the aid of them, ¢wo systems of differential identities as 
follows : 


log = ii Jar Pay Gis Pir = — Jai — Jai Vos 
gx log = J2j Gor Pej Pir = — Goi Vis — Jai — Jui Vass 
9s: log = Pr Pog Pir = Jai Viz — Jui Ves — Mars 
log = Prs + Gar + Yas = — Gri — — Joi Var -* 


Professor Craig’s system is, with a little difference in notation, a special case 
of the first of my systems; it is obtained when we suppose g= 1. 

I have employed my systems, it is true, for another purpose than Professor 
Craig’s. I have deduced from them the general form which may be given to the 
differential equations of all problems referring to rotation. It is to be remarked 
that the introduction of the six differential quantities v,, is necessary for the 
complete solution of dynamical problems. (Compare C. R. CXXVI, 1014 and 
Crelle’s T., Bd, CXIX, 240.) 


*In my memoir is an erratum. Instead of dg,,, there must be read g,, dlog ee . 
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Determination of the Structure of all Linear Homo- 
geneous Groups in a Galois Field which are 
Defined by a Quadratic Invariant. 


By Leonarp EvuGene DIcKson. 


Following the study of certain classes of finite linear groups defined by a 
quadratic invariant, it seems desirable to have a complete determination of this 
important type of groups. Besides the work of Jordan* on the two hypoabelian 
groups in the field of integers taken modulo 2, and the writer’s generalizationt 
of the first hypoabelian group to the Galois field of order 2", the structures of 
the orthogonal groupt on m indices in the Galois field of order p” (aside from 
certain low values of m, n, p) and of the group]|| in the same field, leaving inva- 


riant the quadratic form SE. ni, have been previously determined by the writer. 

By setting up a complete set of canonical forms for quadratic forms in m vari- 
ables in every Galois field, we are able to prove that there exist but two new distinct 
types of groups defined by a quadratic invariant, one of these being a generali- 
zation of the second hypoabelian group of Jordan. Two new systems of simple 
groups are thus obtained [see §56]. The investigation completes and correlates 
the results of the earlier papers. It has been the aim throughout to devise 


* Traité des Substitutions, pp. 195-213 and p. 440. 

¢‘‘On the First Hypoabelian Group Generalized,’’ The Quarterly Journal, pp. 1-16, 1898; ‘‘ The 
Structure of the Hypoabelian Groups,’’ Bulletin of the American Mathematical Society, pp. 495-510 
July, 1898. 

t‘‘ Systems of Simple Groups derived from the Orthogonal Group,’’ Proceedings of the California 
Academy of Sciences, vol. I, No. 4, 1898, and No. 5, 1899; also Bulletin of the Amer. Math. Society, 
Feb., 1898, and May, 1898. 

| ‘* The Structure of Certain Linear Groups with Quadratic Invariants,’’ Proceedings of the London 
Mathematical Society, vol. XXX, pp. 70-98. 
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methods which require as few separations into cases and special treatments of 
lower cases as possible. The earlier methods for the orthogonal group have been 
abandoned in the main. 


1. Consider a quadratic function @ homogeneous in m variables £,, +) &m 
and having as coefficients marks* of the Galois field of order p"*. We restrict 
ourselves to forms @ of determinant not zero in the GF'[ p"] and suppose, for the 
present, that p>2. By an investigation analogous to that in Bachmann, 
Zahlentheorie, [V, pp. 409-412, we can prove that there exists a linear homo- 
geneous substitution 7’ on the variables &,, ...., &,, with coefficients belonging 
to the GF[ p"] which transforms ¢ into 


iz] i=s+1 


v denoting any particular not-square in the GF[p"]. Further, we can trans- 
form f, into f,,.. Consider indeed the substitution of determinant a? + (@?, 


= af; — B&;, E;= BE, + ak,. 


It transforms £7] + & into (a? + 6") (&? + &). By the theorem quoted in §3, 
there exist marks a, @ in the GF[p"], p> 2, for which a? + 0? =y7, a not- 
square. Hence in the form f, we can replace & + &} by v&? + r& and inversely. 
We have therefore two canonical forms, f,, and f,,_,. 

For m odd, the form f,,_, can be transformed into 


(Sit ---- +8). 


But the group leaving f, invariant leaves also f,, =é&{+ ---- + &, invariant. 
We may therefore state the result : 

Theorem: Every linear homogeneous group in the GF [ p"], p> 2, defined by 
a quadratic invartant of determinant not zero, can be transformed by a linear homo- 
geneous substitution belonging to the field into one of the two groups : 


1°. The orthogonal group, with the invariant >. 


i=] 


*The theory of Galois is used in its abstract form, as presented by Moore in the Congress Mathe- 
matical Papers, 1893. 
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2°. The group on an even number of indices with the invariant 


m—1 
+ 
t=] 


2. Denote by Gi, the group leaving /, invariant. The conditions that 
any substitution 


S: = (i= 1, 2,...., m) 
shall leave invariant are as follows :* 


It follows that the reciprocal of S is 


™ 

j=s+1 

— + (t= e+1,....,m) 
j=1 j=8+1 

The determinant of S~! is seen to be equal to the determinant A of JS. 

Hence A?=1, being the determinant of S~’S=1. Writing the relations (1) 


and (2) for the substitution S~’, we obtain the relations 


These relations are together equivalent to the set (1), (2). 


3. Lemma: The number of systems of solutions £1, in the GF [p"], 
p >2, of the equation 
+ + + =, 


* The conditions (2) do not occur if p—2, a case now excluded. 


iz 
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where every a; is a mark + 0 of the field, is 


where v 1s +1 or —1 according as (—1)" 40, «+++ Gem 18 a square or a not- 
square in the field. The number of solutions of 
2 2 — 


is + where is +1, —1 or 0 according as 
is @ square, not-square or zero in the GF [p”]. 

These results follow from an immediate generalization of §$197-199, 
201-212 of Jordan, “ Traité des Substitutions,” or of pp. 486-491 of Bachmann, 
Zahlentheorie, IV. 


4. Lemma: If S denote the number of squares* in the GF [p"] followed by 
squares and N the number of squares followed by not-squares, we have 


S=4(p"—5), N=4(p"—1), if —1= square ; 
=1}(p"— 3), N=4(p"* +1), if —1 = not-square. 


Indeed, the number of sets of solutions &, 7 in the GF'[ p”] of the equation 
+) 
is always p"— 1 (by §3). These solutions are of three kinds: 


» 
2. , 


occurring when — 1 is a square ; 


giving 4S sets of solutions £, x. 
Hence, if — 1 be a square, we have 


If — 1 be a not-square, we have 


p’—1=24+48, N+S=4(p"*—1). 


* The mark zero is not reckoned as a square. 
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5. Theorem: The order of the group Gy ox %s, for m odd, 
2 — 1) (pre 1) (p™—1) 


and, for m even,* 


2 [prem — — 1) 1) 


where & = + 1 according as p” ts of the form 41 + 1. 
Let NY denote the number of substitutions S, S’,.... in the group which 
leave & fixed. Let a general substitution 7’ of the group replace £, by 


The substitutions 7S, 7S’, ...., and no others, will replace & by If, 
therefore, P" denotes the number of distinct linear functions F, by which the 
substitutions of the group can replace £,, we have for the order of the group, 


= NO PY. 


For the substitutions S, S’,...., we have 


a,=—0. (7 = 2, mM) 
Then by the relations (2), 
Ay — O. 9, 
The substitutions S, S’,...., therefore belong to the group G&-),,, leaving 
invariant 
i i=8+1 


Repeating this argument, we find that 
—1 2 1 


where is the order of the group leaving invariant &, or + 
according as s=m or s=m—41, and therefore equals 2 or 2P%’ respectively. 


Hence 
—1 2 
2”, = PM P2.2, 


 _— 1 (m— 2 (2 1) 


* For m= 2, the terms at the end of the formula do not occur. 
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It is proven in §§7-12 that the number P? is equal to the number of sets 
of solutions in the GF'[ p”] of the equation 


l 1 k 


j=t+1 


which, by §3, is seen to be as follows: 


2 7, (& even) 
k—1 

pre-D 4 (— odd) 


e denoting + 1 according as — 1 is a square or a not-square in the GF[p"]. 
Whether ¢ be even or odd, we have 
Po, == (p™ — 


We derive at once the expressions for the order Q ,, as given in the theorem. 


6. Theorem: The orthogonal group Gn?» ts generated by the substitutions 
[only the indices altered being written], 


C;: = —&,, 
On P ak: + a 1 


with the two following exceptions :* 
for p"=5, mS8, we may take as the necessary additional generator the sub- 


stitution of period two, 


264+ 


E= Et & + 28, 


for p" = 3, m4, we may choose as the additional generator 


B= + t+ &, 
W: 4 4+£,, 
+ + Es — &. 


* These exceptions were overlooked by Jordan in his treatment of the case n = 1. 


— 
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The group Gi is generated by the substitutions C;, O7 (i, 7 < m) together with 


an additional generator being necessary if p* = 3, mS 8, viz. 
Fiend — + En, (V?=1) 
bn = 


Our theorem is evident if m=2. For m33, it will follow from: §5 by 
applying the results of §§7-12. 


7. Theorem: Jf a, a, a3 be any set of solutions in the GF'[ p"] of the equation 
ai + af + 1 


(where u =1 or the not-square v), there exists a substitution S derived from the gene- 
rators of §6 which leave invariant 


+s + uss, 
such that S will replace &, by ay&, + ak, + asks. 


The proposition follows at once if 1—aj or 1— aj be a square (excluding 
zero) in the GF'[p"]. For, if 1 —aj= 7’, then 


We may therefore take 
S= (Ets) 


The proposition ts true for the quantities a,, a2, a3 if true for 


a, = a, = Bay + Tas a; =— ya, + Bas, 


—— 
| 2 1 az 
= 
| 
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We notice that 
+ of! + = + 1. (3) 


Then, if the group contains a substitution S’ replacing & by aj&, + ask + aj&s, 
it will contain the product O$: 3,8’ which replaces & by ay + ako + asks. 
Similarly, the proposition is true for 4,, 42, 43 if true for the quantities 


G=A40+ 4), 


where 


8. Consider first the case in which —1 is a not-square in the GF'[ p"]. 
There are (by §3) p*+ 1 sets of solutions p, o in the field of the equation 
p’+o°=1. Not more than two of these sets of solutions give the same 


value to 
= + ag. 


Indeed, by eliminating o, we obtaina quadraticforp. Hence a; takes at least 
4(p" +1) distinct values. But by §4 there are exactly }(p"—3) distinct marks 
n +0 for which x” — 1 is a square, i. e. for which 1—y’ is a not-square. Hence 


there exist at least two values of a, for which cca is a square or zero. If 
it be a square, our theorem follows from the remark at the end of the last 
paragraph. 

It remains to consider the case a =1. Then by (3), 


If u=1, we have a;=a;= 0 and the theorem is evident. If be a not-square, 


we may take —1. Then 
2 


As in §7, the theorem is true for aj, a3, a3 if true for the quantities 


Ay — , Og Ag =— Ya, + Bas, 


where 


| 
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The p"— 1 solutions of this equation are given by 
1 
a=i(e+4), 


where runs through the marks #0 of the GF [p"]. Hence = y may be 
given an arbitrary value t+ 0 in the field. The theorem being evident if 
a; = 0, we exclude this case. Then aj/=a;(@ = y) may be made to assume an 


2 
arbitrary value except zero, and hence, if p* > 38, a value for which 1—a/! isa 
square in the field. 

It remains to consider, when p"= 8, the case in which 
2 
«=—1. 


Since aj, a3, a3 are each + 1, we may evidently take 
S= CV, 


where Cis a product formed from C,, C,, C3. 


9. Suppose next that —1 is the square of a mark J belonging to the 
GF[p"]. If be a not-square, there exist p" + 1 sets of solutions in the field 
of the equation 


1 
(4) 
By §7, the theorem is true if proven true for the values 
aj=a,, a,=fa,+ a3 =— ya, + Bas. 


There are at least 4(p" + 1) sets of solutions of (4) for which the values of az 
are distinct; for upon eliminating 6 we obtain a quadratic for y. But by §4 
there exist only 4(p"— 1) marks JE, and hence as many distinct values of £, 
for which (JE)? ++ 1=1— # is a not-square. Hence at least one set of solutions 


2 
of (4) will make 1— a} a square or zero. If it be a square, the theorem follows 
from §7. If it be zero, (3) gives 


| 
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Since uw is a not-square and —1 a square, we have 
/ / 


so that we may take as the required substitution 


10. There remains the case in which —1 and uw are both squares. We may 
take « = 1, so that we have 
There are now p"—1 sets of solutions of (4). These give at least 4(p"—1) dis- 


2 
tinct values of a,. Hence a, must take a value for which 1— a} is a square or 


zero or else be capable of taking every value for which _ is a not-square. 
If it be a square, the theorem follows at once. If it be zero, we have 

2 2 2 
1, a (5) 
If aj = 0, the proposition follows at once. Suppose that a0. The proposi- 
tion will be true for a; , a3, a3 if proven for 


_/ / ,/ t—~,/ / 
= — Az0 ay! = ay = 4,0 + ; 


where +o?=1. 


We can give to a’ an arbitrary value #0 in the GF[p"]. Indeed, on elimi- 
nating o, we obtain for p the near equation (the coefficient of p* being zero), 


2 
/ "<2 
2( 4 (4) =1. 
p ( pt a5 


But by §4 there are }(p” — 5) squares ¢* for which ¢? — 1 and hence also 1— 7’ 
is a square. Our theorem therefore follows if p* $ 5. 
There remains the case in which a, may take every one of the values for 


2 
which 1— a; is a not-square. Repeating the same arguments for the quantities 
ay’, ay a3, we find that, for p*+5, the only case in which the theorem is not 
proven is that in which a// and a,’ may each take every one of the 4(p"— 1) 


| 
ma 
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values 6 for which 1 — 6° is a not-square. Hence if our theorem be true for one 
such set of quantities 
/ 
ay! hy! de, a3, 


it is true for every set; if false for one, it is false for every set. Further, we 
have 


2 2 2 2 2 2 
al! + a! + al! =a! + 04+ +o} 1. 


Hence, whatever one of the {4(p" — 1)}? pairs of values we take for 6,, d:, we 
can satisfy the equation 


in two ways, viz. by 6, = + This equation has therefore 4(p" — sets of 
solutions 6,, 6,, 6; for which 1 — 67 and 1— 63 are not-squares. By virtue of the 
substitution C;, the proposition is true for 6., 4, if it be true for +43. 
If therefore our theorem be not always true, it will be false for all of the above 
4(p"— 1)’ sets of values. It has been proven true for all other sets of solu- 


tions of 
aj 


The total number of sets of solutions is (by §3) p+ p”", —1 being a square. 
The substitutions of the ternary orthogonal group would therefore replace 


£, by 
+ p* = 4 + 4p" — 1) 


distinct linear functions. The number of substitutions leaving &, fixed is clearly 
2(p"— 1). The order of the group would thus be 


+ 4p*— 1)(p* — 1). 


This number must divide the order of the general ternary linear homogeneous 
group in the GF'[ p”], viz. 


Hence p+ 4p"—1, which is relatively prime to p, must divide (p**—1)(p*"—1) 
and hence also 
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It must therefore divide 4(17p"— 5) and hence also 
20 (p*" + 4p" — 1) — (68p" — 20) = p* (20p" + 12). 
Hence (p” + 2)? — 5 must divide 304; indeed 
3 (68p" — 20) + 5 (20p" + 12) = 3804p". 


Hence +2< 18 309. 


But the only values of p”< 16 for which —1 is a square in the GF[p"] are 
p" = 13, 9, 5. For none of these is ( p” + 2)? —5 a divisor of 304 = 16.19. 


11. There remains the case p* = 5, «= 1, not treated in §10 in the two 


following sub-cases : 
For the case in which (5) holds, we have 


2 2 
ag =1, aqa=+1, a= +1, 


the only squares being +1. We may therefore take S= TR, T being derived 
from C,, C,, and (&,&,). 


2 
For the case in which 1 — a, is a not-square, we have 
/ / 
«= 1. 


Then will S= C(&,£,) R, where C is derived from C,, C,, C;, replace & by 


Note: R cannot be derived from the C; and O}:?; indeed, the latter are of 
the form C;C;, or the identity, or 


12. Theorem: [fa,, ay, ---- , &m be any set of solutions in the GF[ p"] of 


1 
Gitaz+.... 
there exists a substitution S derived from the generators of §6 which leave invariant 
m—1 m 
+ such that S will replace &, by 
i=1 j=1 


Jj 
The proposition being true for m = 2 and m = 3, we will make a proof by 


induction from m— 1 to m, supposing m > 3. 
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Consider first the cases in which every sum of three of the terms 
is zero. These terms must all be equal and therefore 


maj=1, w=square. 


Hence p= 8, while m is of the form 3k + 2 or 3k +1. 
If m= 3k + 2, we have 1—a?=a? #0, so that the theorem is reduced 
by §7 to the case of m — 1 indices. 


If m= 3k +1, we must have aj=1. But the product Of 2S will replace é, 
by +.... +a) £,,, where 
a, =aa,— a3 =Pa,t+aa, aj=a,;. (j= 


Of the 3” + 1 sets of values in the GF [3”"] satisfying 


at most two give the same value to aj and hence at most four make a/=1. 
Hence, ifn >1, we can avoid the caseaj=1. For p*= 3, we may take 


S= Wiser ---- Wy —1 


where C is derived from the (C; and W is defined in §6. There remains for con- 
sideration the case in which, for example,* 


ah +a} + — 


The treatment for a case like aj + a3 + aj # 0 is quite similar, taking u = 1. 
We have proven that, for every set of solutions of 


9 1 
’ (6) 
there exists a substitution = of the group 


*For the case p*=5, m>4, “= not-square, it would appear that the generator R were necessary in 
addition to the C; and 0%. We can, however, express F in terms of the generators 


O21: 
UF +S. 
leaving invariant + Indeed, 


R= O1m Om » 


=> 
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which therefore satisfies the relation (6) and the following: 
2 2 2 2 2 
a! + = Y= a? + a! + af + a! ua" = 0, ete. 
If there be a substitution S’ in our group which replaces &, by 
m—1 
+ + >. ajk;, 
j=3 
ay =aa, + Bo, + 
/ 


then the group will contain {S’ which replaces &, by 


The proposition is therefore true for the quantities a, if true for a{, aj, a, 
4) Op, +++) Gm—y- We may thus make our proof by induction from m—1 to m 
by showing that it is possible to choose a, @, y among the sets of solutions of (6) 
in such a way that a, = 0. We may suppose that a, 0, since otherwise the 
proposition is already proven. 

Ifaj+as—0, thena, #0. From = ai, = 1, it follows that u is a square, 


say u=1. Then the values 
— Am 


—Am 


2a, 


a — ; 


» yo=!l 


satisfy (6) and make a; = 0. 
If aj + a3 #0, the condition (6) combines with aj = 0 to give a single con- 


dition for @ and y: 
(Ba, + tm ) +ai(é + a. 
Multiplying this by aj + a3, it may be given the form 


(ak + a8) + y (of + af + = a} (a? + ai). 


— 
[= 
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Since the coefficient of y’ is not zero, this equation has (by §3) p"+ 1 sets of 
solutions y in the GF [p”]. 


13. Note: For the case p*"=3, mS>4, u=—1, it is readily seen that, 
instead of the additional generator V, we may take the more symmetrical substi- 
tution of period six: 


(i= t+ Em, 
= + En, 
&, 
| = + — En: 


where = 1, X*= €C,C,0;C,. 


Structure of the Group §§14-32. 


14. The substitutions of GW ,, of determinant unity form a subgroup G of 
index 2. It is extended by C, to the total group. 
By §3, there are p"— ¢ solutions a, @ in the GF [p"] of 


1 
a® — 1, 


where e= +1 or —1 according as — > tee square or a not-square in the 


field. Hence the substitutions Oj? which leave £7 + u& invariant and have the 
determinant unity form a group O,,; of order p*—e. Moreover, its suostitutions 
are commutative ; indeed 


| (aa! — FE) + + 
f : a (3! + a'B 


is unaltered if we interchange a with a’, 3 with @’. We shall use a notation for 
the square of such a substitution, 


(Oh 


Qi = 


= 
— 
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The substitutions Q;? form a commutative group Q, of order 4(p"—e). 


Indeed, we can have 
Or B a’, 


i, Jj 
if and only ifa’ = +a, 

For our group G we are concerned with the O?:? in which u=1, a’+ @?=1 
ift,7<m or ifi<j=m=s, or in which «= 1, a not-square, a’ + 
if7=m=6+1. The product C;C;, is always of the form Of 7; it belongs to 
Q,, if while C;C,, belongs to Q;, only when s = m. 

If 7%, denote the transposition (&£,), ZC, belongs to O, if 1, 7<m or 
i<j=m=s, but not to O,, if s=m—1. Further, it belongs to Q,, when 
m= s, if and only if 2 is a square in the field. 


15. Let p,o be a set of solutions of p?+o7=1 such that Of does not 
belong to the group Q,,,- The substitution 


My = OFF 
serves to extend the group Q,; to the group O,. 
Similarly, for s = m— 1, if x, ¢ be a set of solutions of x’ + ~ "= 1 euch 
that Of: 7, does not belong to the substitution 
Min = (t<m) 
serves to extend the group Qin to O;n. For example, we may take I, = C;C,,, 
v being a not-square. 


16. For p*>5, or for p*=5 when s=m—1, the group generated as 


follows : 
H= M,; Mu, k, 2, ,m)}, 


where a, 8 take all the values in the GF [ p"] for which 
G,j<m; t<j=m ife=m) 
a? if s=m—1) 


contains half of the substitutions of G. 
Indeed, every substitution S of G has the form 


Myh, , 


— 
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where the h, belong to H. Further, YU; 
(k, li, 7). Also 


is commutative with every 


(where h’ belongs to H), provided we take A, w=p, o when 1, k<m or 
1<k=m=s, but take u=x, when kh=m=s+1. Hence S takes 
the form or else h’M,,, where h’ belongs to H. If s 52, we have the identity 


M,, = M,; My My, = hy Mp. 


Hence every substitution of G may be given one of the two forms, A or hMp, 
where / belongs to H. 

From the cases investigated (see §§30 and 49-55), it appears that H is not 
identical with G and hence of index two under it. 


17. For p»>=5, m=s583, the group 
H={0.6,, TyTa, RB} 


is of index two under G. Indeed, 2 being a not-square modulo 5, 7},C, is not 
in the group Qj... We readily see that 7},C, is commutative with the group H; 
for example, it transforms into CLC, R C,C;. 

For p"=3,m=s>83, the group 


H=j0,0;,, (1,9, 4=1,.---,m), Wh 
is of index two under G. Here also 7;,C, is not in the group Q,, and is com- 


mutative with H; for example, it transforms W into W*C,C,. 
For p* = 3, m= s = 8, the group of order twelve 


H=[1, C,C;, (three), 7,7, (two), Ti, Ty.C,C, (six)] 
is extended by 7;,C, to the group & of order 24. 


For p*=3, m=38, s=2, the group leaving &+£3—& invariant is 
obtained from that leaving + £3 + & by transforming by the substitution 


O: t &. 


We find that O transforms 0,C,, C,C;, C,C3, Tr3, Ti3 into respectively 
28 
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C,C2, T20,C,C3, Vand V?= V~*. Hence O transforms the group H of 
the last paragraph into 
H=[Vi, ViC,C,, ViT.C;, V'T,C,C,C3]. 
(¢= 0, 1, 2) 


For p?= 3, m > 38, s = m—1, the group generated as follows: 
H={0,0,, TCn, Vio 


is of index two under G and is extended to G by the substitution 7,C,. The 
latter transforms V, » ,, into 


V? 2, mC} C;. 


18. Theorem: When G is the orthogonal group (viz. s =m), the squares of its 
substitutions generate the group H. Indeed, the squares of 


are respectively 
For p" > 5, His generated by substitutions of these three types. 
For p" = 5 or 8, we have respectively 


(ROC)? = Te W?= W-, 


so that we obtain the necessary additional generators # or W respectively. 


19. Every linear homogeneous substitution on m indices is commutative 
with 


of determinant (— 1)". If m be odd, C does not belong to H, If m be even 
and s=m, C belongs to H. If m be even and s=m—1, it seems probable 
that C does not belong to H, since it serves to extend H to G [see §§49-53 for 


the cases m= 6 and m=4]. 
Suppose that # has an invariant subgroup J containing a substitution 


8: => ayé,, 
j=1 


_ 
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neither the identity nor C. We will prove that J coincides with H when m is 
odd, the case p* = 3, m= 8 being an exception, and when m is even and > 2, 
the case m=4, s=4 being an exception. The method of proof consists in 
deriving from S and its transformed by substitutions in H a substitution belong- 
ing to J and affecting at most three indices. Then J will contain all such substi- 
tutions, since the subgroup of H affecting only three indices is simple, aside from 
the case p= 8. It then follows that J coincides with H. 


20. If the above substitution S be of the form 


where therefore a3, 1, it is merely a product of an even number of the C,’s, 
in which certain ones as (, are lacking, since S is neither the identity nor 
C,C,....C,. But if S= C,C,C,C,...., its transformed by 7; 7;,, belonging 
to H, gives S’'= C,C,C,C,.... Hence J contains 


S-* = 


If Sis not of the form (7), we may assume that aj, a3,-.-.+, Gy, are not all 
zero. For either § or its reciprocal will have at least one a, (t<j) different 
from zero. Transforming by 7}, 7;;, we have a substitution in J replacing &, by 


+ 


21. Theorem: Jf m > 4, the group I contains a substitution not the identity in 
which a, = 0. 

We denote by u a not-square vy when s = m —1 and the square unity when 
s=m. IEfay,.~ 0, we transform* S by 


ak, + BE, + + En; 


(a? + 6 Post, ete. ) 


*If Ovum does not belong to H, its product by Oy, will belong to H, O,, being suitably chosen. A 
similar remark is understood to apply in the succeeding paragraphs. 


— 
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The coefficients in the resulting substitution are 


_ 
jy = = + Pays + + Qin, etc. 


As in §12, we can determine a, 6, y, 6 so that aj, = 0, unless perhaps in the 
case for which 
p=38, w=1, ah=ah=oh 


In this case the transformed of S by K Wom, AK being a suitable product 
formed from C,, C3, C,, Cy», will give a substitution belonging to J in which 


= = Am = O. 


22. Theorem: [fm > 4, the group I contains a substitution affecting only two 
indices or else a substitution in which ay has an arbitrary value ¢ in the GF [p"). 
In virtue of §20, it remains to consider the case in which not every 


= 2, Mm) is zero. 
If dim FO, =O (7 = 2,...., mM—1), we transform S by Of $7, obtain- 


ing a substitution S’ in which 


= + Gays +- Aims 


2 
Taking y = “ and a, 2 such that a? + 6? + Y = 1, we have in S’ a substitu- 


tion belonging to J and having aj,=7. 
If Aye; Qim—1 are not all zero, we may make Oj by §21, and 
suppose that, for example, a,,0. Transforming S by Of $7, we obtain a sub- 


stitution S§’ in which 


To prove that there exists in the GF'[p"] a set of solutions of 
Bagtyay=r, 
we combine them into the single relation 
2? (ais + ais) — + = af, — 7”. 


For aj; + aj, = 0, and therefore a, #0, a set of solutions is given by a = 0 
when t#0 and bya=1, whentr=0. 
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For aj; + aj, 0, there exist solutions of the equivalent equation of con- 


dition 


23. Theorem: From a substitution S of I in which ay has an arbitrary value 
we can obtain one in which 1— aj, ts a square, not zero, in the GF'| p"). 
The required substitution belonging to J is the following : 


0,50, 0, = 


where S, denotes the substitution of period two, 


m 


m—1 
2041 ( Oink; + Em is (> j + [0 mm 
j=1 


j=l 


(6 1, m) 


The coefficient of &, in &} in the product S,C,C, is 


Since a, is arbitrary, a, takes (p” + 1)/2 distinct values in the field. But, by 
§4, the number of squares &* for which 1— & is a not-square is (p”— 1)/4 or 
(p" — 3)/4 according as — 1 is a square or not-square in the GF'[ p”], a result 
which follows immediately since vy? + &=1 has p” + 1 — 2 sets of solutions 
for which the not-square vy? 0. Hence 1 — aj, takes at least one value other 
than a not-square. The theorem is therefore proven unless aj; = 1. But if we 
start from a substitution in which aj,=1, we derive a substitution in which 
= 1+ 2a%,, and therefore 


= — 4 (ai, + 1) diz, 


which, by choice of a,, can be made a square when p"+5. Indeed, we can 
determine a,, = 0 and o such that —1— aj, =o? #0; for there are p” —« sets 


of solutions in the GF'[p”] of 
—1=aj,+ 0’, 


e being + 1 according as —1 is a square or a not-square. Hence there are 
—5 or p"+ 1 sets of solutions in which a, 0,00. 


| 
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For p"= 5, the value a, = 1 makes a, = 3, a,—=—1. Using this value 
for a,,, we obtain a substitution in which 


= —(1 + 2— 2aj,) = 0 for = 2. 


24, Theorem: If m= 4, s=8, the group I contains a substitution in which 
y, 1s an arbitrary mark in the GF[p"], or else a substitution affecting only two 


indices. 
We have the relation between the coefficients of S, 


1 
ai, + + ai, + (vy = not-square) 


(1). Suppose first that aj, = 1. Transforming S by 
1 
On (a? + =1) 
we obtain a substitution replacing &, by 


as) + + (Go, + a4) 


it (aos 


If at, + is a not-square and therefore a,,(0, we can make a;,=0 
by taking 
a 1 
a= = —, 6 (ai, + = 


From a substitution in which a3, + =. af, =0, a. = 0, we can obtain, by 
Vv 


transformation by O3;{, a substitution in which aj; has an arbitrary value 7. 
Indeed, the values 
+ ais — ais) 


a 
27 O44 


make 1 


Transforming by 7;C;0%5;" , which by proper choice of the last factor belongs 
to H, we obtain a substitution in which aj,—=7. The same result follows if 


2 
+ 


— 
| 
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If aj, + = aj, ig a square, we can make aj, =0 by taking 


a” (at, + ~ aks) B= 

With a, = 0, we have aj, + aj; = 0. Transforming by we can, as above, 
make an arbitrary mark $ 0. 

The substitution S~10,0,SC,C,, as shown in §23, has the coefficient 
Oy, = 1 + 2aj,, since aj;= 1. Hence a, will reduce to + 1 only when aj, = 0 
or —1. Since we can choose ¢ + 0 such that 7* = — 1, we have a substitution 
belonging to Zin which aj, — 1, a case next treated. 

(2). Suppose, however, that aj, 1. Then, since 


1 
+ ais + F 0, 


we can determine «a substitution O,,,, as in §12, which will transform S into a sub- 
stitution having a, = 0. Ifa, = 0, we can at once make aj,=7, as in §22. 
If a3 #0, we transform S by Oy 7 and make 


= + Bays + dy =Tt, a + +£ =1. 


These relations combine, on eliminating (, into 
fy (wi, + — + ( + a? = v aj; ( ais + — 
which has p" + 1 sets of solutions y, a in the GFT p"] ; indeed, aj, + . ai, $0. 


25. Theorem: [fm > 4 or ifm=4, s=3, the group I contains a substitu- 
tion not the identity and replacing &, by ak, + ayok- | 
By a repeated application of §21, we can suppose that 


By §§22-24, we can suppose that J contains a substitution affecting only £& 
and £, when the theorem is proven, or a substitution in which 1 — aj, = square. 
In the latter case, 


1 
+ ais + 1— aj, $0, 


= | 
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so that by §12 we can make a4,,=0. We then have 


1 
+ Lim = 1— a}, = square. 


Then, as in §24 we can make «,, = 0, when the theorem is proven. | 

The substitution reached is neither the identity nor C,C,....C,. Indeed, 
1—aj,#0. For the case in which S was of the form treated in §20, the sub- 
stitution reached was C;(,. 


26. Theorem: [fm > 4 or ifm= 4, s = 8, the group I contains a substitu- 
tion leaviny &, fixed and not the identity. 

The substitution obtained in §25 is evidently a product O73 8,, where 8, 
leaves &, fixed. 

If S be not commutative with C,C,, J contains 

S~' 07,0 80,0,= 8, 0,0 C40, +1, 
which evidently leaves &, fixed. 

If S be commutative with C,C,, S, is commutative with C, and therefore 
replaces &, by + &. If S, be commutative with every Qi) (¢,7=3,...., m), 
it has, by §28, the form 
where A7=1. If then Of; be either the identity or C,C,, S is of the form 
treated in §20. If O,, be not of either form, its square is not the identity, so 
that S? is a substitution of Jnot the identity and leaving &,...., &, fixed. If, 
however, S, be not commutativve with Q3/, for example, J will contain 


S105, SQs, «= 4519s, 1, 
which evidently leaves fixed £, and &,. 


27. Theorem: Ifm>4 or m= 4, s= 38, the group I contains a substitu- 
tion, not the identity, affecting at most three indices. 

If s = m — 1, a repeated application of the previous theorem gives a substi- 
tution, not the identity, belonging to J, and affecting only three indices. 

If s = m >4, we obtain by the same theorem a substitution 


4 
G=1,2.5,4 
j=l 


— 
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not the identity and belonging to J. By §20, we may suppose that 7, ~0. 
We can make yi, $1. For, if yj,;=1, we transform S by Of, giving a substi- 
tution S’ in which 


Yu = Yu» Vie = 4/12 + = — + Yu = 


At most two of the p” + 1 sets of solutions of a?+ 6? =1 give the same value 
to Hence, if > 5, there are at least 4= 1) = 4(7 + 1) values of 


Yig, and therefore values for which i is neither zero nor —1. Then in the 
substitution 

S= C2, 
the coefficient 
Yu =— (1 — — 
has a value different from + 1. 

For p*= 3, we have by hypothesis yj,=1, yj,=1. The substitution 
S~'C,C, SC,C, will therefore have y,, = 0. 

For p" = 5, the equation yj, + yi; + yj,—= 0 requires that one of the three 
squares be zero, another + 1 and the third —1, since all are not zero. Trans- 
forming by a substitution of the form 75,7), or 137%, if a transformation be 
necessary at all, we may take yj, = 1, = —1, = 0. Then = 3. 

In every case we have in J a quaternary substitution S’ in which yj, $1. 
It is therefore not commutative with C,. Hence, m being > 4, J contains 


where S, denotes the substitution 


4 
j=l 


We may, by §12, make y,, = 0, since we have 
Yat yat 9. 


We therefore have a substitution in J affecting only three indices and different 
from the identity. 


28. Lemma: Jf a substitution S of G be commutative with Of 8 # 1, tt breaks 
up into the product of a substitution affecting £, and &,, only and a substitution affect- 


29 


— 
= 
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Indeed, the conditions for the identity Of S= SOp are: 


(b) (4 —1)a,+ Ba,;=0, 0, 
(j= 2,..0.,m—1) 


(c) (a 1) a, — 0, + (a 1) Aim = 0, 


Since a? + = 2° =1anda+1, Of} not being the identity, we have for 


the determinant of the pair of equations (b) and likewise for the pair (c), 


1) 2— 2a 0. 


Hence must 


Hence S= So3.... Where Sj, affects only & and &,, and m— affects 
only &, Since leaves invariant 


Sim must leave £-+ wé;, invariant, and hence be either Of%" or its product 
by C,. The latter case is evidently excluded except when OP £=C,C,. 
Indeed, with this exception, 2 + 0 so that (a) gives new conditions. 

A like result follows if S be commutative with Of? where 7, 7< m. 


29. Theorem: [f m > 4 or if m=4, s = 3, the group I coincides with H. 

For p" > 3, the subgroup of H which affects three indices only is by 
§§30-31 a simple group. Since J contains one of the substitutions of this simple 
group, it contains all. Transforming them by the substitutions 7);7;,, belonging 
to H, we obtain every substitution of AH affecting three indices. Hence, for 
> 3, I contains all the generators of H. 

For p*=3,m=s>4, I contains one of the substitutions affecting three 
indices £,, &, &, and not the identity, which by §17 are the following eleven: 


CG; x; Tj C,» CE k, 1, 2, 3) 


= ong = Aj, = Aim = m—l1) 
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If it contain one of the last two types, J contains its transformed by C,C,, viz. 


or Ti TCC; C;Cy. 


Hence, in every case, J contains C,C;,, and therefore also every product of two 
Cs. Hence J contains 


T1735 = W-1C;C7,W, W=W-'C,C,WC,C,. 


Since the alternating group on m> 4 indices is simple, J contains every 
product Hence J= H. 

For p" = 3, m> 3, s = m—1, the group J contains one of the substitutions, 
not the identity, of the group G, leaving invariant & + &— &,, which by §17 
is the transformed by O of the group Gi,, leaving invariant {+ &+&,. We 
have just proven that any substitution of Gj, can be combined with its trans- 
formed (by substitutions of G{,) so as to give C,C,. The same result holds for 
since O transforms CC, into itself. Hence J contains every C;C, (t, 7 < m). 
But » transforms C,C, into 7,.C,,. Hence J contains every 7;;C,, (t, 7<m). 
Finally, J contains ,,, since 


Viva, m Cn) = V;, 2, C4. 


Hence in this case also J coincides with H. 


30. Theorem: The ternary orthogonal group H in the GF[p"], p>2, 
having the order 4 p"(p°'"—-1), is simply isomorphic to the group T tn the GF [p"| 
of linear fractional substitutions of determinant unity on one index. 

Let be a root of the equation = —1, so that 7 belongs to the GF'[ p"] 
or to the GF [p™] according as — 1 is a square or not-square in the GF[p"]. 

Introduce in place of &, &, & the new indices 


= &, — tks, Ns = &, + 1&3, 
whence — ni &. 


The orthogonal substitution 


3 


j=1 
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takes the form 


ny = ayym+4 (43 — ) + V9) N33 


We proceed to prove that S, can be given the form 
ad+ By ay 2d 
243 |, [4d —By=1] (8) 
& 


where a, 3,7, 6 are complexes of the form p + o7, p and o being marks of the 
GF[p"]. The proof will follow for the general substitution S of H, if proven 


for the generators of H. Indeed, denoting the substitution (8) by ™ 4 we 


verify the composition formula, 
] io + By af! + ell 
y 5 ya! + by’ 4- 
Hence the product of two substitutions of the form (8) is again of the form (8), 
the composition being identical with that for linear fractional substitutions. 
Expressing the orthogonal substitution O% in terms of the indices 7, 4, 73, we 
obtain the substitution 


1 0 
a+ pi [(a + — Bi) = 1] 
0 0 


which need not be of the form (8); whereas its square Q § is always of the 
form (8). The product Of §O% $ expressed in the indices y; is 


_ _ 
2 


which is of the form (8), viz. in the above notation 


4 (a + 1— 


= 


Groups in a Galois Field which are Defined by a Quadratic Invariant. 221 


In particular we have 7;,7); so expressed. For 7},7\3 we have 


= 


For p" = 5, we have for the generator Ff: 


4.3 (1 — 2%) =| 
\—24+¢ 43 


Since H can be generated from the above substitutions, it follows that every 
substitution of H can be put into the form (8). 

If — 1 be a square, the coefficients a, @, y, ) belong to the GF'[ p”], so that 
His simply isomorphic to I. 

If —1 be a not-square, a and 6, @ and y are conjugate imaginaries in 7, so 
that His simply isomorphic to the imaginary form* of the groupl. But I is 
known to be a simple group if p" > 3. 

Corollary. Form= 3, the group H does not coincide with G. 


31. Theorem: The subgroup H, of the group G, of all linear substitutions leav- 
ing E+ ER + mvariant is simple if p" > 3. 
Since the substitution 


ak, — Bk, 
O: a2 
= ge, + af, 


transforms £3 + into 248), it transforms G, into the ternary 
orthogonal group G. Further, O transforms C,C;, which extends /, to G,, into 


Ov C,C;, where 


*Moore, A doubly-infinite system of simple groups, Congress Mathematical Papers, 1893. 
t Besides the proof by Moore, the theorem has been established by Burnside in the Proceedings of 
the London Mathematical Society, 1894, and by Dickson in the Annals of Mathematics, 1897. 


2. 
on 
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The latter substitution serves to extend Hto G; indeed Of is not in the group 
since 


is a not-square, and therefere p not of the form 2 S?’—1. 
It follows that H, is simply isomorphic to Z. 


Iinear homogeneous group in the Galois field of order 2” defined by a quadratic 
invariant, §$32-48. 


32. We will assume that the invariant 


t,j=1....™ 


f=> it; 


cannot be expressed as a quadratic function of fewer than m variables belong- 
ing to the GF[2"]. It will be convenient to set a,=a,;. 

Theorem: We can determine a linear homogeneous substitution belonging to the 
GF [2"] which will transform f into one of the following forms: 


(m odd) Est, + + En, 
(m even) “++ + + + + + 
We first prove that, ifm 3, fcan be transformed into a quadratic form 


having a, Ifevery a,(t,7=1,....,m; were zero, f would have 
the form 


This being contrary to our hypothesis, we may assume that a,, = 0, for example. 
We may also suppose that a. 0, since otherwise the transformed of / by (&,&,) 
would have a,,=0. The terms of f which involve & may be written thus, 


Hence the inverse of the following substitution, | 
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will transform / into 


summed for 7, 7= 1, 3, 4,....,m;t%<j. Applying the substitution 
&, (¢=1, 3, 4, M) 


we obtain as the new coefficient of £ the function ad?+8,,, which may be 
made to vanish by determining 4. 

We may therefore suppose that a, =0 in our original function f. Since 
the a; are not all zero, we may assume that a, 0. Applying to / the inverse 
of the substitution 


= + + + &, (= 1, 3, 4, cece, m) 


we obtain the function 


4, J 2, ™ 
i<j 


Replacing & + yaks + + + Yemen by we get 


i, j 
Similarly, if mS 5, we can transform /’ into 

The theorem follows by a simple induction. 

33. Theorem: For m even, the quadratic invariant can be reduced by a linear 
substitution in the GF 2") to the form 


where 2 =0 or has any one of the values for which the form En_yEm+ AE + AEEn 
is trreducible in the GF [2"). 

If af + BEn_ién + y&, be reducible, the form reached in §32 can 
evidently be reduced to Fy). Inthe contrary case, it can readily be given the 
form 
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6 being such a mark that the equation 
(9) 
is irreducible in the GF [2"]. It follows from (9) that 


Hence (9) has a root € in the GF'[2"] if and only if 
6+ 


The left member being its own square in the G¥[2"] and hence either 0 or 1, 
it follows that (9) is irreducible in that field if and only if 


.... = 1. (10) 
Applying to our quadratic form the transformation 
the constant 6 is replaced by 
+A4+ 4, 
which is therefore a root of (10). Giving to 4 all possible values in the GF'[2"] , 
we obtain the 2”~’ roots of (10). Indeed, if in the GF'[2"], 
423, 
we must have 4, =A or 4+1. Hence all irreducible quadratic forms in two 
variables of the G/'[2"| can be transformed linearly into each other. For n 


odd, we can choose the form given by 6=1. Applying, finally, the trans- 


formation 


our form becomes F’;'. 


34. Changing the notation, we proceed to study the group G, of linear sub- 
stitutions belonging to the GF'[2"], 


S: 
n = pa (Buk; + 


— 
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which leave absolutely invariant the function 


FS ben + + 


The conditions on the coefficients are seen to be the following: 


(a = = 0, + Yindij) = 0, 
(11) 
0 k 
0(j>1) 


It follows from the conditions (11) that S is an Abelian substitution on 
2m indices in the GF[2"] and that its reciprocal is obtained by replacing 
az, By, Yj, Oy by respectively By making this replacement in the 
relations (11) and (12), we obtain an equivalent set of relations (11,) and (12,) 


35. Among the simplest substitutions leaving F, invariant occur the follow 
ing [only the indices altered being written] : 


5, « = &, + xn;, + xn, 
Rij ni + x&;, nj = nj + 


where 2,7 >1,ifa $0; 


5, = & + Er E+ any + Ax’n;, 

+ x&;, nj = nj t+ x& + Ax’é;, 

Qi, je! i= + x&;, ni =n; + + 

1, m= + xn;, + 
30 


= 
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which, for A= 0, fall under the above types ; 


» Py=EE)nm), 
L: 


where P,,; occurs in G only when A= 0. 


One: = ab +a(a+d)m, 6 +A? (a? + &) = 11. 


36. For A=0 our group is the generalized first hypoabelian group G,; for A=1’, 
where £7, + a/&j + A’v7 is irreducible in the GF [2"], it is the generalized second 
hypoabelian group G,. For n=1, the structure of these groups was given by 
Jordan. The simplifications and corrections introduced by the writer* have been 
employed in the present paper. As far as practicable we treat together the 
groups G, and G,,._ We do not completely determine the structure of G), that 
having been done in the paper cited and in more detail in a paper communi- 
cated November 10th, 1898, to the London Mathematical Society. 


37. Theorem: The groups G, and Gy, may be generated as follows : 
where 1, = 1, and x ts an arbitrary mark in the GF [2"). 
We note that transforms , into Q; and ;, into R,,,. Further, 
for >1 when A+ 0, we have 


But M transforms 7; , into 7; ,-1. Hence the group contains 
For the case m = 2, A=2’, the group G,, contains 
Ny, 2, 2, = LMM, To, (13) 


and therefore, since L = O})*"’, it contains every 7; ,. 


*‘“The Structure of the ‘Hypoabelian Groups,’’ Bulletin of the American Mathematical Society, 
July, 1898. 
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To prove that every substitution S satisfying the relations (11) and (12) can 
be generated from the above substitutions, we first set up a substitution 7 
derived from them which, like S, replaces &,, by 


=> + » 
j=1 
where, by (12,), 


a). If Ginm = 0, we may take as 7’ the product 


m—t1 


Qn, i, aniNVi, mM, Ym? 
i=1 


since it replaces &,, by 


m—1 m—1 
SD + mj%j) + + Onn (> AmjY mj + + Nms 
j=1 j=1 


which, by using (14), is seen to be /. 
b). If = 9, Ymm 0, we may take as 7’ the product 


m—1 
II Mm, Ymi mM, ami * MM, 
i=] 


c). If = 0 m—1,....,k—1), but a. and y,, not both 
zero, where i: > 1, we may obtain, by case (a) or (b), a substitution 7’ replacing 
E. by f and derived from the above generators. We may therefore take 
f= PP... 

d). If Onj = nj = 0 (J =m, m—1,...., 2), the proof given in (c) applies 
ifA= 0, so that P,,, belongs to the group. For ~=2’, this case cannot exist, 


since the equation 
Omi + Non NY = 0 


requires mj = Ym = 0 (whence f=0) on account of the irreducibility in the 
GF [2"] of the form + + Ani. 


2 

j 
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It follows that S= 7S,, where S, leaves &,, fixed. Let S, replace 7, by 
j=1 
Then by (11,) we have 6,,,=1. Also by (12,) we have 


Snj + = 0. (15) 


Then the product 


iS! = m, Bmi Vi, m, bmi 


{=] 


replaces £,, by &,, and 7, by 
m—1 m—1 
>. + OmjNj) + Nm + (> + + 283, ) E ms 
j=1 j=1 


which equals /’ since the coefficient of £,, i8 Bm by (15). 
We may therefore set S,= S’S,, where S, leaves &,, and y,, fixed. It fol- 


lows from the relations (11,) that 


Cin = Bin = Yin = Sin = 0- ((=1,...., m—1) 


The relations holding between the a,;, Bi, (4,7=1, ---. , m—1) are 
seen to be the relations (11) and (12) written for m—1 in place of m. Proceed- 
ing with S, as we did with S, etc., we find ultimately the result that S= 7’S 
where 7" is derived from the above generators and > is a substitution of the 


group which affects £, and 7, only. 
38. We next determine the number and nature of the substitutions 
>: tym, m= 


which leave invariant &, + A&{ + avi. The conditions (11) and (12) become 
for the present case (m = 1): 


ad+ By=1, (16) 
Expressing the same conditions for the reciprocal of =, we get, 


m 
|| 
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Combining (17) with the last two of (16), we find 
B(a +d) =y (a+ =A(a + dy, (18) 


which may be taken to replace (17). 
a). Suppose thata +~46. Then by (18) 


B=y=A(at3), (18’) 
when the conditions (16) all reduce to 
ad + + a2)? = 1. (19) 


If~= 0, the substitution > becomes 7,,. If, however, A=’, so that 
EE + Agi + A&> is irreducible, the only set of solutions in the GF[2"] of 
aod + Aa? + 175? =0 is a= 5=0. Hach one of the remaining 2°" —1 sets of 
values a, 0, in the G¥'[2"] make 
04 + Nai + — x? 0. 


Then will a,/x, 6,/x be a set of solutions of (19) and inversely. Hence the 
number of distinct sets of solutions* of (19) is 


(2° — 1)/(2*— 1) = +1. 


b). Suppose next that a = 4, so that the conditions (18) become identities. 
From the last two of (16) we find that 


*If n be odd, we may take 7—1. Among the solutions occur 
(2, 6) =(0, 1), (1,0), (1,1). 


For n = 1, there are no other solutions. For n = 3, we find also 
(a, = (p, p*), p*), P), (p?, p*), (p* (p*, p?) 


where p is a definite root of the congruence p* =p-+1, irreducible modulo 2. Forn=5, we derive 


from (19 
(19) a32 = 4 §32 4. §30 4 §28 4 §24-4 $16 44=0, 


But 532-4 5304 §284 §1644—=(5 41) 534 53-4 1)? (55-4 544 524 641)?. 
These three quintics irreducible modulo 2 furnish 2.5.3 sets of solutions, which with the above three 
give 2°-+1 sets. 


q 
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If @ = y, we find from (16) 
Hence > is either the identity or M4 = (&n;). 
If 8 #y, thena =A(@ + y) and all the relations (16) reduce to 


By + ry? = 1. 


By interchanging a with y and @ with 6, the present relations take the form 
(18’) and (19), which lead to the substitution ,, we will say. Hence the present 
substitution } is the product M,2,. The total number of substitutions leaving 
En, + Agi + Anj invariant is therefore 2 (2" + 1), if the form be irreducible, 
and 2(2”" — 1) if it be reducible in the GF'[2"]. 


39. We can now readily determine the order Q%, of G’, including the cases 
A=0Oanda=A’. The number of distinct linear functions f by which the sub- 
stitutions of G, can replace &,, is PY), — 1, if P® , denote the number of sets of 
solutions in the GF'[2"] of the equation (14). For m >1, the pair of equations 


m—1 
OmmY mm Ty > mj + + 


j=1 
has (2"+!— 1) sets of solutions whent = Oand (2"— 1)(27@"—?) 
— P% ,,,,) sets of solutions when 7 runs through the marks #0 of the GF[2"]. 


m—1,n 


Hence we have the recursion formula, 
PO, = + (2 — 1) (20) 
For a= 0, = 2(2"—1) and we find by induction that 
PO, — 1 = (2 — 1)(2*¢- 4:1). 
Fora=2, = 1, since a=y=0 is the only set of solutions in the 
GF [2"] of ay + Ala? + A/y*=0. We prove by induction that 
P),—1= (2% + 1)(2"6—-) — 1). 
The number of distinct linear functions /’ is 2"°"—”. Indeed, since 4,,, = 1, 


the relation (15) determines in terms of Bnj, Omj (J = 1, M—1), which 
may be chosen arbitrarily in the GF'[2"]. It follows, therefore, from §37, that 


= 


| 
‘ 
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But, by §38, we have the initial values 
= 2(2"—1), OP, = 2(2"+ 1). 
We now readily obtain the formule 


40. In determining the structure of G,, we shall find that there exists a 
subgroup J, characterized by the additional relation between the coefficients 


B, y, + + Bi + + = m. (21) 


We shall prove that all the substitutions of G, which satisfy (21) form a group 
and that this group can be generated as follows: 


Jp N,,;, Jy ={MM,, N,, «1 


new generators, as and being necessary in J, if m= 2 [see note 
to §50]. 

We first prove that every substitution of the group J, satisfies the relation 
(21). It is evidently satisfied by the generators; for example, for Of* we find 


I(a, B, y, 8) =(m—1) +46 + 27 (a? + &) =m (mod. 2). 


To give a proof by induction, we suppose that a substitution = satisfies (21) 
and prove that the products ,M,>, N,;,.2, Oy °& will satisfy (21), whereas the 
product will not. 

a). The coefficients Bi;,..+., of are as follows: 


= = By = 55, by = By, (¢=1,...., m) 
Ain = = Vir = Ou = On- k=1,...., mk 


Hence 
i, k=1....™m m 
I(a, B, y, 8) =>. +> + A (ai, + Bi + vis + 5h) 
i=1 


=I(a, B, 6) +> — =m+1. 
i=1 


Hence Y= does not satisfy (21), while MU,> does. 


i, j 
™ 
=~ 
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b). The coefficients a;;, etc., of N,, ;, .& are as follows: 


Ym = (7, 8=1,..-.,m; 81,7) 


bn = On + x3 = + «By + ;. (r= 1, m) 


Hence I(a, 8, y, 5) equals 


7, 8==1....™ 


>, +> dn (Sn + +> + + 
sti,j r=1 r=1 
+ Cin (Yn + (bn + | 


1 .... ™ m 
= (ah + Bi + 88) + + 
r=1 
+ 22? + Aah, + 283), 
— 


which equals I(a, @, y, 4) since the last two sums are zero by (11) and (12). 
An analogous proof holds for the products NW, ; .> (¢, 7 >1). 
c). The coefficients in the product Of *S are 


= By = Y= (j= m) 
Ba= a8 + A (a + = A(a + 0) Bi + 


(¢=1,....,m) 


’ Using (11), (12) and (19), we may verify that 
I(a, B,y, 8,4, 6). 


d). It follows from the remarks at the beginning of §37 that the substitu- 
tions Q,,,.) Bis. m) and P,,, %,(¢,j>1if satisfy 
the relation (21) and likewise their products by >. 

Inversely, every substitution S satisfying the relations (11), (12) and (21) 
belongs to the group J,. 

For m> 2, the group J, contains Q;;,,, the transformed of WN, by 
MM, (k 7,7); also and Q,;,, the transformed of N,,, and 


m 
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respectively by MM;. Then by §37, it contains P,, 7, (i,j > 1) and 
T,,.. [,,-1, the transformed of the latter by 14M. The product of the two gives 
T,, «2° 

For m= 2, A= 2’, the group J, contains 


2, L, 


and therefore and the transformed of and Q, respectively 
by It thus contains , by (18). 

By the proof in §§37-38, every substitution of G, is of one of the two forms 
K or KM,, where Kis derived from the (4 J=1, mM); 
Or’, T;,., Pi; (t, 7 > 1). We may therefore state the theorem : 
The group G, contains a subgroup J, of index 2, which M, extends to the total 
group G,. 


41. Theorem: The Group J, may be generated by the substitutions 
L, MM,, (6,9 1, 


As it does not readily appear that every Of° can be expressed in terms of the 
above substitutions [which fact is the gist of our theorem], we give a direct 
proof of the theorem. In contrast to the method of §37, we begin here by con- 
sidering the indices £,,7, which play a special réle in our group J,,. We shall 
obtain certain results needed in §43. 

Let any given substitution S of J, replace &, by 


+ 
j=1 
where by (12,) 


m 


j=1 
If ay, (J = m) are all zero, Qo 1,1 Qi, 2,1 S will replace by 
+ + (Yu + 


in which ay, and yy, + Aa, are not both zero by (22). We may therefore confine 
ourselves to substitutions S in which not every a;, 71; (7 = 2,-++.+, m) is zero, 
and in particular may assume that a, # 0. 

31 


= 
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The product S replaces by 


Ob) + (Yn + #012) ny + + + Axa) + 
We may, by choice of x, make the coefficient of 7, zero. Then in S'=LN, ,, 4, 
we have a,=0, a,4~0. As before, the product N,,,,S’=S8" will replace 
by 
(Yu + + 
By determining uw, we can make the coefficient of 7, unity. The substitution S” 
therefore has 


0, Yu=1, Yayy=0, dy 0. 
j=2 


It follows, by §37, that there exists a substitution 7, derived from 


which replaces 7, by + Hence the product 
j=2 
S, = MM, Q, 
will leave &, fixed. 
It follows that the given substitution S=23S,, where > is derived from 


L, M.M;, N,,;,.. S, replace m by 


> (Bry; + 
where by (11,) and (12,) 
1, > + = 0° 
j=l 


if (f= 2,....,m), then or a-'. Hence &, or 
respectively will leave &, and x, fixed. 
If By 0, for example, then Q, ;, 8; leaves & fixed and replaces y, by 


n+ (Bu + x3 1») E+ + x + Ax’ (3,2) Na+ 


By choice of x we may make the coefficient of £, zero. In the resulting substi- 
tution Sj, we have 


Bu=0, dn =1, > by 0, 
j=2 


™ 
| 
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As above, there exists a substitution 7’ in J,, which replaces 7, by 
= (BxjE; + 51; 
j=2 


without altering £, and y,. Then will S,=Q, leave and yn, fixed. 
But, by §37, the substitution §, affecting only &;, 7; (t= 2,....,m) can be 
derived from the substitutions (23). 


42. We can make a new determination of the order of J,,. The number of 
sets of solutions of (22) is 


(20 — — 1) = (2 + 1) 
where = — 4. 9n(™—) is the number of sets of solutions of 
+ Aaj + = 0. 
jal 
By a slight calculation we find that the number of sets of solutions of (24) is 
+1) 2"™—-), Hence 
= (2 + 1) 


so that from the order of the first hypoabelian group we readily derive that of 
the second hypoabelian group. 


Simplicity of the Group Jy, §§43 46. 
43. Let Ibe an invariant subgroup of* J, containing a substitution S not 
the identity, 
i= (CHF + 


2 
S: 4 (6221, 


+ 


| 
j= 


Proposition I.—J contains a substitution, not the identity, which leaves £, fixed. 


*In the following paragraphs the subscript 7’ will be dropped from Jw’. 
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a). If yy, 0, J contains a substitution 7 which leaves &, fixed and 
replaces 7, by 


> (a8; + 


Hence J contains 7~'1S7T= S, which replaces &, by 7. 
If S; leaves &, y,, &3, ~; unaltered, J will contain its transformed by the fol- 
lowing substitution belonging to J: 


Ei = + An, Mm ns 
tAnths, ng=Am+ Ab, +A net 


This transformed leaves £, and y, fixed. 

In the contrary case, J contains a substitution 7, leaving £, and y, fixed but 
not commutative with S,; hence J contains S717 148,761 which leaves &, fixed. 
Indeed, comparing the values by which S,f,,, and R, 5 ,S, replace 743, we 


must have 
f=()&+()és, 


if S, be commutative with R,,,. Comparing the values by which S,Q, ., and 
Qs, », S, replace &,, we must have 


xs. 
Hence &}=aé,. If S, be commutative with JLM,, we have also 4;=anp. 
Hence a? =1o0ra=1. Lastly, if S, be commutative with P,;, we must have 


There remains the case m= 2. Ifn>1, there exists in the GF a 
mark x1, #0. If S be not commutative with 7, then S7-'7,/S,%, is a 
substitution belonging to J, leaving &, fixed and different from the identity. If, 
however, 8,7}, = 7;,S8,, we readily find that S, must have the form 


mean. 
The relation (21) gives 6,,=47-!. Hence 8, =L7,,. Since 


—1 

2, LN, LQ», 1, 2, «9 
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it follows that N,,,, transforms S, into 


Hence J contains 
Ve, I, 2, i, 2, «+ Qs, 1, 2, 


in which the coefficient of y,, is zero. 
b). yx = 0. Ifa, =y7,;=0 (7 = 2,....,m), S leaves &, fixed. In the 


contrary case we may suppose that a,, 0, when mS 3. 
Transforming S by 3 , we obtain a substitution §’ which replaces &, by 


+ + + (V12 #0413) N2 + (713 + Ng 


We may therefore make a, = yy, + xa,3;. Hence in S’ we have ajy = yjz. Then 
I contains the substitution 

which leaves &, fixed. If S, reduce to the identity, we find, by comparing the 
expressions by which S’ and MILL replace that 


= + (Cie + + No) 


Then the transformed of 8’ by N,,;,, will give a substitution S which replaces 
by 

+ (Bis + + 12 + 203). 
Using 8 in place of our given 8’, the product denoted by 4, will not be the 


identity and will leave &, fixed. 
For m= 2, we may suppose that a,—0. Transforming S by Q, 1, we 


obtain a substitution S’ which replaces £, by 


(ay + + (Y12 + Ax" a2) Noe 


We may therefore suppose that the coefficient of y, is zero. From (12,) we get 
a, = 1, since yy = Transforming by 7,,, we may suppose that a,,= 1. 
Hence we have a substitution S which replaces &, by & + &. 

The group J therefore contains = SR, which replaces £, 
by &,. Ifit be the identity, we find by equating the values by which SR,,, , 
and R,, >, replace y, that 


= + (On + E>. 
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By (12,) we have d,.=0; by (11,), 6,=1. Hence S would be of the form 
m= b= bs, nz +m + + 12. 


The reciprocal of S replaces & by &,+ & and may therefore be used in place 
of S. But is evidently commutative with only if @,,=—0. Then by 
(12,) we have Hence 


This is transformed by L into 
Hence if 8,,= 0, J contains FR,» , which leaves &, fixed. If (,,3—0, we trans- 


form S by and obtain 
S' = Ry», 62, 2, 


Hence J contains = , where 
#0 
since the form Az? + AE? + £,£, is ireducible in the field. 


44. Proposition II.— Jf (m, n) (2, 1), the group I contains a substitution, not 
the identity, which leaves &, and x, fixed. 
We have proven that J contains a substitution S, leaving £, fixed. Let it 
replace 7, by 


(Bij; + 


where 
én = 1, > + = 0. (24) 


j=1 


a). If B= 6,,= 0 (j= 2,...., m), we proceed as in case (a) of the pre- 
ceding paragraph. If S leaves £&,, 7, £3, 73 unaltered, its transform by W will 
leave £, and y, fixed. In the contrary case J will contain a substitution 7, leav- 
ing &, and y, fixed and not commutative with S. Hence J contains S-!7-18T+1 
which leaves both £, and x, fixed, since S replaces £, and y, by functions of &, 
and 7, only. For m=2,n>1, JI contains a substitution R,.,=1 by the 
proof in the last paragraph. It therefore contains its transform by 7 ,, giving 


= 
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2, p-1, and hence contains every N,,,. Therefore J contains every 
and, by (13), every LM,M,T, ,2, and finally, every 7, ,, viz. 


(LUM, T,, (LMM To, ret) = To, 


The substitution 7, , 1 leaves & and x, fixed. 

b). If G0, for example, the transformed of S by 7, ,, gives a substitu- 
tion S' in which @,=1. By §37, J contains a substitution 7, leaving £, and », 
fixed and replacing & by 


Eo + +> + 
j=3 


the exact value of ¢ being immaterial here. Then J contains S,;= 7-18'7 
which replaces £, by &, and m, by 


Birks Bion + 


b,). If 6), 0, the transformed S, of S, by Z,-} will replace 7, by 
Bunks +m + + 


if we take u= Gi}. Let V be any substitution of J which leaves &,, 7, and 
&, +n, fixed. Then S;=8S,1V~'S,V belongs to J and leaves £, and », fixed. 
There remains the case in which §, is commutative with every V. If S, be com- 
mutative with V= Q; 2 .™,s,., we find, on comparing the two values by which 
the products S,V and VS, replace &, that 


= Ogg +) + + Yo 10123) 


Then, by (12,), aj; =0, so that 73 = d37;. Taking V= it follows that 

3 = Hence, by (11,), 63,=1, so that S, leaves &,, fixed. If m>3, by 
taking V= P, ,, we see that we can suppose that S, leaves &,, (t= 3,'..., m) 
fixed. Since S, is commutative with 1/,@,, it has the form 


Hence, by (11), a3 + =1 or a+ a result found above. By (11) 
and (21) we find, respectively, 


| | 
| 
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The transformed of S, by #,., gives a substitution which leaves &, fixed and 
replaces 7, by 
(Bn 
Hence if yj,-0, we can make the coefficient of &, zero. But if y..=0, then 
24=0. Hence if m>2, J contains a substitution, leaving &, fixed and 
replacing by 7, + tae. Then, by (12,), Transforming by 
UM, if necessary, we can suppose that 0};=0, so that we are led to case (0). 
For m = 2, J contains the substitution §), 


We may suppose y2, since otherwise, a, and then by (11,), 
Transforming S, by f,., we obtain a substitution in J which leaves &, fixed 


and replaces 7, by 
(Cu + + xu + (u + % + + Aux + Ax*y 29) (u + 22) 


We may therefore make the coefficient of 7, zero, whence we are led to case (a) 
or case (b,). 


2 
b,). If 0, then 6}, Consider the caseem>2. If J has 
a substitution 7, leaving &,, 7, and &, fixed, then S} = S;'7—'S,T leaves £, and 
n, fixed. The proposition therefore follows unless Sj is the identity for every 


possible 7. But ifS, be commutative with #,;, and Q;».,,it must have the 
form 


ni = Baki +mt+ &, 
Si: = &, = + + + + + 
£3 = Ostet bs, Bosks 


If m > 3, by supposingS, commutative with Qs ete. we readily 
see that it reduces to a substitution affecting only £,, 7,, &, ,, leading to the 
case m = 2, treated below. 

If m= 3,n>1, a mark x0, #1 exists in the GF[2"]. If S, be com- 
mutative with 7; ,, then 33;= (};—= 0, so that we are led to the case m = 2. 

If m =3, n=1, we have 2, =0 by (21). The product S,=M15,1,1,8, 
replaces £, and 7; by respectively 


+ (G2, + Eo, ns + (B25 + 
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If 33, = 33; = 0 or 1, we have in S, a substitution belonging to J, different 
from the identity, and leaving & and x, fixed. If one be zero and the other 1, 
then S, has 633 = 63;= 8), + 6j,=1. Taking this S, in place of our previous S , 
we evidently obtain the desired result. 

For m= 2, the substitution S,, leaving &, fixed and replacing y, by 
+ m+ &, where or A~}, has for 8,,=47}, the form 
Q2,1,2 and for 6, =0 the form 8;,=R,.,%,. But %, transforms 8, into 
= MMALT,, Qo, 1, Hence J contains 


Sy S: Qo, 1, ap = 62 Ve, 1, ap? + ap 


Transforming by we get 7) This transforms into 
By, 9, 22, 2 Qe, 1,541. Hence Icontains Ry » #1,if #0, as we 
may assume if n > 1. 

Similarly, the transformed of 8; by gives Ry, Hence 
I contains Then, as in case (a), J contains a 1. 


45. Proposition III.—J/ m > 2, the group I contains one of the substitutions 
Ni. ;,« (4,7 >1), not the identity. 

If m— 1 > 2, the group J™~”, composed of all the substitutions of J which 
leave £, and y, fixed, is a simple* group. Therefore the group /, have one such 
substitution, has all. 

For the case m — 1 = 2, it follows that J contains N,,,, or else Po; Qs 9 1. 
The existence of a third pair of indices was assumed in §8 of the paper cited only 
in transforming by a product of two M/s or in deriving from Pj.Q, ;,; a substi- 
tution Qs, 1,1 [in case (/,) of p. 501]. The former operations are allowable in 
the present investigation since M,//,, MM, belong to our group J. 

Transforming by Ts,,., we get .Qs, Hence J contains 


the product 
Ty, Vs, 2,«° Qs, 2, 


and therefore its transformed by P,,, giving 


* Dickson, ‘“‘ The Structure of the Hypoabelian Groups,’’ Bulletin of the American Mathematical 
Society, July, 1898. 


32 


| = 
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If x 1, as we may suppose if n > 1, this substitution is not the identity ; simi- 


larly for the product 
Tye Tse = Qs, 2, 


For the case n = 1, we refer to the computation of §18 of the paper cited, 


where it is proven that / contains Qs 2,1. 


46. We may now prove directly that the invariant subgroup J contains the 
generators L, M.M,, N,, ;,,. of J, so that J is simple. 
For m > 2, we employ the substitution * derived from the W of §44, 


v= Ts, Th, 


= AE, +m +A) + 13) ng = + (Es + 13) 


fe = A~*n, + (Es + 73) » (E+ 1) 
V: 
Es + Al (E+ + 1g =Am (Eo + mm) 


We verify that V transforms into ,-:, so that J contains 
Further, J contains the product 


= | 


which is transformed by V into the substitution 
Ei=m, b= (A+ 1) Any + + A) Es + Ans, 


ng bo (A4+1) n+ (A+ 1) £3 +73, 
£5 = & + An. + Abs + x5, n3= (A+ 1) & + (A? + A) + (A’ + 1) + Ans. 


This substitution is seen to be the product 
MM; Qs, 2, Ns, 2, Qe, 3, Re, 


Hence J contains ,M, and therefore also Z. But 
(ZM,M3)* Fy, », Ry, = QV, 2, 


It follows now that J contains all the generators of J. 
For m= 2, n >1, we have proven that J contains a 7, ,—1. Transform- 


ing it by M,,., we obtain (as in §43) the substitution M,. .4..-172,,- Hence I 


*V corresponds to the substitution of Jordan, p. 211, 1. 18, denoted by French capital U. 


| 
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contains .4<)-1, not the identity. Transforming by we reach every 
M,,2,.- Transforming N,,, by Land LMM, we obtain Q, ;,, and Q,,o,. respec- 
tively. As in §44, case (a), J contains every 7,,. By (13) it contains LIM. 


Ifn>1, we may assume thata4~1. Setting r= , we find 


1+A 
Qe, 1, 19), 2, Qe, 1, LR,, 2, 1, 7-149, 


Hence / contains Z and therefore ,M,. Hence J= J. 
For m= 2, n=1, the group* J is the simple icosahedral group of order 60. 


Linear homogeneous group ( in the GF [2"| in 2m +1 indices, defined by a 
quadratic invariant, §§47—48, 


47. By §32, we may give the invariant the canonical form 


The conditions that a substitution 
= +> (af; + 
j=1 


S: nt = >, (Buk; + dyn), 1, 2, oH ee m) 
j=l 


shall leave ») absolutely invariant are seen to be the relations (11) of §34, together 


with the following: 


m 


3 + = 0, + ix) = 0, (25) 
i=l 


t=1 


(Bax 1, 


™ m m 
i=1 


* Bulletin of the American Math. Soc., pp. 508-9, July, 1898. 


‘ 
m 
™m 
™ 
| 


244 Dickson: Determination of the Structure of all Linear Homogeneous 


It is known* that, for every set of solutions a,, 8,, 73, 5y in the GF[2"] 
of the relations (11), there exists an Abelian substitution 


=>, (ak; + 
a: 4 


ni => + 
j=1 


of determinant A +0 in the field. It is interesting to verify directly that A0. 
Indeed, suppose that 


Am) Y mi Y mm 


We could then suppose that, for example, 

m m—1 
Yin = + 
j=1 J=1 


j=1 j=l 


But these values do not satisfy the relation (11), 


Indeed the left member becomes 


i=] ‘j=1 


m—1 vii 
Bim Bij + Pim Oy 


which, on applying (11), reduces to zero in the GF [2"]. 
Since A+ 0, it follows from (25) that 


Aim iy 


* Dickson, ‘‘A Triply-infinite System of Simple Groups,’’ The Quarterly Journal, 1897. 


Yu Aim Yim 
Buy Bim Om 
BES. 
Yim] 
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Indeed the determinant of the coefficients of the 2m linear homogeneous equa- 
tions (25) is seen to equal A. Hence S takes the form 


(Gar 


S: (Bik; + Signs), 


the coefficients being subject to the relations (11) alone. The group of substitu- 
tions Sis therefore simply isomorphic to the Abelian group of substitutions > 
on 2m indices in the GF [2"]. Its structure was determined in the paper cited 
except when m= 2, n> 1, in which case the group may be proven to be simple.* 


48. Another proof of this result consists in the determination of that sub- 


group of the first hypoabelian group G, leaving ¥ £m; invariant, for which also 


the relation £) = y, is invariant. 
In the general substitution of G, 


(ayes + 
j=0 


j=0 


we must have . 
Boj = aj; Yu = Oy; + Yoo = Boo + 


But the inverse to 7 is 


m 
(i= 0, 1, m) 
Putting &= 7, we find for the coefficients of & in £/ and xj, 
+ Bou + =O. (e=1,...., m) 


* Quarterly Journal of Mathematics, 1899, vol. XXX, p. 383. 


(i=0,1,. 
m) 
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But every substitution S of the group [ is the inverse 7'—' of some substitution 
T belonging to. Hence in S the coefficients of & in &; and y; are all zero. By 
the remaining hypoabelian conditions we see that 7’ must be an Abelian substi- 
tution of the form S at the end of §47. 


Study of quaternary groups with quadratic invariants. Isomorphisms with known 
groups ; summary ; §§49-56. 


49. In virtue of the identity 
M 

| 


M 
it follows from §1 that the group Ly, », leaving >) X.Y, invariant, is simply 
t=] 
isomorphic to the group G{i? ,. if —1 be a not-square in the GF'[p"], i. e. if p” 
be of the form 4/ —1, but is simply isomorphic to the orthogonal group G7? if 
ph = 1. 

The structure of the group Ly,,. has been determined directly by the 
writer, and from the isomorphisms obtained in the paper cited,* we derive the 
following: 

Theorem: The simple groups of order 


1) 
the one derived from the 6-ary orthogonal group and the other from the general 
quaternary linear homogeneous group, each in the GF [ p"= 41 +1], are simply iso- 
morphic. A like result holds for the simple groups of order 


= (p™ — — 1) — 1) 


the one derwed from the group Gf, and the other from the general quaternary linear 
homogeneous group, each in the GF [p"=41—1]. Likewise, the simple group J,, 
a subgroup of index two under the first hypoabelian group on m =8 pairs of indices, 


*‘* The Structure of Certain Linear Groups with Quadratic Invariants,’’ Proceedings of the London 
Mathematical Society, vol. XXX, pp. 70-98, 1899. 
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and the simple group of quaternary linear homogencous substitutions of determinant 
unity in the GF [2"], are isomorphic and of orders 


50. We next determine the structure of the group LZ, ,., leaving absolutely 
invariant £7, + &.. The two sets of generators on the ruled surface 


+ = 0 


are given by the two pairs of equations 


m.—xm=0, (26) 
& —xm,=0. (26’) 


The most general quaternary linear homogeneous substitution, leaving invariant 
the pair of equations (26), for every value of x in the field, is readily seen to be 


+ yn, —ym + ake, (27) 
ni = — Bb, = + One, 


having the determinant (ad— Gy)’, For it we have 


+ + + ¥ (n2— xm) ; 
Nz — = + +4 « 


The group of the substitutions (27) is therefore simply isomorphic to the binary 
group on the variables ££, and y,—xyz,. Since the transposition M, = (£7) 
transforms the pair of equations (26) into the pair (26), we obtain the most 
general linear homogeneous substitution, leaving invariant the pair of equations 
(26’), for every x, if we transform the substitution (27) by JZ, giving 


f= Bb, + (28) 


ni = On, tan. 
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The product of an arbitrary substitution (27) and an arbitrary substitution 
(28) gives 


0 0 0 0 
0 6 0 | 0 Do 
0 B 0 D 0 
B 0 0 \o —C A 


(29) 


The same result holds if the substitutions be compounded in reverse order, so 
that the substitutions are commutative. Further, the only substitutions belong- 
ing to both of the sets (27) and (28) are seen to be 


= ak,, an, = ake, Ny = (30) 


The substitution (27) leaves &, + £7, absolutely invariant if and only if 
ad — By=1. Hence there are (p**—1) p” such substitutions. It follows that 


there are 


i(p™— 1) (if p = 2) 
1) (if p > 2) 

distinct substitutions (29) for which 
ad — By=1, AD—BC=1., (31) 


The substitution 7, will be of the form (29) only if 
aD=2z, Boy=B=C=0. 


Therefore A=a—!, D= 6= 80 that 


ad—By=x'? AD— BC=xa-~. 


It will thus satisfy the relations (31) only when x is a square in the GF'[ p"]. 
Hence there are at least {(p’*— 1) p"}? substitutions (29) which satisfy the 


single relation 


(ad — By)(AD— BC) = 1. (32) 


aA —yC ad yA 
— BB —BD —dbB 
aB —yD aD yB 
BA —dC BC 6A 
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Among these does not occur the transposition M,=(£.,); for among the condi- 
tions that (29) shall reduce to M, are found 


Since the group Ly ,., leaving + is of order 2 {(p**—1) p"}’, the 
group L, ,,. of the substitutions (29) which satisfy (32) is of index two under 
L., ». Further, the group Ly’, of the substitutions (29) which satisfy (31) is of 
index 2 or 1 under L; ,. according as p>2 or p= 2. But Ly’,, has an inva- 
riant subgroup formed of the substitutions (27) which satisfy the relation 
ad — By=1. This subgroup, being simply isomorphic to the group of binary 
linear substitutions of determinant unity, is for p= 2, the group F, ,, of linear 
fractional substitutions of determinant unity on one index, but for p > 2 has the 
factor groups fF, ,. and C, the latter being the group generated by the substitu- 
tion changing the sign of every index. The quotient group of Lj’, by the 
group of substitutions (27) is evidently F,,,.. Now F,, ». is simple if p" is 
neither 2 nor 3. 

Theorem :* The factors of composition of Ly, .» are 


(if p> 2) 4(p"—1)p”, 2, 
(if p = 2) 2, (2"—1) 2%, (2"—1) 2", 


except when p, = 2 or 3, when the composite numbers 6 and 12 respectively are to be 
replaced by their prime factors. 


51. Theorem: For p" > 38, the group G{?,,, leaving invariant 


+ +65 + (v = not-square) 
is simply isomorphic to the group Ey, »», leaving invariant 


I Em + Eons +A (fi + ni): 


where & in, + AEX + ts irreducible in the GF [p"]. 

* We readily verify the statement in §40 that, for m=2, J, requires other generators than M,M,, 
N,,2,«. Indeed, every product derived from these two substitutions is of the form SM, M,, where S is 
derived from N,,»,« and R,, 2x, each of which is of the form (27). Hence the group @ generated by 
M,M, and N,,»,« isa subgroup of the group of substitutions (27) when extended by M,M,. Its order 
is therefore a factor of 2(2"*— 1) 2", and hence < {(2"-—1) 2"}’. 


33 
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Suppose first that — 1 is the square of a mark J belonging to the field. 


Then the substitution 


= bone + 


transforms into 


Applying to 9, the substitution of determinant 2a, 
G=a(Ei—m), (33) 


we obtain the function 
+ (28 — Eyny + (a? + + ni), 
which may be made to assume the form f. Indeed, by §3, there exist p” + 1 
sets of solutions in the GF'[ p"] of 
213? — 2a* = 1. 

At most, two of these sets of solutions make a8 = 0; for, a= 0 gives a solution 
only when 2 is a not-square, in which case @ = 0 is not a solution. Hence there 
are p”— 1 substitutions (33) of determinant not zero which transform ¢, into f 


Suppose, however, that — 1 is not a not-square in the field. We may take 
v=—1. Applying to ¢ the substitution of determinant af, 


we obtain the function 
+ (28° — 2a*) Em + (a? + B?)(Ei + ni). 
But there exist, in the GF [p"], p" — 1 sets of solutions of 
— 2a? = 1. 
Two of these sets make 48 = 0. Hence there are p”— 3 substitutions of deter- 


minant not zero which reduce @ to the form /. 
For p" = 3, there are no quadratic forms 


+ AEE + 


irreducible in the GF[p"]. Indeed, according as 4 = + 1 or —1, g becomes 
or —(£,+ ni)’ 
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52. Denote by Ej ,, the subgroup which M,=(é,y,) extends to the total 
group E, ,.. The order of Ej, ,» is 


(p™ + p)(p" — 1) p" = — 1) p™ 


If p= 2, the group £} ,. is identical with the second hypoabelian group 
G,, on two pairs of indices. It will be evident from what follows that the group 
E;, », for p> 2, has a subgroup E/,. of index two which is extended to E’ by 
the substitution 7, ,, where NV is a not-square in the GF'[p"]. We may verify 
this result directly. Thus, if —1 be a not-square, the substitution 7;,_, of E’ 
corresponds to the substitution 


— (34) 
of the group G?’,., leaving @ invariant. If — 1 be the square of a mark Jin the 
field, the substitution 7, , corresponds to the substitution of G?,,, 


which is an orthogonal substitution, leaving (7 + @ invariant, but not of the form 
Qi? since 
2a? —1=4(N+ N-') 
would require a? = (N + 1)?/4N, a not-square. 
By §§15-17 the substitution (34) or (35) respectively serves to extend a 
subgroup to 
For p= 2, we set = 


53. Theorem: The group Ej’ is simply isomorphic to the group of linear 
fractional substitutions of determinant unity. 

We transform the invariant f into XY + & », by means of the following 
substitution of determinant 20 + 1, 


Z: AE, — ON), 
Y= £,—’o'm, 


where o is a root of the equation 
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irreducible in the GF'[p"] in virtue of the irreducibility of 
(Ai)? + (Az;) ny + 


For the reciprocal of Z we find 
+1)&§=—Aao + cY, 
X+AY. 


Every substitution S in the GF [p"], leaving / invariant, is transformed by 
Z into a substitution S’, leaving XY + invariant, but having its coefficients 
in the GF[p*"]. In particular, Z transforms M, and 7, y into themselves. 
Hence Z transforms the group £;’,,., which M, and 7, y extend to the total 
group, leaving f invariant, into a group K which is extended by M, and 7, y to 
the total group, leaving XY Y+ £,», invariant. It follows from §50 that the sub- 
stitutions of K are of the form (29), when operating on the indices X, Y, &, 7, 
in which a, @, y, 6, A, B, C, D are marks of the GF[p*"] satisfying the 


relations 


ad — By=1, AD—BC=1. (36) 


Expressing the substitution (29) in terms of the indices &, 7, &, 7, it is 
seen to take the form: 


1,2 
=> (QE; + ni => + 


= (AaB — yD) (oaB— yD) n + + yBno, 
| (ABA — 8C)E, —(0BA— + BCE, + | 


4 (37) 


where we have written for brevity 


Gy = (20+ 1) —AcBB + roy C — A), 

¥n =(20+1)7'(AaA +0°BB 

dy = (26 + — — 8D), 

Oy, = (20 + (—oBD—Ao Yy=(20 + (—odB— Ao ly A), 
By = —ABD) +1)" (—yA —AdB). 


We next require that all of the coefficients of the substitution (37) shall 
belong to the GF [p"]. The totality of substitutions thus obtained form the 
group K simply isomorphic to Ej’ 


} 
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54, Since o belongs to the GF'[p*”], but not to the GF'[p"], we may set 
B=b+00, y=ct+eo, Jb=d+do. 


The coefficient 5A must belong to the GF [p"]. Ifd' 0, we may set 
A=x+A,d'c, where x and A, are marks of the GF[p"]. Applying 
we find 


= (xd +0 (x + dA, — a. 


Hence must x = A,d!/—dA,. If d'=0, d0, we may evidently set A= — dA,, 
a mark of the field. Finally, if d=d'!=0, so that }=0, the coefficients of £, 
and 7, in 7} require that AGA and —oA be marks of the GF [p"] and hence 
require that BA=0. Since ad — By #0, we must have By + 0 and therefore 
A=0. Hence in every case we may set A= —d + A,. 

Also yB, BC, 5A must belong to the GF[p"]. Proceeding as before, we 
and that we may set 


A=(d—d+dc)A4, B=(’—c+co) B, 
—b+00)C,, D,, 


where A,, B,, C, and D, belong to the GF'[ p"]. 

We next set up the conditions that the remaining coefficients of the substi- 
tution (37) shall belong to the GF'[p"]. Expressing the coefficients AGA — 5C 
and —o@A + Ao—1dC in the form # + So and setting the coefficient of o equal 
zero, we obtain respectively 


(Vd — bd’)(AA, + O,)=0, (bd—Vd + + C,) = 0. 


Hence either 1.4, + C,=0 or else SC=@GA=0. Consider the latter alterna- 
tive. IfS—0, then C=O, and therefore since AD— BC$#0. Hence 
G=0,i.e.b6=b/=0. We may therefore give to C, an arbitrary value in the 
GF [p"] and in particular a value making 24,+ C,=0. If, however, 5=0, 
an arbitrary value in the field may be assigned to A,, so that again we may take 
AA, +C,=0. Hence, in every case, 74,+ =0. 

By a simple interchange of letters, it follows that the coefficients 2a B— yD 
and —oaB + Ao will belong to the GF'[ p"] if and only ifaB, + D,=0. 
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In order that (26+ 1)-'(R +8) shall belong to the GF[p"], when Rk 
and S do, it is necessary and sufficient that S=2R. Hence the coefficients 
denoted by 4, and 7. will belong to the field if and only if respectively 


(A, + AB,)(2ed + 2¢d'9? — ed — ed’) = 0, 
(A, + AB,)[ed — ed’ + — 227 — ed!)] = 0. 


If A, + AB, + 0, we find the relation — ed’)(1— 447)=0. But, for p> 2, 
A+#4, since then 4). Hence 


cd—cd'=0, 


so that yA=dB=0. By the reasoning given above, we may assume that, in 
every case, A, + AB, =0. 

If we consider the coefficients a. and 8,, a simple interchange of letters 
gives the result C,+A4D,=0 as the condition that a,, and @, belong to the 
GF [ p"]. 

We have now obtained the following results : 


C; —AA,, B, x D, A, (38) 


In virtue of these relations we may verify that the coefficients ay, 7,,, Bn, du 
belong to the GF'[p"]. The conditions for @,, and 4,, are respectively 


(2bc + — b'e — be’) C, — 
+ (2ad + 2A7a'd! — a'd — ad')(AD, — = 0, 
[a'd — ad — + 2A? (ad! —a'd)|[A,— D,] 
+ [cb' — cb — Arb! + 227 (cb — cb’) |[AB, —a-!C,] = 0. 


As to the coefficients a,, and y,,, we observe that 
yu + Bu= (20 + 1)" (1— Wo + BB) (yC + o°GB), 
ay + = (20 +1) =aA+dD. 
These sums will belong to the GF [p"] if respectively 
(b'c — be — = 0, (a’d—ad’)(D,— A,)= 0. 


55. The condition ad — By = 1 requires that 


—be —A’*a'd' = 1, 


(39) 
ad' + a'd—a'd' = be + — 
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In virtue of these relations we find that 
AD — BC= (co + 1)(a'd' — ad’ — a'd)(A,D, — B,G,) 
+ (ad Wa'd')(A,D, B, + B, C; 
Applying (38), we find 
AD — BC= B,C, = A. 
Hence, from (36), 4; = + 1. 
But the substitution (29) is unaltered by a simultaneous change of sign in 
a, a, b, c, d, Hence we may set 


Aa B= Dem. 


It follows that every substitution (29) of the group K is the product UV of two 
substitutions 


Ta +a'o 0 0 
0 d+ dc — (b+ 0 
0 —(c+¢c) ata'c 0 
b+ 0 0 0 d+ me 
0 a’—a+a'o 0 e+ co) 
(c’—c+co 0 a’ 0 
0 (b'—b+ 0 d—d+d'c 


the coefficients of which must satisfy the relations (39). Now U and V are com 
mutative and are identical only when each is the identity. Hence the group of 
the products UV is isomorphic to the group of the substitutions U. For p>2 
the isomorphism is (1, 2); indeed, a change of sign of a, a’, etc., alters U but 
not the product UV; while, further, UV is the identity only when 


Ba O=Pmy=0, A=D, 


whence a=)=A=D= +11, giving two [distinct if p > 2] substitutions U. 
By §50 the group of the substitutions U has (1, 2) isomorphism if p> 2, but 
simple isomorphism if p= 2, with the group fF’, ,. of linear fractional substitu- 
tions of determinant unity. Hence the group K of the substitutions UV, and 
therefore the group £;j’,,, is simply isomorphic to the simple group F,, ,,. 
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56. We conclude with a summary of the simple groups obtained— 
1)[( 2° 1) [( 2° — 1) (m > 1) 
(p > 2, m odd and > 1; exception 3, m= 8). 


(p > 2, m even and > 4). 


} + e2 p (3-1) ]( — 1) p”, 
(p > 2, m even and > 2). 


Here ¢= + 1 according as p” is of the form 4/+ 1. The first and second sets 
are obtained from the first and second hypoabelian groups; the third and fourth 
sets from the orthogonal group, and the fifth set from the group ">. 
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Upon the Ruled Surfaces Generated by the Plane Move- 
ments whose Centrodes are Congruent Conics 
Tangent at Homologous Points.* 


By Dr. EH. M. Buaxe, Brooklyn, N. Y. 


The movements considered in this paper are defined as follows: Upon a 
plane «a! containing a conic C’ moves a coincident plane a, containing a conic C 
congruent to C’, in such a manner that Cand C’ are always tangent at homolo- 
gous points, i.e. Cand C’ are the centrodes of the movement. The locus of a 
point rigidly attached to a is a curve of the fourth order when C and C’ are 
central conics and of the third order when they are parabolas. The locus is in a 
plane parallel to a’ and the same distance from it that the generating point is 
from a. The locus of a straight line carried by a and making an angle with 
it, is a quartic scroll when the centrodes are central conics and a cubic scroll 
when they are parabolas. 

It is the object of the present paper to describe the forms of these scrolls, 
and the character and situation of their nodal lines and pinch-points. The 
results are to be regarded from two points; first, as furnishing a method of 
mechanically generating certain cubic and quartic scrolls; and second, as exhib- 
iting the totality of line loci of the movements considered. In the respects 
mentioned the results are believed to be new. | 

The properties of the surfaces are deduced from those of their sections 
parallel to a’, i.e. by viewing the surfaces as built up of the loci of the indi- 
vidual points of the generatrix. The point loci have from time to time been 
studied, and it has only been found necessary in what follows to state briefly the 


results obtained. 


* Read at the meeting of the American Mathematical Society, Boston, Aug. 19-20, 1898. Thread 
models of the thirteen types of these surfaces were exhibited. 
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The paper contains three sections devoted respectively to the movements 
whose centrodes are ellipses, hyperbolas and parabolas. The scrolls described 
in the first two are of the fourth order, and have a nodal circle of infinite radius 
in the infinitely distant plane parallel to a’ and a nodal straight line intersecting 
it. The scrolls of the third section are cubic with a nodal straight line. 


§1.—The Centrodes are Ellipses. 


It is easily shown* that, if an ellipse roll upon a congruent one, their points 
of contact being homologousy{ points of the two ellipses, each focus of the one 
remains at a constant distance, viz. the transverse axis of one of the ellipses, from 
a focus of the other. Denoting the foci of C’, the ellipse in a’, by F/ and Fy, the 
corresponding foci of C by F, and Ff, the transverse axis of each of the ellipses 
by 2a, and the distance between their foci by 2c; the theorem shows that the 
movement produced by the rolling ellipses can also be produced by joining the 
pairs of points F,, F/ and F,, F by links of length 2a. 

This latter method of defining the movement makes it a special case of 
‘three-bar motion.” The investigations of Roberts and Cayley{ have shown 
that for the general three-har motion the locus of a point in the plane a isa 
sextic curve. Under two conditions these degenerate into a quartic and a conic. 
One condition is here satisfied; the opposite links are equal in length. The 
conic generated is a circle of radius 2a, in describing which any straight line of 
a moves parallel to itself. 

We proceed to give the equation and necessary properties of the locus of 
any point P of a: Let the transverse and conjugate axes of C’ be taken for the 
axes of x and y respectively and a perpendicular to a! through its centre O’ for 
axis of z of a system of coordinates to which any fixed point—a’ is regarded as 
fixed—can be referred. Let the transverse and conjugate axes of C whose 
center is O, be taken respectively for the axes of § and y of a system of coordi- 
nates to which points of a can be referred. Further, let /{ and /,—foci which 


* See Burmester, Kinematik, vol. I, Leipzig, 1888, pp. 8302-304, and Clifford, Dynamics, Part I, Lon- 
don, 1898, pp. 146-148. 

tHomologous in the sense that by turning one of the ellipses over about a common tangent, the 
two will be brought into coincidence. 

t Proc. Lond. Math. Soc., vols. II, III, IV, VII. 


whose Centrodes are Congruent Conics Tangent at Homologous Points. 259 


remain at the distance 2a—be respectively upon the positive halves of the axes 
ofaand&é. The locus of P whose coordinates in a are (&, 7) is 


(x? + — + + y’) — + 4 (2? — a’) — 
— 84 + (8 + — + =0, (1) 


a unicursal curve of the fourth order having (when c is not zero) nodes at the 
circular points at infinity and a real double point at (— &, 7).* The latter is a 
node, cusp or conjugate point according as P is without, on or within the 
ellipse C. The nodes fall on a! outside the ellipse C’, the cusps upon it, and the 
conjugate points within. 

It is evident from the mode of generation by the rolling ellipses that a point 
at a considerable distance from O generates a curve consisting of a loop with a 
smaller one within joined at a node, similar to the limacon with a node. As the 
tracing point still farther recedes from O, the loops become more and more 
nearly equal passing toward the circular form. The limit for a point at infinity 
is a double circle. As the tracing point moves from a great distance toward O, 
both loops of the locus decrease in size, the inner more rapidly than the outer, 
until, when the ellipse C is reached, the former shrinks to a point. The curve 
is then similar to the cardioid having a cusp projecting inward. The cusp, as 
we have seen, is upon C’. Its tangent is normal to C’ at the point where the 
cusp falls. The curve, traced by a point within C, is closed, encircling C’ once 
and having a conjugate point within it. The locus of Ff, is the circle of radius 
2a whose center is / with the isolated point Fj; similarly for the locus of ¥,. 

Under the supposition, as above, that the centrodes are not circles, the only 
curves having orthogonal symmetry are the loci of the points upon the trans- 
verse and conjugate axes of C. They are symmetrical with respect to the cor- 
responding axes of (’. Since they have nodes—not cusps—at the circular 
points at infinity, they are not limacon although resembling them. The center 
O describes the curve 


+ + 20° — dat)(a? + — (a? = 0, (2) 


symmetrical with respect to both axes. 


* Roberts, Proc. Lond. Math. Soc., III, 1871, p. 220. Cayley, Ibid., IV, p. 110. Dingeldey, ‘“* Ueber 
die Erzeugung von Curven vierter Ordnung durch Bewegungsmechanismen,”’ Leipzig, 1885, p. 11. 
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The movement with circular centrodes requires brief consideration. By 
reducing the focal distances of the elliptical centrodes, they pass finally as a limit 
into circular ones, the equation (1) applying for ¢ equal to zero. The movement 
can no longer be regarded as a special case of three-bar motion as two of the 
links reduce to zero. 

With elliptical centrodes there is a twofold infinity of non-congruent curves 
described by the points of a, but with circular ones the distance of a point from the 
center of the moving centrode alone defines the form of its locus, all points of a 
circumference concentric with the centrode tracing congruent curves. These 
curves, as the equation shows, are limacon,* and hence have cusps at the circular 
points at infinity.+ 

The way is now prepared for readily determining the character of the locus 
of a line carried by a. The generatrix is assumed to be neither parallel nor 
perpendicular to it. If parallel, the line would envelope a plane curve the study 
of which is without the field of this paper. If perpendicular, a right cylinder 
upon the locus of its piercing point in a is the surface generated. Two parallel 
generatrices having the same orthogonal projection upon a, evidently generate 
congruent surfaces which can be brought into coincidence by translation along 
the axis of z. Further, it is to be remarked that the loci of any two intersect- 
ing lines having the same projection upon a can be made congruent by multi- 
plying by a constant the ordinates—that are perpendicular to a/—of one of 
them. Hence, the position in a of the projection of the generatrix of a surface 
determines its projective properties. 

Let the generatrix /, pass through A, the foot of the perpendicular from O 
‘to 7, its orthogonal projection upon a, and let 7, make the angle with a whose 


* Williamson’s Diff. Calculus, p. 350, ex. 1. 

| There is another movement whose point loci are limagon. Its centrodes are a circle of radius? 
fixed, and another of radius 2r rolling upon and enclosing it. All the real double points of the curves 
are upon the circumference of the fixed centrode, whereas, for the movement under consideration, 
they cover the whole of the plane. Another distinction is as follows: If we regard the limacgon as 
obtained by extending the radii-vectores of the circle p=2pcos9 by a constant quantity m, then 
when the centrodes are equal circles, m is constant and equal to their radii for all the curves and p is 
equal to twice the distance of the tracing-point from the center of the moving centrode, while for the 
movement with unequal centrodes, p—r and m is the variable distance from the tracing-point to the 
center of the moving centrode. This last movement is discussed by Cayley, ‘‘On the Kinematics of a 
Plane,”’ Quarterly Journal, XVI, 1878, pp. 1-8, and by Schell, ‘‘ Theorie der Bewegung und der 


Krafte, I, Leipzig, 1879, p. 227. 
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cotangent iss. Take a point P of 7 whose coordinates are (£, 7) and let its dis- 
tance from A be d. Denote the length OA by p and the angle it makes with 
the axis of & by 6, then we have 


= pcosd—d sin 60, 
n=psin§ +dcos0. 


Substituting these values of £ and y in (1) we obtain the equation of the locus 
of a point of / at the distance d from A, but it is the orthogonal projection of 


the curve in the plane z= be described by that point of 7; whose projection is P. 


Hence, the equation of the locus of /, is found by eliminating &, y and d from (1) 
by means of the above equations andd= sz. The result is 


— 8a’x(p cos 6 — sz sin 0) — 8 (? — a’) y (p sin 8 + 52 cos 6) 
+ (p*? + 8°2)? — 4a? ( p cos 6 — sz sin 6)? 
+ 4(c’— a’)(p sin 0 + d cos 6)’ = 0, (3) 


a surface of the fourth order. It has a nodal circle of infinite radius in the 
infinitely distant plane that is parallel to a’, for the point at infinity upon / 
describes a double circle. Since the whole of the double circle is actually 
described, the nodal circle of the surface lies upon it throughout its whole 
extent. The two pinch-points which are always situated upon this conic are 
imaginary.* Applying the above transformation to the equations «= —é&, 
y = » defining the position of the real double point of (1), we have 


x=—pcosé + szsin§, 
y= psind + sz cosé, 


*The most important articles upon the classification quartic scrolls are: Cremona, Mem. della R. 
Istoria di Bologna, Series II, T. VIII. Cayley, Philos. Trans., 1864, p. 559, and 1869, p. 111. Salmon, 
Geometry of Three Dimensions, Chap. XVI. Holgate, Amer. Journal, vol. XV, 1893, p. 344. The 
classifications of the first three authors, except for the order followed, are practically identical. Of the 
twelve species they recognize, Holgate has treated eight, describing under each a number of subforms. 
The place in the classifications of Cayley and Holgate of each of the surfaces to be described in this and 


the following section will be noted. 


262 BuaKxe: Upon the Ruled Surfaces Generated by the Plane Movements 


the equations of a straight line which is a nodal line of the surface. It makes 
the same angle with a as a generator. 

The following types of surfaces will be distinguished : 

I. The projection of the generatrix intersects the centrode C in two real 
and distinct points. | 

II. The projection of the generatrix is tangent to the centrode. 

III. The projection of the generatrix intersects the centrode in two imagi- 
nary points. 


Those points of 7 that are without C describe curves whose real double 
points are nodes, hence the corresponding portion of the nodal straight line lies 
upon the surface. This portion includes the point at infinity which is the point 
of intersection of the nodal straight line and the nodal circle. Assuming the 
conditions for type I, the points of 7; whose projections are the points of inter- 
section of and C, describe curves having each a real cusp. The cusps mark 
pinch-points on the surface. Between them the sections of the surface parallel 
to a’, corresponding to the points of / within C, have each a real conjugate point, 
showing the nodal line to be isolated. These scrolls are included under Cayley’s 
seventh species and Holgate’s F# subform 3. As / is brought nearer to the posi- 
tion of tangency with C, their two real points of intersection approach, which 
indicates for the surface generated by 4 that the pinch-points of the nodal 
straight line approach each other, shortening its isolated segment until it finally 
vanishes, giving a surface of type II. These are of Cayley’s eleventh species 
and Holgate’s Ff. ‘The nodal straight line lies entirely upon the surfaces of type 
III, its two pinch-points being imaginary. They are hence of Cayley’s seventh 
species and Holgate’s 3 subform 5. 

The general theory of quartic scrolls having a nodal straight line and nodal 
conic shows that the former is a generator when its pinch-points coincide 
(type II), and that when they are separated it is not a generator (types I 
and III).* This is readily verified in the present instance. From the equations 
x =—£,y=y7 connecting the coordinates of the tracing point (&, 7) in a with 
those of the double point (a, y) of its locus in a’, it follows that the projection 
of the nodal straight line upon a! occupies the same relative position to C’ that / 
does to C. In other words, by revolving a about a common tangent to C and 


*In addition to the references cited see Holgate, Bulletin New York Math. Soc., III, 1894, p. 224. 
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C’ through 180°, the centrodes C and C’ are brought into coincidence, and also 
Zand the projection of the nodal straight line. The generatrix /, has (without 
loss of generality) been taken so as to pass through A, the foot of the perpendicular 
from O upon /, hence the nodal straight line passes through A’, the foot of the 
perpendicular from O! upon its projection in a’. Now, in order that a position 
of 7, can coincide with the nodal line, A must fall upon A’ and 7 upon the projec- 
tion of the nodal line. A moment’s consideration convinces one that this can 
only occur under the conditions for type II. Assume it, and that the projections 
of the nodal line and generatrix coincide, forming the common tangent of the 
two centrodes. We have now the nodal line and a generator both passing 
through the pinch-point whose projection is the point of tangency. As pre- 
viously remarked, they make the same angle with a’, and if they do not coincide 
there are three sheets of the surface passing through the pinch-point, which is 
impossible. 

Collecting the results obtained, we have the following: When the centrodes 
of a plane movement are congruent ellipses tangent at homologous points, the locus of 
a carried straight line (which is neither parallel nor perpendicular to the plane of 
the centrodes) ts a quartic scroll having a nodal straight line and a nodal circle inter- 
secting tt. The latter is of infinite radius and in the plane at infinity. It hes 
entirely upon the surface. If the projection of the generatrix upon the moving plane 
intersects the moving centrode in two real and distinct points (type I), the nodal 
straight line consists of an isolated segment and one lying upon the surface. The 
latter contains the point at infinity which 1s its intersection with the nodal cirele. 
Two pinch-points bound the segments. If the projection of the generatria ts tangent 
to the centrode (type IT), the nodal right line lies entirely upon the surface and has 
upon tt a real double pinch-point. If the projection of the generatrix does not inter- 
sect the centrode (type III), the nodal straight line lies entirely upon the surface, and 
the two pinch-points upon it are imaginary. The nodal straight line is a generator 
in surfaces of type IT but not im the others. 

It remains to note a few special varieties of these surfaces. The only ones 
having planes of symmetry are those whose generatrices project upon the axes 
of C. When / is the transverse axis, y = 0 is the plane of symmetry. The sur- 
face has two notable sections parallel to a’, described by the points that project 
into the foci of C. These consist of a circle of radius 2a and an isolated point. 
The center of the circle and the isolated point projected orthogonally upon a’ 
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are the foci of C’. A surface has one such section if 7 passes through one focus 
of C. In all surfaces having 7 passing through O, the mid-section between the 
pinch-points and parallel to a’ is the doubly symmetric curve (2). When / is the 
conjugate axis, «= 0 is the plane of symmetry. 

When the centrodes are circles, two generatrices making the same angle 
with « and whose projections pass the same distance from O, give congruent sur- 
faces. If/ passes through O, the surface has a plane of symmetry perpendicular 
to «' and passing through O’ and a single circular section parallel to a’. 


§2.— The Centrodes are Hyperbolas. 


In this section the same notation as in the preceding will be used. The 
equations of the point and line loci hold good, subject to the condition ¢ >a. 
This movement is also a degenerate case of three-bar motion,* but the fixed link 
is one of the longer sides of the jointed parallelogram instead of one of the 
shorter. 

The locus of the point (&, 7) of the plane a is a unicursal quartic having 
nodes at the circular points at infinity and a real double point at (— &, 7). The 
latter is a node, cusp or conjugate point according as (&, 7) is without (on the 
convex side of), on or within the centrode C, and it falls upon a’ in a corres- 
ponding position relative to C’. 

The curves having a real node consist of two closed loops, mutually exterior, 
united at the node. They are symmetrical with respect to the transverse or 
conjugate axis of C’ for the tracing point upon the corresponding axis of C. 
The locus of O, equation (2), is symmetrical with respect to both axes and 
resembles the lemniscate, which it in fact is, for ¢e = ~/ 2a.+ 

As the tracing point approaches the centrode from without, one loop of the 
curve shrinks to a cusp as the centrode is reached. The curve then consists of a 
single closed loop with a cusp protruding outwards. The tangent to the cusp is 


normal to C’ at the cusp. 
_ A description of the manner in which the centrodes roll enables one to gain 


* Burmester, Kinematik, I, pp. 302-304. 
tHaedenkamp, Archiv fiir Math. u. Phys., III, 1848, p. 400. 


whose Centrodes are Congruent Conics Tungent at Homologous Points. 265 


an insight into the nature of the paths of distant points of a. Starting with two 
vertices of C and C’ in contact as C rolls, the point of contact recedes toward 
infinity and two asymptotes approach coincidence. The other branches of C 
and C’ are not tangent, but as the asymptotes pass the position of coincidence 
they become tangent. At the same time the original pair cease to touch. The 
point of contact now approaches from infinity in the opposite direction to that in 
which it receded. It finally reaches the vertex opposite to that at which it 
started, thus completing a half cycle of the movement. Each branch of C rolls 
only upon a corresponding branch of C’, The movement is the exact analogue of 
that for the elliptical centrodes; in a complete cycle the point of contact travels 
once around the curve, and to each point of the fixed centrode corresponds a 
point of the moving one. 

The result of the movement is to make «@ rotate (about a point remaining 
within a finite area of a’) from a position of coincidence of two asymptotes to the 
next such coincidence through an angle equal to twice the angle (that includes a 
branch) between the asymptotes of a centrode. The next half cycle rotates the 
plane in the opposite direction to its original position. The locus of a distant 
point of a must resemble the arc of a circle twice described, which it becomes in 
the limit for a tracing point at infinity. As equation (1) cannot define a portion 
of a circle, it gives the whole circumference. Hence, a surface generated by a 
carried straight line has its nodal circle in part upon it and in part isolated. 

The curve, by a point within a branch of C, has a conjugate point within 
the corresponding branch of C’, and consists in addition of a closed curve lying 
without that branch. 

The character of the surfaces generated by a carried line can be now readily 
inferred from the given properties of the point loci as in the preceding section. 
It will be necessary only to state here the results, which are as follows: When 
the centrodes of a plane movement are congruent hyperbolas tangent at homologous 
points, the locus of a carried straight line (which is neither parallel nor perpendicu- 
lar to the plane of the centrodes) is a quartic scroll having a nodal straight line and 
a nodal circle, the two intersecting. The latter is of infinite radius in the plane at 
infinity. It consists of two segments bounded by pinch-points, one segment lying 
upon the surface, the other isolated. There are six types of surfaces distinguished by 
the position of the projection | of the generatrix with respect to the moving centrode C. 
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I. 1 intersects both branches of C in real finite points. The nodal straight line 
consists of two segments bounded by pinch-points. One is isolated and contains the 
point at infinity, the other lies upon the surface. The intersection of the two nodal 
lines is upon the isolated segments of both. 

IT. l intersects one branch of C in two real finite points. The nodal straight 
line has two segments separated by pinch-points. The segment lying upon the sur- 
face contains the point at infinity which is its intersection with the nodal circle. The 
point of intersection falls in that segment of the nodal circle that les upon the 
surface. 

ITT, 1 is tangent to C but is not an asymptote. The nodal straight line les 
wholly in the surface, and has upon it a double pinch-point. The intersection of the 
nodal lines is in that segment of the nodal circle that lies upon the surface. 

IV. 1 intersects C in imaginary points. The nodal straight line les wholly 
upon the surface, its two pinch-points being imaginary. The intersection of the nodal 
lines is in that segment of the circle that lies upon the surface. 

V. lis parallel to an asymptote of C. The nodal straight line has two segments 
with two pinch-points bounding them. One of these pinch-points and one upon the 
nodal circle coincide with the intersection of the nodal lines. 

VI. lis an asymptote of C. The nodal straight line les wholly upon the sur- 
Jace and has a double pinch-point at infinity. This double pinch-point and a pinch- 
point of the nodal circle coincide with the intersection of the nodal lines. 

The nodal straight line in types II and VI is a generator, but in the other types 
ut is not. 

The types III and VI belong to Cayley’s eleventh species and Holgate’s FY. 
The remaining types are included in Cayley’s seventh species. Types I and II 
belong to Holgate’s F}, subform 1; type IV to Fj, subform 2; type V to F%, 
subform 4.* 

If 7 is the transverse axis of C, the surface is symmetrical with respect to 
y=0, and it has two circular sections parallel to a and the mid-section (2). 
When 7 passes through a single focus, the surface has one circular section. For / 
coincident with the conjugate axis of C, the surface is symmetrical with respect 
toxz=0. 


* It is interesting to note that the movements of this and the preceding section furnish a means of 
mechanically generating examples of all the ‘‘ subforms ’’—as recognized by Holgate, Amer. Jour., vol. 
XV—of scrolls of the fourth order, leaving a nodal conic and nodal straight line. 
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$3.— The Centrodes are Parabolas. 


The centrodes are congruent parabolas so placed that, by rolling, their ver- 
tices can be brought into coincidence. Let the centrode in a’ as before be 
denoted by C’, its focus, vertex and directrix by F’, O' and d’ respectively, and 
let the corresponding elements for the other centrode, C, be F, Oandd. For 
axes of x, y and z, take respectively the tangent at the vertex of C’, its axis and 
a perpendicular to a’ through O'; and for coordinate axes carried by a take 
the tangent at the vertex of C for axes of & and its axes for axes of 7. The 
positive halves of the axes of y and y are selected so as to pass through F’ 
and 

It is well known that the focus of each centrode describes the directrix of 
the other, or conversely, the directrix of each passes through the focus of the 
other.* Hence, the movement can also be obtained by taking a point F’ and a 
straight line d! in a’ and a congruent configuration F’, d ina and then condi- 
tioning F’ to remain upon d’ andd to pass through F’.+ As thus defined, the 
movement is, however, more general than the preceding. Like the three-bar 
equivalents of the movements of sections 1 and 2, it is a degenerate case of one 
of higher order. For it is possible to bring d parallel to d’ and have them 
remain so while a is being translated in their direction. The locus of any point 
of a is then a straight line parallel to d and d’. Such a straight line with the 
curve of the third order traced by the same point when the centrodes are the 
parabolas Cand C’ constitute a degenerate curve of the fourth order. Ifthe 
distance from d’ to F’ is not equal to that from d to F, a point of a in general 
describes a non-degenerate curve of the fourth order.{ These curves have been 
studied by Roberts.|| 

His paper also treats the cubics resulting by degeneration when the distance 
from F’ to d' is equal to that from F to d, i. e. when the centrodes are congruent 
parabolas. We proceed to give such of their properties as will be required in 


* Burmester, Kinematik, I, p. 334. 

t The middle point O of the perpendicular from F' to d describes the cissoid of Diocles. The first 
known mention of this method of describing it is in Newton’s Arithmetica universalis. See A. v. 
Braunmizhl, ‘‘ Studie iiber Curvenerzeugung,’’ in the ‘‘ Katalog mathematischer Modelle,’”’ by Dyck. 

t} When F' is upon d we have the mechanism of Nicomedes for drawing the conchoid. Braunmuhl 
in the ‘‘ Katalog mathematischer Modelle,’’ by Dyck, p. 57. 

|| Proc. Lond. Math. Soc., II, 1869, pp. 125-136. 


— 
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describing the surfaces generated by a carried line. The equation of the locus 
of the point (£, 7) is 


+ — ny’ + (a— +7") y— +n? + (4) 


where a is the distance from the focus to the vertex of the centrodes. The curve 
is unicursal, having a double point at (, 7), which is a node, cusp or conjugate 
point according as the tracing point is without, on or within C. In a’ nodes 
fall without, cusps upon, and conjugate points within C’. The line y = 7 —a is 
2an + a? 
an asymptote which the curve crosses at the point ( 2 ; n—a) , 
The abscissa of this point is infinite for § =0, i.e. for all the curves whose 
tracing-points are upon the axis of C. The point of contact of the asymptote 
is an inflexion, and the curves are symmetrical with respect tox=0. The only 
exception to the condition § = 0 for an inflexion upon the asymptote is when in 


addition 7 = > . The tracing-point is then the focus of C and its locus degen- 


erates to the focus and directrix of C’. The vertex of (, as has been remarked 
above, is the cissoid. 

The equation of the surface generated by a straight line carried by a is 
obtained by the method of section 1. As there, the generatrix is assumed to be 
neither perpendicular nor parallel to a. The former would give right cubical 
cylinders upon (4) as bases, the latter a plane curve. Let s be the cotangent of 
the angle the generatrix /, makes witha, 7 its projection, and A the foot of 
the perpendicular from O to7. Denoting the length of OA by p and its angle 
with the axis of & by 6, we have for the coordinates of the point of 7 distant d 


from A 
= p cos — d sin 8, 


n=p sin 6+d cos. 


Eliminating &, 7 and d from (4) by means of these and d=sz, we have for the 
equation of the locus of /, 


y? + a’y —(p sin 6 + sz cos 6) y? + (a — p sin 6 + sz cos 6) a” 
— (p’ + 82)\(y — p sin 6 — sz cos 0) — 2ax(p cos 6 — sz sin 6) 
+ a(p cos 6 — sz sin 6)? = 0. 
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It is of the third order,* and has a nodal straight line whose equations are 


2 = p cos 6 — sz sin 0, 
y =p sin + sz cos 0. 


obtained by applying the above transformation to the equations x= £&, y= y, 
which define the double point of (4). 

After what has been given upon the movement with elliptical centrodes, 
the following summary of results may be given without further explanation : 
When the centrodes of a plane movement are congruent parabolas tangent at homolo- 
gous points, the locus of a carried line (which is neither perpendicular nor parallel to 
the plane of the centrodes) 1s a cubic scroll having a nodal straight line. They are 
of four types according to the position of the projection 1 of the generatrix with respect 
to the moving centrode C. 

I. lintersects C in two real finite points. The nodal line consists of two seg- 
ments bounded by pinch-points. One segment lies upon the surface and contains the 
point at infinity, the other is isolated. 

IT, 1 is tangent to C. The nodal line les wholly upon the surface, and has 
upon wt a double pinch-point. 

IIT. 1 does not intersect C in real points. The nodul line les wholly upon the 
surface and its two pinch-points are tmaginary. 

IV. 18 parallel to the axis of C. The nodal line has two segments bounded by 
pinch-points. One segment lies upon the surface, the other is isolated. Both extend 
to infinity, since one of the pinch-points is at infinity. 

The surfaces for which /is §=0 have «=0 a plane of orthogonal sym- 
metry, and are the only ones having such a plane. If / passes through the vertex 
of C, the section of the surface through the corresponding pinch-point and 
parallel to a! is the cissoid. If 7 passes through the focus, one section parallel 
to a' is a straight line with an isolated point. The first surface mentioned pos- 
sesses both of these sections. 


BROOKLYN, N. Y., August 8, 1898. 


* The order of the surface generated by a carried straight line is not always as low as the apparent 
order of the point loci of the same movement. Thus the ellipsograph (trammel) gives curves of the 
second order and surfaces of the fourth. From the point of view of the latter, the ellipses drawn must 
be regarded as of the fourth order and include the line at infinity taken twice. 


OQuinquisection of the Cylotomic Equation. 


By J. C. GuasHan, Ottawa, Canada. 


(Read in abstract before Section A of the British Association for the Advancement of Science, 


August 24, 1897.) 


Let p be a prime number = 5n + 1, ¢ be a primitive root of p and 


also let 
t+...., 


and = + + ens + 
= Brno t en, + Ong +fnz + gm; 
tot m+ +1=0. 
Making v7 = 1 in equations (iii) and dividing through by n, 
Bre+td+ft+g=n. 


(i) 


(i) 


On substituting y’, y*, 7”, x successively for v7, we obtain the eight equa- 
tions which may be formed from (iii) by the substitutions (xyynonn1)”, 
m= 1, 2,3, 4. These, with the two equations of (iii), form the group of ten 


equations 
+1 = + +1 + + Chin +3 + nm +45 ) 
in which 
Nn +5 Nm 
and 


m = 0, 1, 2, 3, 4. 


i (vi) 


| 
(iii) 
(iv) 
(v) 
J 
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From (vi) and (iv), 
(1071) = — bry + (a — b) nonet+ (y — b) (¢ —b) (d—b) non, 
= (nyN2) Ny = — (a —A) noni t (y — A) nonz+ (6 —d) nonst (¢ — d) rons, (vii) 
= (none) m = — en + (8B—e) nomt (6 —e) (f— mst (9 — €) mre 
On making y = 1 in the right-hand members of these equations, we obtain 
(aty+te+d— 4d) n?—dn 


+f +9— 4) n?—en; 
(n — 5b) n—b= (n — 5d)n—d = (n— 5e)n—e; 


(viii) 
Similarly, from (71) = mo = (ons) We obtain 
c= f=q. (ix) 
On writing 6 for both d and e, and c for both f and g, and substituting for 
the products 771, “o%2, +++. 5%", In the right-hand members of the equations 
(vii) the values of these products as given in (vi), we obtain 
b= (a — b)(a — B) + (y — — b) + — (x) 
Similarly, from = No = (noms) We obtain 
e= (8 —e)(B — y) + (8— ely —e) + — 4). (xi) 


It is worthy of notice that (xi) may be obtained from (x) by the substitu- 
tion This is a consequence of the substitution 
leaving the equation-group (vi) unchanged. 


The eight equations of (v), (viii), (ix), (x) and (xi) may be written under 
the form 
d= e, 
c= 
a+ y=n-—2%b—e, 
B+d=n—b —2, 
ay + BS =n? — (4n + 1)(b + + + The + 
5a*y* — ay [5 {n® — n (5b + 3c) + 7b? + The + 3c} — 6b — 4c] 
+ nt — (2b + c) —n* (400? 4+ 35bc + 10c? — 26—c) 
— + + 40be + — 11b* — 7be — 2c’) 
+ 5 (1104 + 17b% + 90%? + + 
— (1663 + 150% + + + 27 = 0. 


(xii) 
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The last of these equations may also be written under the form 


4pA* =(B + 5p) — 5D’ 
in which 
A= 25(6 + c)—2(p+1), 
B= 255(6 + c) + 5be +p 
D= 50ay —(p — 1)? +5 (p —1)(5b + 8c) — 25 (76* + The + 3c) + 10 (3b + 2c). 
Computing the values of the symmetric functions 27% ete., in 

terms of the coefficients a, @, y, 6, 5, c, the quintic whose roots are 7, 1, 72) %3) 14 
is found to be 
n> + — — {p(b + c) — 2n*| x’ 

+ [pin(6+c)— 3be — — 

+ (20! — ay)(2e?— BI) — (b+ 0)' + + be ( + 0)? 

— (8n+ =0. (xiv) 


If K denote the constant term of this equation 


5K = — c)ay — (2b + c) + n(2b + c)(3b + c) 
— (60° + 106’c + 8b? + ¢) +0} (xv) 


If (xiv) be transformed by substituting }(z— 1) for 7, it becomes 


— 10pe— 5p {25(b +c)—2(pt+1)} 2 
— 5p [25 + ce)? + 
+ 3125 {(2b? — ay)(2c? — Bd) — (b+ c)*} 
+ 125 $5 (b + + 2bc}(b+ c)(p—1) 
+ 125 (5be+ p){5 (6 5be — p(b+c)}+ 5p (p’-—p+1) +1=0. (xvi) 
Writing this equation 
— 10p2 — — 5p Bz — pC = 0 
it will be found that 
4(B + p) = A?—125 (b — co), 


— A (B— p)}*= 125 (b— 0)'{(B + 


To solve equation (xiv), let 
—1)/(@—1)=0, 
and = (Yo + y,o-™ + *™ + + y,0"), 


and Ym = No + 7,0" + + + 
m= 0, 1, 2, 3, 4 
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then will 
Y= — 1, 
= YY3 = Ps 
+ Yr + Yas + = pA, (xviii) 
YiY2 + t+ Yr + YYs = p (B+ p), | 
pe, 
YiYs + 5 (b—e) V5} =} px, | 
yi + = hp {A—5(b—c) =4pa, | (xix) 
YiYs — YiY2 = — 16p) = pu, 
— Yin = kp V (4 — 16p) = | 
Ys = p (x— (A— 
Ys= 47 
and An = (Yo + + + ys” + 9,8"). (xxi) 


In the Proceedings of the London Mathematical Society, vol. XII, p. 16, 
the late Professor Cayley has given tables of the values of the coefficients 
a, B, y, 6, b,c, d, e, f, g and of the coefficients of the quintic in y for all values 
of the prime p = 5n+ 1 up to p= 71, and on page 63 of vol. XVI of the Pro- 
ceedings he has given from Legendre’s ‘Théorie des Nombres,” 3° edition, t. II, 
p. 213, the quintic in 7 for p= 641.* See also Cayley’s Collected Mathematical 
Papers, vol. XI, p. 316, and vol. XII, p. 73. The following tables extend these 
values to p= 641. The values in table 1 are subject to the substitutions 


}(aByd)(bgdf)(ce) }™. 


* In Cayley’s Table 2, in the equation for p= 831, coefficient of 7?, for —2 read — 21, and in the 
equation for p = 61, coefficient of 7°, for —25 read —13. In the equation from Legendre, for + 5238 
read + 5328. 


36 
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TABLE I. 

VALUES OF 
| @ y b c d a Y b c 

11 1 1 0 281 14 10 9 14 
0 0 1 1 8 9 11 14 
81 1 0 2 1 2 811 10 17 12 11 
2 2 0 1 i 14 12 14 at 
41 2 2 1 1 331 14 9 14 15 
1 0 2 10 14 12 15 
61 é 2 3 401 15 18 16 15 
0 2 4 3 22 16 12 15 


71 2 4 3 2 3 421 19 18 14 19 


101 3 6 4 3 4 431 20 14 16 20 


131 5 4 6 5 6 461 16 18 21 16 


151 8 6 4 8 4 491 18 21 20 19 


181 8 6 7 8 7 521 24 18 19 24 


9 8 9 541 18 28 21 20 


211 6 8 11 6 11 571 24 26 20 24 
9 11 10 6 6 18 20 28 24 


241 | 12 8 8 12 8 601 23 30 22 23 


251 8 10 12 8 12 631 26 30 23 24 
14 12 8 8 8 25 23 30 24 


271 | 10 9 12 11 12 641 28 24 24 28 
6 12 14 11 11 18 24 80 28 


d 
g 
9 
14 
12 
11 
14 
15 
16 
14 

| 6 4 4 3 | 12 16 18 20 20 
21 
2 6 8 5 5 24 15 16 16 
20 
6 4 4 8 |e 20 14 19 19 
19 
3 10 8 Z| 15 19 22 24 24 
191 | 8 4 21 
8 9 5 8 28 21 24 20 20 
20 
29 
6 8 10 12 a 22 28 28 23 

28 
24 
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TABLE II. 
COEFFICIENTS OF THE QUINTIC EQUATIONS. 
Bi 1 1 — 4 — 8 + 38 + 1 
31 | 1 1 — 12 — 21 + 1 + 5 
41 1 1 — 16 + 5 + 21 — 9 
61 1 1 — 24 — 17 + 41 — 13 ‘ 
71 I 1 — 28 + 37 + 25 — 1 
101 1 1 — 40 + 93 -- 21 — 17 
131 1 1 — 52 — 89 + 109 + 193 
151 1 1 — 60 — 12 + 784 + 128 
181 1 1 — 72 — 123 + 228 — 49 
191 i 1 — 76 — 359 — 437 — 155 
211 1 1 — 84 — 59 + 1661 + 269 
241 1 1 — 96 — 212 + 1232 + 512 
251 1 1 — 100 — 20 + 1504 + 1024 
271 1 1 — 108 — 401 — 18 + 845 
281 1 1 — 112 — 191 + 2257 + 967 
311 1 1 — 124 + 535 — 413 — 539 
831 1 1 — 1382 — 887 — 1843 — 1027 
401 1 1 — 160 + 3869 + 879 — 29 
421 1 1 — 168 + 219 + 3853 — 8517 
431 1 1 — 172 — 724 + 1824 + 1728 
461 1 1 — 184 — 129 + 4551 + 5419 
491 1 1 — 196 + 59 + 2019 + 1377 
521 1 1 — 208 — 771 + 4143 + 2083 
541 d 1 — 216 + 1147 — 805 — 2629 
571 1 J — 228 + 868 + 3056 — 7552 
601 1 i — 240 + 1755 — 3731 + 2399 
631 1 1 — 252 -+ 2095 — 5785 + 5069 
641 1 1 — 256 — 564 + 5828 — 5120 
a 5b 10¢ 10d 5e f 


af — 3be + 2cd =0 mod. p, 
ae —4bd + 8c? =0 
bf — 4ce + 38d’? =0 


On the m-Fold Section of the Cyclotomic Equation in 
the Case of m Prime. 


By J. C. GLasHAN, Ottawa, Canada. 


Let m be any odd prime number, p a prime = mn-+1, ¢ a primitive 


root of p, 
(i) 
h=0, 1, 2,....,m—1 
then will 
1 +m + 13 + + = (iii) 
Let 
= ,, No Cr, M1 er, No &, m—Mm—1 (iv) 


On making y¥=1 in (ii) and (iv), which may be done, 7 being >0 and 
therefore (iii) not occurring in the reduction of to the form e,, 
we obtain 


Cro t+ G3 m1 = (v) 
Writing m —r for r in (iv), it becomes 


= Cnm—r, —r, 171 + Cn —r, e=—r"c—r 
+ €n—r, m+g—rim+g- r -+- €m—r, m—1%m—1 (vi) 
ef{r, g<r 


But p being prime, y”,...., are prime roots of y7—1=0, 
and therefore the equations of form (iv) are all subject to the substitutions 
Operating on (iv) with %m—1)"~", it becomes 


NoNm—r — é,, + é,, r+1%1 + r+2%2 + + ¢,, eNc—r 
+- é,, gim+g—r + + r—1%m—1° (vii) 


: 
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Comparing equations (vi) and (vii) we obtain 


Cm—r,mte—r &, ¢ if } (viii) 
Me, 
From equations (iii) and (iv), we easily obtain 
= — &, ¢ + (6, &, + — &, 
NoNe = — r + (€,0 — &, r) No + (€.,1 — 


Cy, Ne + (e,. Cy, NoNe + (e,, é,., NiNe + 


Making y = 1 in this equation, which may be done provided neither nor c is 


zero, we obtain 
(ix) 
If, now, we write 


No = (€,0 — 1) + (€,1— 2) m + (€0, m—1— Nm —1 » 
Cm +h and = On 


equations (v), (viii) and (ix) become 


= Cc, c—r = — m—e — “m—e, (x) 
r= 0, 1, 2, 3, ccee, 


Returning to equations (iii) and (iv), 


Cr, + &, a NoNe +r 1 — &, ¢ + 
= No Cco—r, m—rN0 + —r, Non + 


Substituting for the products 7, ++++s their linear 
values as given in equation (iv)(7 +++ +» %m—1)", we obtain 


(e,, 0 — &, 0 + (é,, 1 — &, m—1 + (é,, m—2 + 
— (€,—1, (€,—2, &, a) €2, 0 (€,_3, e—3— &y, ot (xi) 
in whiche >7r>0. 
It may now be seen that if m > 3 and the equations ¢,,=e¢,,—=.... of 
(x) be considered to be identities and therefore be not counted as equations 


=z 
= 
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proper, the number of e-coefficients will be §(m-+ 1)(m-+ 2), the number of 
independent linear equations connecting these will be $(m +1), and the number 
of independent quadratic equations connecting them will be ¢(m— 1)(m— 2). 
The coefficient ¢ , occurs only in the equation 


€o,0 + &,1 + 2+ + 


Omitting this equation and the coefficient e, 4, there will remain } (m—1)(m +4) 
distinct e-coefficients connected by 4(m— 1) linear and ¢(m— 1)(m— 2) quad- 
ratic equations. These e¢-coefficients may most conveniently be considered as 
forming a rectangular array of elements in m — 1 rows and m columns such that 


Cr, = m—r = Om—c, 


€c, ro Cm —r, 


the rows numbering 1, 2, 3,...., m—1, the columns numbering 
0,1, 2,38,...., m—1. In the following examples, this arrangement is 
adopted, but the letters a, b, c, d with single subscript indices are used for con- 
venience instead of the single letter e with double subscript indices. 


EXAMPLES. 
\(n0) =(4 No ) 
Ne b 
Ne | 
No. ofrow, (0) 2 
Subscript of . : — 11 
{(@42)(01) 
a, + a,+ 


by + (a, — — ay) + (@ — — a) = 0. 


One linear and one quadratic equation. 

(Legendre, ‘‘Hssai sur la Théorie des Nombres,’ 2° edition, §480; or, 
“Théorie des Nombres,” 3° edition, §518. Cayley, Collected Mathematical 
Papers, vol. XI, pp. 86-89, or Proceedings of the London Mathematical Society, 


vol. XI (1880), pp. 7-9.] 
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m= 5. 
(711 )(mo) = (a, a b 
ad, as b, b, | | 
13 a, b by a, | ‘Ne 
| 
No. of row, - (0) 3 14 2 
Subscript of 6, . ‘ >| 


S= { 
(a, + a, + 2b, + =n, 
1b, + (a, — — + (a, — — ag) + — 5,)(b, —a,)} S* = 0. 


Two linear and two quadratic equations. 

(Legendre, “Théorie des Nombres,” 3° edition, §§523-527. Cayley, Col- 
lected Mathematical Papers, vol. XI, pp. 314 and 315, and vol. XII, pp. 72 and 
73; or Proceedings of the London Mathematical Society, vol. XII (1881), pp. 
15 and 16, and vol. XVI (1885), pp. 61-63. Carey (F. 8.), Trinity Fellowship 
Dissertation, 1884. The present writer has not seen Mr. Carey’s Dissertation 
itself, but the results arrived at by Mr. Carey were quoted by Professor Cayley 
in his paper of 1885.] 


N2 dz, ds b& b Mm 
ns Az; Cy, ay bs b, 
a, bs b, b; as & | | 13) - 
ds; 6b, b G a, b | N4 
| 
No. of row, &t& 9 
Subscript of 6, . s 
No. of row, (02) 5 8 16 4 2 


Subscript ofc, . 
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(aq, + a,+ 26,+¢,+6,+4+ ¢) S*=n, 
15, + (a, — — + (a4 — — ae) + (4 — — 
“+ (bz — b,)(b, — ds) + (C2 — — ag) S*=0, 
+ (a, — &) a3 + (45 — ©) + (0; — & + (63 — — 1) 
+ (5; — bs — (ag — — (6; — G) — (a; — ¢) as 
— (Cy — ay — (b, — a5 — — %) S* =O. 


Three linear and five (= 3 + 2) quadratic equations. 


TABLE I. 


71 10 CUR 2 2 2 0 1 1 2 


m=—11. 

(m )(m)=( a ay by Ce Cy & \( 0 ) 
| dz, ay Cy by Cy Cy Ce b G | 
"3 | Az C Cy Gye Cy Ce by Cy | 
N4 | Cy Oy Ca G O& Ge | 
Ns | GC & & & & O& 
ny | Cy Cy by by Ce | | 
"8 ds Cg by by Cy Cy Gg Cy} 
Ng Ay Cy Cp Cy Cy Cy Ce | | 
N10 | Ay OF bs Cy Cy 

N10 


p | No % 15 
| 
29 4 Noy @ 0 1 1 
| 22444 4 
10% 0 0 1 2 0 1 0 
| 
N0%2 0 1 0 2 1 1 x 
1973 0 1 2 2 0 1 0 
1012 1 2 0 1 3 3 0 
| No" 2 0 1 2 1 3 1 
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No. of row, Meet & 
Subscript of 5, . 61423 3 2 «4 «21 
Subscript ofc, . 


(Qy + + 2b, + + + + + 
+ (a, — by) (az — + (419 — — az) + — — 4s) 


+ b,)(, as) + b;) — a) + (4; 


+ (¢; — — as) + — — As) 
+ — b,)(b, — S* = 0, 
+ — a3 + — + (0; — Cy) Cy + 
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+ S*=n, 


— b;)(¢, — ay) 


ane 
— (a, — a — — &%) — — ag — SOHO. 
Five linear and fifteen (= 5 + 10) quadratic equations. 
TABLE II. 

p | n No Ny Ng N4 V5 Ns Ny 10 
© @& 1 0 1 0 oO 
Nos 0 0 0 0 1 1 0 0 0 0 0 

67 | 6 Nol & wa 
| 1 & ova 
89 8 | 6%; 0 2 1 1 1 0 0 2 0 0 1 


37 


= 
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m= 15. 
Ne Gy Cie Cs Co Ge Cy BF G | 
| %3 Cy Mo Ay Ce bs Cy cy bs Cs dy |r 
| dy by dy dy % Oy by 
| d, 6, ds Cy ¢3 dy, be ag Cy bs Gy | 
| Ne ae &© & & & & & G Gi 
| 710 dy Cy 6, Cy a, G | ny 
| Ni2 


No. of row, , . &) F142 2 9 38 10 4 11 5 12 | 
Subscript of b, . - — 6 15 2 43 34 2 «6 


No. of row, 

6 2 7 12 8 4 
Subscript of c, 

No.ofrow, . . (0) 10 7 4 1 11 8 5 2 12 9 6 | 
Subscript of d, . - — 43 4 1 3 3 2 2 4 1 2 


+ + 2b, + dy + + + + Cy) 
+ (a, — — ay) + — — + (61 — — 4s) 
+ (d, — b,)(b,— a) + ----| S*=0, 
(ay — As + — + (01 — %) Gra + — 1) + 
+ (a, — dy) ag + (Gy — d,) + — d) bg + — dy... 


— (a3 — dy) — (4 — — (C2 — — (Go — — 


Six linear and twenty-two (= 6 + 12 + 4) quadratic equations. 
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Memoir on the Substitution-Groups whose Degree does 
not Exceed Hight. 


By G. A. MILLER. 


Part I. 


On the Construction of all the Substitution-groups of a Small Degree. 


From the time that Galois demonstrated that the theory of equations is 
based upon the theory of substitution-groups it has been observed that the 
determination of all the possible substitution-groups of a given degree is a 
problem of fundamental importance in algebra.* Although this problem has 
been studied by a large number of mathematicians, yet little progress has been 
made towards its complete solution. It is well known that all the groups of a 
given degree may be found by tentative methods, but for large degrees the 
number of trials that may be necessary becomes extremely large. 

During recent years a large number of substitution-groups, which were 
usually found by tentative processes, have been published. All the possible 
groups whose degree is less than eleven have been determined, and the transitive 
groups, especially the primitive ones, have been determined for considerably 
larger degrees.{ In what follows we shall aim to give enough of the general 
theory of group construction to find all the possible groups whose degree does 
not exceed eight without any tentative processes. | 

In the earliest work that devotes considerable attention to substitution- 
groups, Teoria generale delle equazioni, in cui si dimostra impossibile la soluzion 
algebraica delle equazioni generalt di grado superiore al quarto, di Paolo Ruffini, 


* Cf. Serret, ‘‘ Algébre supérieure ”’ (1866), p. 256. 

T Jordan, Comptes rendus, vol. LXXV, 1872, p. 175-7. Miller, American Journal, vol. XX, 1898, 
p. 229. 

J A review of the group theory that is contained in this work is given by Burkhardt, Schlémlich 
Zeitschrift, 1892, supplement, p. 159. 
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Bologna, 1799, we find that these groups are divided into two classes, viz. the 
transitive and the intransitive groups. The former of these classes is subdivided 
into the primitive and the imprimitive groups. These divisions have been 
adopted by all subsequent writers, and they will be employed in what follows. 

When one of two substitution-groups can be transformed into the other, 
each of the two groups is called the transform of the other. In the enumeration 
of the possible substitution-groups, all of these transform groups are considered 
to be identical. Two substitution-groups are distinct or different when it is 
impossible to transform the one into the other.* Two or more different substi- 
tution-groups may represent the same abstract group. 

It may happen that the substitutions of a group are completely determined 
by those of asubgroup. KE. g. the substitutions of the non-cyclical regular group 
of order 6 are completely determined by those of its subgroup of order 3, 
while those of the regular cyclical group of this order are not fully determined 
by this subgroup, since there are six substitutions of degree and order 6 whose 
squares are contained in the given subgroup of order 3. 

If the substitutions of a transitive group, which is known as an abstract 
group and whose order is composite, are completely determined by those of each 
one of its subgroups besides identity, the group must be regular and contain no 
substitution whose order is less than the order of the group divided by 2. Hence 
there are only two such groups, viz. the two regular groups of order 4. It is 
evident that the substitutions of an intransitive group are never completely 
determined by those of each one of its subgroups. 

As an illustration of the importance of knowing whether all the substitutions 
of a group are completely determined by those of a given one of its subgroups, 
we may prove that there are no more than one group of degree eight and order 
1344. Such a group must contain the doubly transitive simple group of degree 
seven and order 1344+8 = 168, and hence it must be triply transitive. It must, 
therefore, contain an intransitive subgroup of order 48 whose transitive con- 
stituents are of degrees two, six and whose transitive subgroup of order 
24 and degree six is positive.+ The substitutions of this subgroup of order 
24 determine all the substitutions of the transitive group of order 48 and 
degree six, since they do not form a self-conjugate subgroup of a larger group of 


*Cf. Burnside, Messenger of Mathematics, vol. XX VIII (1898), p. 103. 
t Miller, Bulletin of the American Mathematical Society, vol. IV, 1898, p. 140. 
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this degree ;* each of these groups of order 1344 must, therefore, contain substi- 
tutions of degree eight which are fully determined by the substitutions of the 
given subgroup of degree seven and hence there cannot be more than one such 
group. 

§1.—Intransitive Groups. 


An intransitive group contains two or more transitive constituents. Since 
the degree of each of these constituents is less than the degree of the group, we may 
suppose that the transitive constituent groups of the required intransitive groups 
are known. The first problem which we shall consider may be stated as follows : 
To determine all the possible substitution-groups that may be formed by combin- 
ing intransitively a given system of transitive groups, two groups being consid- 
ered as identical whenever one can be transformed into the other by means of 
some substitution.} 

If an intransitive group contains more than two transitive constituents, any 
number of these constituents form a group which has an 1, a isomorphism to the 
entire group and an «, a; isomorphism to the group formed by the remaining 
constituent or constituents. All such intransitive groups may therefore be con- 
structed by establishing isomorphisms between the intransitive groups that 
contain all except one of the constituents of the required groups and the transi- 
tive group which is the remaining constituent For instance, to find all the 
possible intransitive groups of degree ten whose constituents are of degrees 
four, three, three, we have only to consider the isomorphisms between the intransi- 
tive groups of degree seven that involve transitive constituents of degrees four, 
three and the transitive groups of degree three. We can also obtain all these 
groups by considering all the possible isomorphisms between the intransitive 
groups of degree six that involve two transitive constituents of degree three and 
the transitive groups of degree four. 

The form in which a group can be represented as an intransitive substitu- 
tion-group depends upon its abstract group properties. It must contain at least 
one transitive constituent whose order is equal to the order of the entire group 
unless it contains two or more self-conjugate subgroups (differing from identity) 


* When a self-conjugate subgroup of a group of degree n is not contained in any larger group of 
this degree as a self-conjugate subgroup, its substitutions must determine all the substitutions of the 
group, but the converse is not always true. 

+ Cf. Bolza, American Journal of Mathematics, vol. XI, 1889, pp. 195-214. 
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which have only identity in common. If it contains two such self-conjugate sub- 
groups, it can always be represented as an intransitive group which involves no 
transitive constituent whose order is equal to the order of the group. As such 
transitive constituents we may use the quotient groups (represented as substitu- 
tion-groups) with respect to any two of the given self-conjugate subgroups. Since 
these remarks apply to the constituent groups as well as to the entire intransitive 
group, it follows that the form in which a group is represented as an intransitive 
substitution-group frequently throws light on the properties of the group. 

Let Gi) and Gf? represent two substitution-groups of degrees m, and m,, and 
of orders g, and g, respectively, and suppose that none of the m, letters in the 
first of these two groups is found in the second. If we multiply each of the sub- 
stitutions of one of these groups by all of the substitutions of the other, we 
obtain an intransitive group of degree m, + m,=~n and of order g,g.= 9. This 
group Gf is said to be the direct product* of Gf and Gm. It is evident that 
any abstract group which is the direct product of two groups may be repre- 
sented as an intransitive substitution-group in which these subgroups are transi- 
tive and do not contain a common element. 

The groups Gj: and G™ are self-conjugate subgroups of G? and they contain 
no common substitution besides identity. If both of these subgroups are simple 
and if g, + gy or if at least one of the subgroups is non-Abelian, Gj does not con- 
tain any other self-conjugate subgroup besides identity. In general, if k, and k, 
represent the numbers of the self-conjugate subgroups of Gj: and G'j? respectively, 
then will contain just (&, + 1)(%, + 1)—1 self-conjugate subgroups that are 
the direct products of a group contained in each of the given constituents. In 
this enumeration identity is considered a self-conjugate subgroup, but the entire 
group is not included in this term. Other self-conjugate subgroups of G7 can exist 
only when a quotient group of one of the given transitive constituents, or one of 
its subgroups, is simply isomorphic to a quotient group of the other or one of its 


‘ subgroups, and when all the operators of each constituent are commutative to 


each of the operators of this quotient group. It is evident that these conditions 
are sufficient as well as necessary. Somewhat similar remarks apply to all the 
possible subgroups of G.+ We shall incidentally consider some of these sub- 
groups in what follows. 


* Cf. Hélder, Mathematische Annalen, vol. XLIII, p. 330. 
T Cf. Klein-Fricke, Modulfunktionen, vol. I, 1890, p. 403. 
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Since each of the substitutions of one of the two subgroups Gi, Gj? is 
commutative to every substitution of the other, the order of any substitution of 
Gi is the lowest common multiple of the orders of its constituents that belong 
to these subgroups. In particular, it follows that the necessary and sufficient 
condition that G? is cyclical is that g,, g, are prime to each other, and that the 
given subgroups of these orders are cyclical. Gis evidently Abelian when the 
two given subgroups have this property. These remarks clearly apply also to 
the case when Gj and Gj represent the same group written in different sets of 
letters. In this case G1 is said to be the square of one of these subgroups. 

The intransitive group of order g,g, which we have just considered can always 
be constructed regardless of the particular groups which Gi and G™ may repre- 
sent. Other intransitive groups having these constituents can be constructed only 
when certain conditions are satisfied, and when they are possible they must be 
subgroups of G. We proceed to consider the necessary conditions. 

Suppose that G%, is any intransitive group with the constituents Gj and 
Gi=. All the substitutions of Gj which correspond to a self-conjugate subgroup 
of Gi must form a self-conjugate subgroup of Gj. In particular, the substitu- 
tions of one of the transitive constituents which correspond to identity in the 
other transitive constituent must form a self-conjugate subgroup. It is also 
evident that the number of the substitutions in one of these constituents which 
correspond to identity in the other constituent is equal to the number that cor- 
respond to any other substitution in the second constituent. Hence we see that 
if H, is the self-conjugate subgroup of Gf that corresponds to identity in Gf and 
if H, is the self-conjugate subgroup of Gj? that corresponds to identity in GM, 
then must the quotient group of Gj with respect to H, be simply isomorphic to 
the quotient group of G7» with respect to H,and m must equal hg. =heg,, h, 
and A, being the orders of H, and H, respectively. 

The construction of the intransitive groups which contain two given constitu- 
ents is thus reduced to two cases, viz.: 1), forming the direct product of the substi- 
tutions of the constituents, and 2), forming all the possible simple isomorphisms 
between the constituent groups and their quotient groups, which lead to substi- 
tution-groups that cannot be transformed into each other. The former of these 
cases is very simple and requires no further attention, while the latter is gene- 
rally much more complex whenever such groups are possible. 

We have observed that a necessary condition to construct an intransitive 
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group besides Gj with the given constituents is that their quotient groups with 
respect to H, and H, (where //, or H, or both of them may be identity) are the 
same abstract group. This condition is evidently sufficient as well as necessary 
for the construction of G%,, where m is a factor of g and less than g. When the 
order of the given quotient group exceeds 2, it has more than one simple 
isomorphism to itself. In this case it is necessary to consider the intransitive 
groups which correspond to all the possible simple isomorphisms of the given 
quotient group to itself. Since all the cogredient isomorphisms lead to the same 
group, the total number of these intransitive substitution-groups cannot exceed 
the quotient of the total number of the simple isomorphisms of the quotient 
group to itself divided by the number of the cogredient ones. 

If the given quotient group is cyclical, there is clearly only one group with 
respect to the given self-conjugate subgroups. If this quotient group is complete,” 
it admits only cogredient simple isomorphisms to itself, and hence there cannot 
be more than one group for /H/, and H,. When either H, or H, is identity and 
the corresponding constituent group is regular, there cannot be more than one 
group, since every simple isomorphism of a regular group to itself can be 
obtained by transforming the group by certain operators.} 

In general, we may obtain all the possible intransitive groups with respect 
to the self-conjugate subgroups H, and H, in the following manner: First deter- 
mine the group of isomorphisms of the given quotient group and find the opera- 
tors of this group of isomorphisms that correspond to all the possible conjugates 
of a given intransitive group. If these do not include all the operators of the 
group of isomorphisms, form an isomorphism that corresponds to another opera- 
tor of this group. We thus obtain a second intransitive group, and all the con- 
jugates of this group correspond to operators of the group of isomorphisms which 
are distinct from those that correspond to the first intransitive group. If this 
does not exhaust all the operators of the group of isomorphisms of the given 
quotient group, we may form a third intransitive group, etc. We continue this 
process until all the operators of the group of isomorphisms are exhausted. 

When the two transitive constituents are conjugate, the set of operators of 
the group of isomorphisms which corresponds to the conjugates of any intran- 
sitive group must include all the inverse operators of the set, since the inverse of 


* Holder, Mathematische Annalen, vol. XLVI, 1895, p. 325. 
t Cf. Netto, ‘‘ Theory of Substitutions,’’ 1892, p. 110. 
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such an operator simply indicates an interchange of the constituents. Hence 
the number of the intransitive groups that can be formed by making two conju- 
gate groups isomorphic cannot equal the order of the group of isomorphisms of 
the corresponding quotient group unless this group of isomorphisms includes no 
operator whose order exceeds two. For instance, there cannot be more than five 
such groups when the given group of isomorphisms is the symmetric group of 
degree three. This number is reached when all the possible 2, 2 isomorphisms are 
established between (abcd), and (efgh),.* 


Intransitive groups containing only transitive constituents of degree two. 


The method which has been explained may be employed to construct all the 
possible intransitive groups of any given degree. In some cases it is desirable 
to employ other methods, To illustrate one of these, we shall employ it to find 
all the possible intransitive groups of degree eight that contain four systems of 
intransitivity. The average number of elements in all the substitutions of such a 
group is 8 —4= 4+ and the positive substitutions must be of the form ab. cd, or 
ab.cd.ef.gh, while the negative substitutions must have one of the two follow- 
ing forms: ab, ab.cd.ef. 

There is evidently only one such group of order 2, which may be represented 
by (ab.cd.ef.gh). The average number of letters in the three substitutions, 
differing from identity, of a group of order 4 must be 16+-3=54. If all of these 
are positive, two of them must be of degree four and one of degree eight. Since the 
two of degree four must generate the entire group, they cannot contain any common 
element. Hence there is only one positive group of order 4 that contains the 
given systems of intransitivity. Ifa group of order 4 contains two negative sub- 
stitutions it must also contain a positive substitution that is not identity. Ifthe 
degree of this positive substitution is 4, the two negative substitutions must 
involve 12 letters. Hence each of these negative substitutions must be of degree 
six and have two elements in common with the given positive substitution. There 
is, therefore, only one such group of order 4. 

If the degree of the positive substitution is eight, the two negative substitutions 
must include eight elements. As one of them must be asingle transposition, and 


* Cf. Bulletin of the New York Mathematical Society, vol. III (1894), p. 168. 
t Frobenius, Crelle, vol. CI, p. 287; cf. Miller, Bulletin of the American Mathematical Society, vol. 
II, 1895, p. 75. 
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the given positive substitution is symmetric in regard to all the transpositions, 
there is only one group of this kind. We have now considered all the possible 
cases, and have found that there are three groups of degree eight and order 4 that 
contain four systems of intransitivity. Two of these include negative substi- 
tutions. 

There is clearly only one group of order 16 that contains the given systems 
of intransitivity, and all the groups of degree eight that contain four systems of 
intransitivity must be contained in this group of order 16. Since this group 
contains negative substitutions, there can be only one positive group of order 8 
that involves the given systems. Ifa group of order 8 contains four negative sub- 
stitutions, its positive subgroup of order 4 must be either of degree six or of 
degree eight. In the former case the negative substitutions must include 
32—12= 20 elements, and in the latter case they must include 32— 16 = 16 
elements. Hence at least one of them must be a single transposition. 

When the positive subgroup of order 4 is of degree six, this transposition 
must involve the other two elements, and there is only one possible group. In 
case this subgroup is the given positive group of degree eight and order 4, the trans- 
position must be included in one of the substitutions of degree four. As these two 
substitutions can be transformed into each other, and such a transforming substi- 
tution must transform the given subgroup of order 4 into itself, there is only 
one group in this case. Hence there are 3 groups of order 8. 

We have now considered all the possible groups of degree eight that involve 
4 systems of intransitivity and found that there is one group of each of the orders 
2 and 16, and that there are three groups of each of the orders 4 and 8. The 
total number of the possible substitution groups of degrees six and four that contain 
three and two systems of intransitivity respectively, may be found by similar 
but briefer considerations. This method can evidently also be employed in 
regard to the groups of larger degrees. 

It may be observed that for small degrees the numbers of the groups 
involving only systems of intransitivity of degree two follow the law of the coeffi- 
cients of the binomial expansion; i. e., 
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ORDERS. 
DEGREE: |" 4 8 16 32 
4/1 1 
6 1 2 1 
8 1 3 3 1 
10 1 4 6 4 1 


This rule does not apply to the groups of a higher degree, since there are six 
such groups of degree twelve and order 4.* 


§2.—Imprimitive Groups. 


The substitutions of an imprimitive group must permute all its possible 
systems of imprimitivity according to a transitive substitution group. Hence 
each system must contain the same number of elements; i. e., it is impossible to 
construct an imprimitive group of a prime degree. If the transitive group, 
according to which the systems of imprimitivity are permuted, is itself imprimi- 
tive, it is possible to combine these systems until we obtain systems which are 
permuted according to a primitive group.t Hence every imprimitive group 
must have an a, 1 isomorphism to some primitive group which corresponds to 
the permutations of one set of its systems of imprimitivity when its substitutions 
are transformed by every substitution of the group. 

The subgroup of order a which corresponds to identity in the given primi- 
tive group must be self-conjugate. If its order exceeds unity, it must be intran- 
sitive, and its systems of intransitivity are also systems of imprimitivity of the 
given group. It should, however, be observed that the latter systems of imprimi- 
tivity are not necessarily permuted, by all the substitutions of the group, accord- 
ing to the given isomorphic primitive group. In case the systems are permuted 
according to an imprimitive group, they may always be united into larger 


* Philosophical Magazine, vol. XLI, 1896, p. 435. 
t Jordan, ‘‘ Traité des Substitutions,’’ 1870, p. 399. 
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systems which are permuted according to the given isomorphic primitive group.* 
If, however, this primitive group is regular, the systems of intransitivity of the 
given subgroup of order a must coincide with the former systems of imprimi- 
tivity, since all the systems of intransitivity of the given subgroup must be per- 
muted transitively by all the substitutions of the given imprimitive group. 

Every group of a finite order may be represented as a regular substitution 
group, and every regular group of composite order is imprimitive.t| Hence 
every group of a finite order, with the exception of the trivial case where the 
order is a prime number, may be represented as an imprimitive substitution- 
group whose degree is equal to its order. This representation is unique; i. e., 
there is one and only one regular substitution-group which is simply isomorphic 
to any given group of a finite order. Some groups can also be represented as 
non-regular, imprimitive groups. The properties of these groups will be con- 
sidered Jater. 

It is convenient to have a special name for the subgroup of order a which 
contains all the substitutions of the group that do not permute any of the sys- 
tems of imprimitivity. It has been called the base or the head of the group. We 
shall generally use the latter term. All the substitutions of an imprimitive 
group that are not contained in the head are said to form the ¢ail of the group. 
We have already observed that each of the transitive constituents of the head 
must be of the same degree. Since all of them are transformed transitively by 
the substitutions of the imprimitive group, they must be similar to each other. 

It is well known that every non-Abelian regular group is conjugate to a 
group containing the same letters whose substitutions are commutative to every 
substitution of the regular group. Each substitution of one of these groups 
determines systems of imprimitivity of the other group. The systems of imprimi- 
tivity obtained in this way do not necessarily include all the possible systems. 
When a regular group of composite order is Abelian, its own substitutions deter- 
mine different systems of imprimitivity. Hence it follows that the elements of 
a group can sometimes be arranged into systems of imprimitivity in a large 
number of ways. 

1.—The Head of an Imprimitive Group. 


It is sometimes impossible to find any systems of imprimitivity of a given 
imprimitive group, which are not permuted among themselves by every substitu- 


* Cf. Miller, Quarterly Journal of Mathematics, vol. X XIX, p. 235, 
t Jordan, ‘‘ Traité des Substitutions,’’ 1870, p. 60. 


whose degree does not Hxuceed Hight. 297 


tion of the group, that differs from unity. Such imprimitive groups occur for 
degrees twelve and fourteen and for higher degrees, but not for any lower degrees. 
In these cases we say that the only possible head of the group is identity. In what 
follows we shall consider the heads whose orders exceed unity. We have 
already observed that the transitive constituents of these heads are similar 
groups, 1. e. the heads are obtained by establishing some isomorphism between 
a transitive group written in two or more different sets of elements. It remains 
only to inquire into the nature of this isomorphism. 

The simplest possible cases are those in which we merely form the product 
of the groups obtained by writing a given transitive group in different sets of 
letters or establish a simple isomorphism between the corresponding substitu- 
tions of these groups. ‘These two heads are always possible, regardless of the 
number of systems of imprimitivity. Other heads containing a given transitive 
constituent can be constructed only when this transitive constituent satisfies 
certain conditions. 

If a transitive constituent of a head is compound, it is easy to form other 
heads by merely multiplying the divisions with respect to the same self-conju- 
gate subgroup in the different sets of letters. The heads thus obtained are all 
symmetrical with respect to the transitive constituents. When the primitive 
group, according to which the systems of imprimitivity are permuted, is not 
symmetrical, it is simply necessary that the head allows the permutations indi- 
cated by this primitive group. It is thus frequently possible to construct 
imprimitive groups whose heads do not permit the symmetric permutation of 
its systems of intransitivity.* 


2.—Groups containing Two Systems of Imprimitivity. 


One-half of the substitutions of such a group must transform each of these 
systems into itself. These must form an intransitive group which differs from 
unity, since the degree of an imprimitive group cannot be less than four. Let G} 
be a transitive constituent of the head. We shall first suppose that g=n! and 
that the head is the product of its constituents. By adding to this head a substi- 
tution of order 2 that merely interchanges the corresponding elements of 
its constituents we obtain an imprimitive group of order 2(n!)* This group 
evidently includes all the imprimitive groups of degree 2n that contain two sys- 


* Cf. Miller, Quarterly Journal of Mathematics, 1896, vol. XXVIII, p. 197. 
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tems of imprimitivity, and it includes no other transitive group of this degree. 
Hence each of the substitutions that is contained in the tail of one of these 
imprimitive groups is of degree 2n, and it involves only negative cycles. It 
must clearly satisfy the following three conditions: (a), interchange the systems 
of intransitivity of the head; (@), transform the head into itself; (y), its square 
must be contained in the head. These conditions are sufficient as well as neces- 
sary. The factors of composition of these imprimitive groups are clearly 
obtained by adding 2 to the factors of composition of the head. 

We proceed to establish theorems which are useful in constructing the 
imprimitive groups that involve only two systems of imprimitivity. Several of 
these theorems are included in the more general theorems of the following sec- 
tions, and are given here for the purpose of leading up to them. We shall 
represent the n elements of the two systems by and 
Qj, Aj, 44,-..., a, respectively, and we shall use s,, s, to represent the same 
substitution in the two systems, the elements of s, belonging to the first system 
and those of s) to the second. Similarly we shall employ G, G’ respectively to 
represent the same group in the two systems. The substitution of order 2 
which merely permutes the corresponding elements of the two systems 
we shall represent by ¢. Hence we have t=ajaj.a.a}.a,a3 .... a,Q), 

Theorem I. Jf one of two transitive constituents of the head of an imprimitive 
group is G, and if H is the largest group involving the same elements as G that 
transforms G into itself, this imprimitive group ts included in the imprimitive group 
generated by H, H’, t. 

We may choose the two transitive constituents of the head in such a way 
that ¢ transforms one into the other. Since the remaining generator of the 
imprimitive group in question must also have this property, the factor which 
must be multiplied into ¢ to obtain this generator, must transform each of the 
given constituents of the head into itself. Hence this factor must be contained 
in the product of H and H’. 

Theorem II. The squares of the substitutions of the tail of the smaller imprimi- 
tive group of the preceding theorems are transforms, with the respect to substitutions 
of H, of the substitutions obtained by making H simply isomorphic to H' in such a 
way thas t is commutative to every substitution of this group. When H coincides 
with G, all these transforms ure squares of substitutions in the tail of the group gen- 
erated by H, H',t. 
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We may represent any substitution of the tail of the given group by s,8)¢, 
where s,, s, belong to H, H’ respectively according to the preceding theorem. 
Hence 


Since 848,535, is in the given simple isomorphisms of H to H' and s, belongs to 
Hi, the first part of the theorem is proved. It remains to show that the squares 
of the substitutions in the tail of H, H’,¢ give all the transforms with respect to 
substitutions of 1 of the substitutions of the group obtained by making A simply 
isomorphic to H' in such a way that identical substitutions correspond whenever 
Hand G are identical. In other words, that it is possible to choose s,, s, in 
such a manner as to satisfy the equation s,5,5,8, = s;'s,s;s,, where s, and s, are 
any given substitutions of H. If we let s,=s,'s, ands,=s,, this equation is 
satisfied and the proof is complete. 

Theorem III. Jf G ts any transitive group, there is always one and only one 
imprimitive group whose head is the direct product of G and G’. 

Let s,5,¢ be any substitution that may be added to this head to generate an 
imprimitive group. Since the square of this substitution must be found in the 
head, we have (s,5,t)” = s,5,8,5, = some substitution of the head. Hence either, 
both or neither of the substitutions s,, s, belong to G. In the former case we 
evidently have an imprimitive group; in the latter case it is necessary that s,, s, 
correspond to the inverse operators of the quotient group of H with respect to 
G, H being the largest group (involving the same elements as @) that trans- 
forms G into itself. Hence s,= s,'s where s is some substitution of G. 

If we transform ¢ by the inverse of s, we obtain s,ts;'=s,ts7 tt = s,s/—'t. Since 
s, transforms the given head into itself, we observe that the groups obtained in 
the second case of the preceding paragraph are conjugate to that of the first case. 
From this it follows that all the groups imprimitive that contain the given head 
are conjugate. 

Theorem IV. /f G has a self-conjugate subgroup which 1s also a self-conjugate 
subgroup of H, and if no two of the m divisions of H with respect to this self-conju- 
gate subgroup are similar, then there are g* k=l imprimitwe groups having for a 
common head the group obtained by the simplest k, k tsomorphism between G and G’, 
where g and k are the order of G and the given self-onjugate subgroup respectively. 

Let 8, 8,-.+., 5, satisfy the condition that one of them belongs to each 
one of the given divisionsof H. Each one of the substitutions 8,¢, sot, sgt, Smt 
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transforms the given head into itself, but only 7 of them (say the first 7) have 
their squares in this head. The / substitutions combined separately to the head 
lead to / imprimitive groups. These groups must be distinct because the squares 
of the substitutions of the tails are not similar. The remaining substitutions o. 
the product of H and H’ may be obtained by multiplying the given head into 
each of the following substitutions : 


From Sg = 
it follows that these are conjugate with respect to substitutions that transform 
the given head into itself, to the substitutions considered above. Hence 7 is the 
total number of the imprimitive groups containing the given head. 

Theorem V. There is only one imprimitwe group whose head is obtained by 
making the symmetric group whose degree is not two or six simply isomorphic to 
itself. If the degree of the symmetric group ts two or six, there are two such groups. 

Since the symmetric group whose degree is not two or six, is a complete 
group,” we can form only one intransitive group by making such a symmetric 
group simply isomorphic to itself. We may suppose that in this intransitive 
group the corresponding substitutions are identical in the two systems. If we 
add to this group a substitution of order 2 which simply interchanges the cor- 
responding elements of the two systems (¢), we obtain an imprimitive group 
whose order is twice the order of the given symmetric group. 

Suppose that a different tail to the given head was generated by the head 
and the substitution s. This substitution must interchange the two systems of 
intransitivity of the head. Hence we have 


st = 6, Or S= 8, 


where s, must transform the given head into itself without permuting its systems 
of intransitivity, hence the second tail would contain a substitution of the form 
st, where s, involves only elements from one of the systems of intransitivity of 
the head. Since the head is a complete group, this is impossible, unless s,=1. 
In this case we have the group given above. As an abstract group this is the 
direct product of the given symmetric group, and an operator of order 2. 

When the degree of the symmetric group is six, we can construct two 


*Hoélder, Mathematische Annalen, 1895, vol. XLVI, pp. 345 and 325. 
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intransitive groups by making it simply isomorphic to itself. To each one of the 
heads obtained in this way, we can add only one tail for the same reason as was 
given above. Hence there are just two such groups.* When the degree is two, 
we evidently obtain the two regular groups of order 4. 

Theorem VI. There are only two imprimitive groups whose common head is 
the group obtained by making the alternating group whose degree is not six simply 
isomorphic to itself. If the degree of the alternating group is siz, there are four such 
groups. 

When the degree of the alternating group differs from six, we can obtain 
only one intransitive group by making it simply isomorphic to itself. We may, 
therefore, suppose that ¢ is commutative to every substitution of the given head. 
It is evident that ¢ and the given head generate an imprimitive group which is 
simply isomorphic to the direct product of the given alternating group and an 
operator of order 2. 

As under the preceding theorem, we may suppose that s and this head 
generate another imprimitive group, and we find by the same process of reason- 
ing that s,; must transform the given head into itself without interchanging 
its systems of intransitivity. We can, however, not assume that s, involves only 
elements from one of the systems; but, since the symmetric group of any degree 
larger than three contains no substitution besides identity that is commutative 
to each one of the substitutions in its alternating subgroup, we must assume that 
tis commutative to s,. If s, is not found in the given head, all its possible 
values may be found by multiplying this head by s,, Hence there are no more 
than two such groups. 

That the two possible imprimitive groups just found are really distinct, 
follows directly from the fact that the latter is simply isomorphic to the 
symmetric group while the former does not have this property. Some of these 
arguments do not apply to the case when the degree of the alternating group 
is three, but in this case we obtain the well-known two regular groups of degree 
six. When the degree of the given alternating group is six, it is possible to 
construct two intransitive groups by making it simply isomorphic to itself. To 
each one of these heads we may add two tails and thus obtain the given four 


* Miller, Bulletin of the American Math. Society, 1895, vol. I, p. 258. 
+ Holder, Mathematische Annalen, 1895, vol. XLVI, p. 340; cf. Miller, loc. cit. 
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imprimitive groups. These groups are explained in connection with the groups 
whose head is the symmetric group to which references are given above. 

From the preceding theorems it follows that if one of the two transitive 
constituents of the head is the symmetric group of degree n, where n equals 
3, 5 or exceeds 6, there are only 4 possible imprimitive groups. According to 
theorems III and V, there is only one such group for each of the two heads 
obtained by multiplying the two transitive constituents of the head and by 
making them simply isomorphic. According to theorem IV, there are two such 
groups whose head consists of the positive substitutions in the product of its 
constituents. When v is greater than 6 or n=3, 5, we can evidently form no 
other head with the given constituents, and hence no additional imprimitive 
group of this type. 

When n= 2, there are evidently only two possible heads. When the head 
is of order two, we may obtain the two regular groups of order 4, and when 
itis of order 4, there is only one group according to theorem III. Hence 
there are only three imprimitive groups of degree four. When n = 4, the given 
constituent group is isomorphic to the symmetric group of degree three. We 
thus obtain one more head than occurs in the general case. It follows directly 
from theorem V that we can add only one tail to this head. Hence there are 
five imprimitive groups of degree eight in which a transitive constituent of the 
head is the symmetric group of degree four. When n=6, there is one head 
that does not occur in the general case. This case was considered under theo- 
rem V. Hence there are five imprimitive groups of degree twelve in which one 
of the transitive constituents of the head is the symmetric group of degree six. 
This completes the study of the imprimitive groups of two systems whose heads 
contain the symmetric group as a transitive constituent. 

We shall now consider all the possible imprimitive groups of degree 2n 
whose heads contain the alternating group of degree n as a transitive constituent. 
For n = 2 there evidently is no such group. When m = 8, there are the two regu- 
lar groups of order 6 and the group of order 18 whose head is the product of 
two alternating groups of degree three. When n= 4, we may construct three 
heads, since the alternating group of degree four is isomorphic to the alternating 
group of degree three. The groups which contain either one of two of these 
heads have been considered under the preceding theorems. It remains to con- 
sider what tails may be added to the head of order 48. 
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If we represent the substitution of order two which merely interchanges the 
corresponding elements of the two systems by ¢, we observe that ¢ and this head 
generate an imprimitive group of order 96. All the other possible tails can be 
generated by st, where s transforms the head into itself without permuting its 
systems of intransitivity and (sé)? is contained in the head. Since we might use 
the product of any substitution in the head into st, in place of st we may suppose 
that s either belongs to the first system of the head or that it is a particular sub- 
stitution of the second system. Hence we can add only two tails that are not 
conjugate to this head, i. e. there are five imprimitive groups of degree eight 
whose heads contain the alternating group of degree four as a transitive con- 
stituent. 

When n= 6, we have seen that there are also five imprimitive groups of 
the type in question. For all the values of which differ from those that have 
just been considered, we can construct only the two heads which are included in 
theorems III and VI. Hence there are, in general, only three imprimitive groups 
of degree 2n whose heads contain the alternating group of degree n as a transitive 
constituent ; when n= 4 or 6, there are five such groups. 

All of the preceding groups are evidently also distinct as abstract groups, 
and when x exceeds 4, one of the factors of composition must be vn! 2, hence 
all of these groups are insolvable whenever their degree exceeds eight. When 
their degree does not exceed eight, they are evidently solvable. 


3.— Groups containing more than Two Systems of Imprimitivity. 


We have seen that every imprimitive group must contain systems of 
imprimitivity which its substitutions transform according to an isomorphic 
primitive group (P). ‘The imprimitive group is either simply or multiply 
isomorphic to P. In the former case it contains no substitution besides identity 
that transforms each of these systems of imprimitivity into itself, while in 
the latter case it must contain an intransitive self-conjugate subgroup which 
is composed of all the substitutions of the group that transform each of the given 
systems of imprimitivity into itself and which corresponds to identity of P in the 
given isomorphisms. If the systems of intransitivity of this self-conjugate sub- 
group differ from the given systems of imprimitivity, they may be united as 
units in such a manner as to form these systems. 

If the required imprimitive group (@) is simply isomorphic to P, the 
40 
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latter (which is supposed to be known) must contain non-maximal subgroups 
that include no self-conjugate subgroup of P besides identity, and whose order 
is the quotient obtained by dividing the order of P by the degree of G. The 
required imprimitive groups can therefore not be constructed unless P contains 
at least one system of conjugate subgroups that satisfy the given condition, and 
in this case the number of the possible imprimitive groups is known.* 

Every self-conjugate subgroup of P must be transitive, since a primitive 
group cannot contain an intransitive self-conjugate subgroup. If nm and @ repre- 
sent respectively the degree of P and the number of elements in each of the 
systems of imprimitivity of G, and if P contains regular subgroups, each of the 
corresponding subgroups of G will contain a systems of intransitivity. If one of 
these regular subgroups of G@ is self-conjugate, G must also contain a systems of 
imprimitivity, viz. the systems of intransitivity of the subgroup that corresponds 
to the given regular subgroup of P. For instance, each of the imprimitive 
groups of degrees six and eight that are simply isomorphic to the symmetric 
groups of degrees three and four respectively must also contain two systems of 
imprimitivity. 

When P is contained in the metacyclic group of degree p, G must contain 
a systems of imprimitivity as well as p systems, and when P is the symmetric 
group of degree n > 2, there is always one and only one imprimitive group of 
degree 2n that contains n systems of imprimitivity, and is simply isomorphic 
to P. This group contains also two systems of imprimitivity. The total number 
of the imprimitive groups that are simply isomorphic to the symmetric group 
of degree n when n is not equal to 6, is clearly equal to the total number of the 
substitution-groups whose degree does not exceed n—1, excluding identity, 
increased by the number of the substitution-groups of degree n that are not 
maximal subgroups of the symmetric group of this degree.t We proceed to 
establish some general theorems with respect to the imprimitive groups con- 
taining more than two systems of imprimitivity and which are not simply iso- 
morphic to the primitive group according to which these systems are permuted. 

Theorem I. If each of the systems of imprimitivity includes a prime number 


* Jordan, ‘‘ Traité des substitutions ’’ (1870), p. 57; cf. Miller, Bulletin of the American Mathematical 


Society, vol. III (1897), p. 215. 
+ Dyck, Mathematische Annalen, vol. XXII (1882), p. 91; cf. Proceedings of the American Philo- 


sophical Society, vol. XXXVI, 1897, p. 208. 
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of elements, the elements of the transitive constituents of the head must be the systems 
of imprimitiwity of the group. 

Since these transitive constituents must also be systems of imprimitivity, 
each of them must be composed of the same number of elements. If they would 
not be the given systems of imprimitivity, these could be obtained by combining 
the degrees of some of the transitive constituents taken as units. This is impos- 
sible, since the given systems of imprimitivity are supposed to be prime. 

Theorem II. An imprimitive group of degree n whose systems of imprimitivity 
are transformed by all the substitutions of the group according to a primitive group 
and whose head is not identity, must transform the transitive constituents of this head 
either according to the given primitive group or according to an imprimitive group 
that is simply isomorphic to this primitive group and whose systems of imprimitivity 
are transformed according to this primitive group. 

The systems of intransitivity of the head must be transformed according to 
a transitive group whose order cannot differ from the order of the primitive 
group according to which the systems of imprimitivity of the group are trans- 
formed, since these systems of imprimitivity could not be permuted without 
permuting the systems of intransitivity of the head. By means of these theo- 
rems the construction of all the possible imprimitive groups of degree n whose 
head is not identity, is reduced to the construction of the groups that permute 
the systems of intransitivity of given self-conjugate intransitive subgroups accord- 
ing to known groups. LE. g. to construct all such imprimitive groups of degree 
twelve it is only necessary to construct the groups that contain a self-conjugate 
subgroup involving two systems of intransitivity, those that contain self-conju- 
gate subgroups involving three systems of intransitivity, those that contain self- 
conjugate subgroups involving four systems of intransitivity which are trans- 
formed according to the symmetric or the alternating group of degree four, and 
those involving six systems of intransitivity which are transformed according to 
a primitive group of degree six or according to the non-Abelian regular group of 
this degree. In the last case the group would also contain two systems of imprim- 
itivity, and hence this does not need to be considered for this particular degree. 

Theorem III. Jf one of the m transitive constituents of the head of an imprimi- 
tive group is G, and if H is the largest group involving the same elements as G that 
transforms G' into itself, this imprimitive group is included in the imprimitwe group 
whose head is the direct product of mH’s written in different systems of elements and 
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whose tail permutes these H’s in the same way as the giwen imprimitive group per- 
mutes the given G's. 

If ¢ is any substitution in the tail of the required imprimitive group, it 
must possess the following properties: 1) transform the given head into itself, 
2) permute its systems of intransitivity according to a given substitution, and 
3) its first power that leaves all these systems of intransitivity unchanged must 
be contained in the head. Since the group whose head is the direct product of 
the m#H’s includes all the substitutions that satisfy the first and the second of 
these three conditions, it must include the required group. 

Corollary. When the head of an imprimitiwe group is the direct product of 
transitive groups which are not self-conjugate in any larger group of the same degree, 
there is only one imprimitive group that permutes the transitive constituents of the 
head according to a given group. 

Theorem IV. There is only one imprimitive group whose head is the direct 
product of a system of m conjugate transitive groups written in different sets of ele- 
ments and whose tail permutes all these transitive groups cyclically .* 

According to the preceding theorem, such a group must be contained in the 
imprimitive group whose head is the direct product of m#H’s and whose tail is 
generated by a substitution (¢) of order m which permutes the corresponding 
elements of the H’s in order. Hence its tail is generated by 


where the upper index indicates the system and the lower the particular substi- 


tution of the system. Since the m' power of this substitution is contained in 
the head of the required group, we have 


where / is some substitution in the first transitive constituent of the head. If 
this condition is satisfied, the group generated by the given head and 


818353 «+.» Sut is conjugate to the group generated by this head and ¢; i. e. there 
is only one such imprimitive group. 


§3.—Primitive Groups. 


Every transitive group of degree n contains na conjugate subgroups of 
degree n—a, each including all the substitutions of the group that do not 


* Cf. Quarterly Journal of Mathematics, vol. XX VIII, 1896, p. 207, 
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involve a given element. The necessary and sufficient condition that the group 
is primitive is that each of these subgroups is maximal. If this condition is 
satisfied, a = 1, but the converse is not always true, i.e. a may be equal to unity 
in an imprimitive and also in an intransitive group. The following method of 
constructing all the primitive groups of a small degree () is based very largely 
upon the given maximal subgroup of degree n—1, which is supposed to be 
known. We shall first consider the case when n is a prime number (p). 

Every transitive group of degree p is primitive and contains at least one 
subgroup of order p. If it contains only one such subgroup, it must be included 
in the metacyclic group of this degree. All the transitive subgroups of this 
group are self-conjugate and correspond to the subgroups contained in the cycli- 
cal group of order p — 1,* if we include identity and the entire group under the 
term subgroup. Asa cyclical group contains one and only one subgroup whose 
order is any given divisor of the order of the cyclical group, there are just as 
many transitive groups of degree p that contains only one subgroup of order 
p as there are different divisors of p—1. E. g. there are just four primi- 
tive groups of degree seven that contain only one subgroup of order 7. The 
orders of these groups are 7, 14, 21 and 42. 

All the subgroups of order p of any primitive group of degree p generate 
a self-conjugate subgroup, which is a simple group.f This simple group cannot 
be self-conjugate in more than one group of degree p and of a given order, since 
the substitutions which transform asubgroup of order p into itself are completely 
determined by this subgroup. Hence it is very easy to determine all the primi- 
tive groups of degree p that contain a given simple group as self-conjugate sub- 
group. We have only to find the largest subgroup of the metacyclic group that 
contains any one of the substitutions of order p which is found in the given 
simple group and transforms this simple group into itself. If the order of this 
subgroup is a times the order of the subgroup of the same metacyclic group that 
is contained in the given simple group, then this simple group is self-conjugate in 
just as many groups of degree p as there are different divisors of a, and the 
generators of these groups are contained in the given simple group and the 
given subgroup of the metacyclic group. Our problem is therefore reduced to 
the determination of the simple groups of degree p whose order exceeds p. 


* Since p has primitive roots. 
t Miller, Bulletin of the American Mathematical Society, vol. IV (1898), p. 189. 
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Hach subgroup of order p that is contained in such a group must be trans- 
formed into itself by more than p and by less than p (p — 1) substitutions of the 
group. Hence the order of the required groups must be of the form 


ap (1+kp), 1<ma<p—l1 


a must also be a divisor of p— 1. Sylow has recently considered the case when 
k= 1, and he demonstrated that the groups of degrees five, seven, eleven and 
of orders 60, 168, 660 respectively are the only groups of a prime degree whose 
order is 4 p(p*?— 1).* 

If a primitive group (G) of degree n is only simply transitive, its maximal 
subgroup (G) of degree n — 1 is intransitive, and if the order of one of its transi- 
tive constituents is divisible by a given prime number (p), the order of each of 
the other transitive constituents is divisible by the same prime number.+ Hence 
we observe that the order of G, must be a prime number whenever one of its 
transitive constituents is of a prime order. In particular, if G, contains a transi- 
tive constituent of degree 2, the order of G, is 2 and the degree of G is a prime 
number,f i. e. G is contained in the metacylic group. 

Since G, is a maximal group, none of its self-conjugate subgroups besides 
identity can be transformed into itself by any substitution that is not found in 
G,. Hence we see that when G, contains a self-conjugate subgroup of (H) of 
degree n —a, H must be intransitive and it must be transformed by substitu- 
tions of G into a — 1 other subgroups of G,. When G, is Abelian or Hamilto- 
nian, all its substitutions except identity must therefore be of degree n — 1, and 


the order of G cannot exceed — .|| These theorems will be very useful 


in considering what intransitive groups of degree n— 1 could possibly occur in 
simply transitive primitive groups of degree n. 

When G is k times transitive, its G, must be 4 —1 times transitive. When 
N= p+A or 2p+A,A> 2, G cannot be more than 4 times transitive without 
being either the symmetric or the alternating group of degree n.§ It is well 
known that G includes the alternating group of degree » whenever it involves 


* Sylow, ‘‘ Videnskabs-Selskabets Skriften,’’ 1897, No. 9. 

tJordan, ‘‘ Traité des Substitutions, ’’ 1870, p. 284. 

Tt Miller, Proceedings of the London Mathematical Society, vol. XXVIII, p. 586. 

| Ibid., p. 584. 

¢Jordan, Bulletin de la Société Mathématique de France, vol. I, p. 41. Cf. Miller, Bulletin of the 
American Mathematical Society, vol. IV (1898), p. 142. 
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a transposition or a cyclical substitution of degree three. If two substitutions 
have only one common element, their commutator is a cyclical substitution of 
degree three. Hence G cannot include two such substitutions without including 
the alternating group. 

We observed that G, is a maximal subgroup of G. It evidently does not 
include any self-conjugate subgroup of G besides identity. Conversely, it is 
easy to prove that if a group of order g contains a maximal subgroup of order g 
which does not include any self-conjugate subgroup of the entire group, with the 
exception of identity, then this entire group may be represented as a primitive 
substitution-group of degree gg, and the number of ways in which it can be 
represented as such a primitive group may be directly determined from its 
abstract group properties.* We can also determine how many times such a 
primitive group is transitive from its abstract group properties.f 

If G, is intransitive, every substitution of G that is not contained in G, 
must transform more than G-+n(n—1) substitutions of G, into substitutions of 
G,, 9 being the order of G. If it is transitive, every substitution of G that is 
not included in G, must transform just g + (n—1) substitutions of G, into sub- 
stitutions of this subgroup. Similar remarks evidently apply to G, and its sub- 
groups in case G is more than doubly transitive. 


Part II. 


Determination of the Groups whose Degree does not exceed Hight. 


By means of the methods given in Part I, it is easy to determine all the 
substitution-groups whose degree does not exceed eight. It is, however, not to be 
inferred that these methods are sufficient to determine all the groups of large 
degrees with a reasonable amount of labor. The difficulty of the problem to 
determine all the possible groups of degree mn increases very rapidly with the 
increase of m, and little progress has been made towards its complete solution. 
The theorems of Cauchy, Sylow and Frobenius, which relate to the existence of 
certain subgroups in all the abstract groups of a given order and give some gen- 


* Dyck, Mathematische Annalen, vol. XXII, p. 90. Cf. Miller, Bulletin of the American Mathemat- 


ical Society, vol. III, p. 213. 
t Messenger of Mathematics, 1898, pp. 104-107. 
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eral conditions which the number of these subgroups must satisfy, are probably 
the most important steps in this direction. 

The theorems of Jordan, Bochert and Maillet, which relate to the class of 
primitive substitution-groups, are also of considerable general importance. A 
vast number of more special theorems have been published during recent years. 
Some of these will be very useful in the considerations which follow. In con- 
sidering the groups of degree n we shall confine our attention to those which 
actually involve n letters. We shall thus give each substitution-group that does 
not involve more than eight letters once and only once. The notation explained 
by Cayley, Quarterly Journal of Mathematics, vol. XXV, will be employed 
throughout. | 


§1.—Determination of the Groups whose Degree does not exceed Five. 


If we have only two letters, it is evident that the only possible permutation 
is obtained by interchanging the letters. Two such permutations performed in 
succession bring the letters to their original positions. If the letters are repre- 
sented by a, b, these operations may be designated by ab and (ab)? = 1 respec- 
tively. They evidently form the only possible group of degree two. This group 
is designated by (ad). 

The symmetric group of degree three is of order 6 and will be represented 
by (abc) all,* while the alternating group of this degree is of order 3 and will be 
represented by (abc) cyc. There can be no other transitive group of this degree 
because the order of a transitive group must be divisible by its degree, and there 
is only one group of degree n whose order is equal to that of the symmetric 
group of this degree, since this includes all the possible substitutions of degree n.+ 
Since the symmetric group of degree n contains only one subgroup (the alter- 
nating group) whose order is obtained by dividing the order of the symmetric 
group by 2,{ there can be only one group of degree three and of order 3. From 
the fact that a system of intransitivity must involve at least two elements, it 
follows directly that there can be no intransitive group of degree three. 

An intransitive group of degree four must contain two transitive constitu- 
ents of degree two. Hence there are two such groups. The first is obtained by 
forming the direct product of (ab) and (cd). It is of order 4, and will be 


* See explanations, p. 335. 
t Abatti, ‘‘ Memorie della societa ituliana delle scienze,”’ t. 10, 1808, p. 885. 
t Jordan, ‘‘ Traité des substitutions ’’ (1870), p. 66. 
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represented by (ab)(cd). The second is obtained by making these constituents 

i simply isomorphic. It is represented by (ab.cd). The symmetric group of 
degree four (abcd) all and the alternating group of this degree (abcd) pos are 
evidently of orders 24 and 12 respectively. If other transitive groups exist, they 
must be of order 8 or 4. From Sylow’s theorem it follows that all the substitu- 
tion-groups of order 8 that are found in (abcd) all are conjugate, and that such 
groups exist. Hence, there is just one transitive group of order 8 and degree four. 
It is represented by (abcd),. Since the transitive groups of order 4 must be 
regular, there is a 1, 1 correspondence between these groups and the abstract 
groups of order 4;* i. e. there are two transitive groups of degree and order four. 
They are denoted by (abcd), and (abcd) cyc. 

We have now considered all the possible cases and we have found the seven 
possible substitution-groups of degree four. Only two of these are simply 
isomorphic, viz. (ab)(cd) and (abed),. Hence the substitution-groups of degree four 
represent six distinct abstract groups. Since (abcd), contains all the substitu- 
tions of order 2 and degree four that can be formed with four letters, and is 
generated by these substitutions, it must be self-conjugate in the alternating and 
in the symmetric group of degree four. It is well known that the alternating group 
of every other degree is simple} and that (abcd) all is the only symmetric group 

that contains more than one self-conjugate subgroup besides identity. Since 
(abcd), is also contained in (abcd),, it is a self-conjugate subgroup of each of the 
groups of degree four whose order exceeds 4. 

The substitutions of the given group of order 8 may be obtained in various 
ways. For instance, since there are just n substitutions of degree n that are 
commutative to each substitution of a regular group involving the same n letters,{ 
there are just four substitutions that involve no letter except a, b, c, d, and are 
commutative to each of the substitutions of (abcd) cyc. These form (abcd) cye, 

since this group is Abelian. The total number of substitutions that transform 
(abed) cyc into itself and involve no letters except a,b, c, d, must therefore 
form the required group of order 8. These substitutions are 


1, abcd, ac.bd, adcb, ac, bd, ab.cd, ad.be. 


* Cf. Netto, ‘‘ Theory of Substitutions,’’ 1892, p. 110. 

t Jordan, ‘‘ Traité des substitutions,’’ 1870, p. 66. 

t Jordan, ‘“‘ Traité des substitutions,’’ 1870, p. 60; cf. Capelli, Giornale di Matematiche (1878), p. 
40 ; Dyck, Mathematische Annalen, vol. XX (1882), p. 80. 
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We arrive at the same substitutions by observing that (abcd) all transforms 
the substitutions of (abcd), according to (abc) all. Hence, one of the conjugate 
groups of order 8 must correspond to each of the three subgroups of order 2 in 
(abc) all. A third simple method follows from the fact that the total number 
of substitutions of degree four that transform ac. bd into itself is eight, since there 
are just four such substitutions (ac)(bd) that transform ac .bd into itself without 
permuting its two systems of intransitivity. 

It is also evident that we arrive at the same group when we construct the 
largest possible imprimitive group of degree four, since such a group contains just 
four substitutions that do not permute the two possible systems of imprimitivity 
of the group and four others that permute these systems. Finally, we may 
observe that only one of the five possible abstract groups of order 8* contains 
operators of order 2 that are not self-conjugate, and that all such operators of 
this group may be made to correspond in some simpie isomorphism of the group 
to itself. Hence, there is only one transitive substitution-group of order 8 and 
degree four.+ 

We have now proved the existence of one and only one substitution-group 
of order 8 and degree four by means of several distinct methods. It is generally 
possible to prove the existence or non-existence of groups of a given kind by a 
large number of different methods. We shall, however, usually restrict our- 
selves to one method. From the preceding it follows that (abcd), contains all of 
the given groups of order 4 as self-conjugate subgroups,{ and that it contains 
only one self-conjugate subgroup of order 2. Hence it contains no other self- 
conjugate subgroup besides identity. As identity is self-conjugate in every group, 
we shall not always refer to it in enumerating the self-conjugate subgroups of a 
given group. 

Since an intransitive group of degree five must contain one transitive con- 
stituent of degree three and one of degree two, there are just three such groups, 
viz. the direct product of (abc) cye and (de), the direct product of (abc) all and 
(de), and the group obtained by establishing a 3, 1 correspondence between 
(abe) all and (de).§ The orders of these groups are 6, 12, 6 respectively, and 
they are evidently distinct abstract groups. 


* Cayley, Philosophical Magazine, vol. XVIII, p. 34. 

+ Dyck, Mathematische Annalen, vol. XXII, p. 90; cf. Miller, Bulletin of the American Mathemati- 
cal Society, vol. III, 1897, p. 215. 
ICf. Netto, ‘‘ Theory of Substitutions,’’ 1892, p. 81. 
2Since (abc) all has a quotient group of order 2. 


whose Degree does not Exceed Hight. 313 


Since the divisors of 4 are 1, 2, 4, there are just three groups of degree five 
that contain one and only one subgroup of order 5.* The orders of these 
groups are 5, 10, 20. The first is cyclical, the second is semi-metacyclic, 
and the last is the metacyclic group of degree five. These groups are 
denoted by (abcde) cyc, (abcde), and (abcde), respectively. There cannot 
be any other transitive group of degree five besides the alternating and the 
symmetric group, for such a group has to contain six subgroups of order 5 
according to Sylow’s theorem, and each of these subgroups must be transformed 
into itself by at least ten substitutions.f Hence the order cannot be less 
than 60. 


§$2.—Determination of the Groups of Degree Six. 


If such a group is intransitive, the degrees of its transitive constituents 
must be one of the three sets 2, 2, 2:3, 3:4, 2. The largest group, all of whose 
transitive constituents are of degree two, is (ab)(cd ) (ef), and there is evidently only 
one such group. Since this contains only four positive substitutions, there is 
only one positive group of order 4 that contains three systems of intransitivity. 
As the average number of letters in all the substitutions of such a group is 3, a 
group of order 4 that involves negative substitutions must contain a transposi- 
tion. This transposition and the positive substitution involving the other four 
elements must generate the group of order 4. Hence, there are two and only two 
groups of order 4 and degree six that contain three systems of intransitivity. 
There is evidently only one group of order 2 that contains these three systems. 
We have now found the four possible groups of degree six that involve the sys- 
tems 2, 2, 2. 

Since (abc) cyc and (def) all do not have the same quotient group, there is 
only one group that contains them as transitive constituents, viz. their direct 
product (abc) cyc (def) all. The two groups whose transitive constituents 
are (abc) cyc and (def) cyc are their direct product (abc) cyc (def) cye and the 
group obtained by making them simply isomorphic (abe.def) cyc. If the tran- 
sitive constituents are (abc) all and (def) all, we may form their direct product 
(abe) all (def) all, their simple isomorphism (abc.de/) all, and a 3, 3 correspon- 
dence between them {(abc) all (def) all} pos. Since (abc) all is a complete 
group,{ we obtain only one group by making it simply isomorphic to itself. 


* Cf. Quarterly Journal of Mathematics, vol. X XIX, p. 226. tSee p. 308. 
t Hélder, Mathematische Annalen, vol. XLVI (1895), p. 325. 
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Hence, there are just six groups whose transitive constituents are 3, 3. All of 
them are evidently distinct abstract groups. 

If the transitive constituents are of degrees four and two, we obtain five groups 
by forming the direct product of the transitive groups of degree four and (é/). 
The orders of these five groups [(abcd) all (ef), (abcd) pos (ef), (abcd),(ef), 
(abcd),(ef), (abcd) cyc (ef)] are 48, 24, 16, 8, 8 respectively. We have seen that 
(abcd) all and (abcd) cyc contain one self-conjugate subgroup which includes one- 
half of the operators of the group, and that (abcd), contains three such subgroups 
that cannot be transformed into each other while the three subgroups of order 2 
in (abcd), are transformed into each other by substitutions that transform (abcd), 
into itself. Hence we obtain the following six groups by dimidiation: {(abcd) all 
(ef)} pos, {(abed) cyc (ef)} pos, {(abced),(ef)| dim, and {(abcd),(ef)} dim. The 
last symbol includes three groups which are simply isomorphic to (abcd),. 
Hence, there are 11 intransitives groups of degree six involving the systems 4, 2. 

The imprimitive groups of degree six* have either two or three systems of 
imprimitivity. We shall first consider those groups which contain two such 
systems and afterward those which contain three systems without containing also 
two systems. From the general theory of Part I, it follows directly that each 
of these groups must contain one of the following five groups: 


(abe) all (def) all, {(abc) all (def) all} pos, (abc. def) all, 
(abc) cyc (def) cyc, (abc. def) cye, 


and that we obtain an imprimitive group whose order is twice the order of the 
head by adding a substitution of order two'(ad.be.cf) to each one of these 
heads. From theorems III and and V it follows directly that there is only one 
group for each of the three heads (abc) all (def) all, (abc . def) all, (abc) cyc (def) 
cyc; and from theorem VI it follows that there are just two groups with the 
head (abc.def) cyc. The orders of these five imprimitive groups are evidently 
72, 12, 18, 6, 6 respectively. From theorem IV we observe that there are just 
two such groups that contain {(abc) all (def) all}! pos. It is evident that these 
seven possible imprimitive groups of degree six, which contain two systems of 
imprimitivity, represent seven distinct abstract groups. . 

If an imprimitive group of degree six contains three systems of imprimi- 


* Cf. Burnside, ‘‘ Theory of Groups ’’ (1897), p. 180. 
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tivity, it must have one of the following four groups as a head, and its order 
must be the order of its head multiplied by three or six: 


1, (ab.cd.ef), {(ab)(cd)(ef)} pos, (ab)(cd)(¢/). 


If it has either of the first two heads, its order must be 6 or 12. We observed 
above that the two possible regular groups of order 6 contain two systems of 
imprimitivity. It is evident that each of them contains also three systems, 
but we desire to consider only those groups which contain three systems 
without also containing two systems. The five possible groups of order 12 are 
well known,” and only two of them contain subgroups of order 2 that are not 
self-conjugate. As all these subgroups can be made to correspond in some 
simple isomorphism of the group to itself, and as they are not maximal, 
there are just two imprimitive groups of degree six and order 12. We found 
above the one that contains a self-conjugate subgroup of order 2; the one that is 
simply isomorphic to (abcd) pos must, therefore, contain the third of the four 
heads given above, and it must permute its three systems according to the group 
of order 3. 

Since all the operation-groups whose order is less than 64 are known,} we 
could readily find all the possible imprimitive groups that contain the given 
heads directly from the simply isomorphic operation-groups. It may, however, 
be more simple to proceed as follows: From theorem III, Part I, it follows that 
all the possible imprimitive groups of degree six which involve three systems 
of imprimitivity, must be contained in the group of order 48 which contains 
the head (ab)(cd)(ef) and permutes its systems of intransitivity according to the 
symmetric group of degree three. It remains only to consider the subgroups of 
order 24 that are contained in this group. Since this group contains only one 
subgroup of order 12 and is isomorphic to the four-group with respect to this 
subgroup, it contains just three subgroups of order 24. That each of these three 
groups contains three systems of imprimitivity follows directly from the fact that 
the given group of order 48 permutes the systems of intransitivity of the given 
head according to the symmetric group of degree three. From the same fact 
we observe that these three groups of order 24 are distinct substitution-groups. 
The two which involve only the positive substitutions of (ab)(cd)(ef) are simply 


* Cayley, American Journal of Mathematics, vol. XI, pp. 139-157 ; cf. Kempe, Philosophical Trans- 
actions, vol. CLX XVII, pp. 37-43. 
tMiller, Quarterly Journal of Mathematics, vol. XXIX, pp. 243-263. 
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isomorphic to (abcd) all, while the one which contains (ab)(cd)(ef) is the direct 
product of the alternating group of degree four and an operator of order 2. 

We have now considered all the possible imprimitive groups of degree six 
and found that there are seven such groups that contain two systems of imprim- 
itivity, and that there are five that contain three systems without containing 
also two systems, while there are just three groups that contain both two and 
three systems, viz. the two regular groups and one of the groups of order 12. 
The two given groups of order 24 are the only instances where two imprimitive 
groups of degree six represent the same abstract group. 

Mathieu proved* that there is at least one triply transitive group of degree 
p +1 and order p(p*— 1) and one doubly transitive group [the group of the 


modular equation] of degree » +1 and order — 1), p being any prime 


number. The latter is simple whenever p exceeds 3, and it is formed by the 
positive substitutions of the former. It will appear that there is no other primi- 
tive group of degree six besides the alternating and the symmetric group. 

Since each of the intransitive groups of degree five contains a substitution 
of the form abc, there can be no primitive group of degree six unless its order is 
divisible by 5. If such a group does not contain the alternating group, its order 
must be 30, 60 or 120. It could not be of order 30, since every group of this 
order contains a subgroup of order 15,} and a group of order 15 must be cyclical 
since 5 — 1 is not divisible by 3. The only one of the thirteen possible groups 
of order 60 that contains six subgroups of order 5 is simply isomorphic to 
(abcde) pos.{ As the latter contains only one system of subgroups of order 12 
that can be made to correspond, it can be represented in only one way as a 
transitive group of degree six, and this must therefore be the group mentioned 
above. If there is a primitive group of order 120, it must contain the given 
group of order 60 as subgroup, and it must be completely determined by this 
subgroup, since (abcde). is completely determined by (abcde),,. Hence, we have 
determined all the possible groups of degree six. | 


* Journal de Mathematiques, vol. V (1860), p. 37. 
tFrobenius, Berliner Sitzungsberichte, 1895, p. 1048; cf. Hdlder, Gottingen Nachrichten, 1895, 
p. 211. 
t Burnside, ‘‘ Theory of Groups of a Finite Order,’’ 1897, p. 107. 
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§3.—Determination of the Groups of Degree Seven. 


Since seven is odd, one of the transitive constituents of each intransitive 
group of this degree must be either of degree three or of degree five. In the 
former case the other constituent may be either transitive or intransitive. Hence, 
every intransitive group of degree seven must have one of the following three 
sets of systems of intransitivity: 3, 4; 3, 2, 2; 5, 2. Since there are five transi- 
tive groups of degree four and two of degree three, we can construct just ten 
intransitive groups by forming the direct product of a transitive group of degree 
three and one of degree four. (abcd) all is the only group of degree four that 
has a non-cyclical quotient group of order 6, and (abcd) pos is the only one of these 
groups that has a quotient group of order 3; hence we obtain just two groups by 
establishing an a, 1 isomorphism between the transitive groups of degree four 
and the groups of degree three. The only other quotient group that is repre- 
sented by the groups of degree three is of order 2, and we have seen that this 
gives rise to six groups. Hence, there are just eighteen intransitive groups of 
degree seven whose transitive constituents are of degrees three, four.* 

Since there are only two intransitive groups of degree four, we obtain only 
four groups by forming the direct products of the intransitive groups of degree 
four and the groups of degree three. The only quotient group which these con- 
stituent groups have in common is of order 2. From the fact that (ab)(cd) con- 
tains two subgroups of order 2 that cannot be transformed into each other, it 
follows that we obtain three intransitive groups by dimidiating (abc) all and the 
intransitive groups of degree four. Hence there are just seven groups of degree 
seven whose transitive constituents are of degrees 3, 2, 2. 

By multiplying (/y) into the five transitive groups of degree five, we obtain 
the five direct products whose transitive constituents are of degrees five and two. 
Since three of these transitive groups have one and only one subgroup of half 
their order, we obtain three additional intransitive groups by dimidiation. Hence, 
there are eight intransitive groups of degree seven whose transitive constituents 
are of degrees five and two, and the total number of intransitive groups of degree 
seven is thirty-three. 

It follows directly from Part I that there are just four primitive groups of 
degree seven which contain only one subgroup of order 7, and that the orders of 


* Cf. Burnside, ‘“‘ Theory of Groups of a Finite Order,” 1897, p. 165. 
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these groups are 7,14, 21 and 42 respectively. The substitutions of order 7 
that are contained in any other primitive group of this degree must generate a 
self-conjugate simple group of a composite order. The lowest order of a simple 
group that contains operators of order 7 is 168, and there is only one simple 
group of this order.* As all the subgroups of order 24 that are found in this 
simple group can be made to correspond in some simple isomorphism of the 
group to itself, it can be represented in only one way as a transitive group of 
degree seven. 

This simple group cannot occur as a self-conjugate subgroup of a larger 
primitive group of degree seven, since the groups of order 48 and degree six 
contain a transposition.f If other primitive groups of degree seven exist, they 
must include some other simple group of composite order as a self-conjugate sub- 
group. The only groups of degree six that could possibly occur in such a simple 
group are (abcdef), and (abcdef) pos. The former is impossible because there 
is no simple group of order 420,} and the latter leads to the alternating group of 
degree seven. Hence there is one and only one primitive group of each of the 
orders 7, 14, 21, 42, 168, 47!, 7! 


§4.— Determination of the Groups of Degree Eight. 


An intransitive group of degree eight must have one of the following five 
sets of systems of intransitivity: 2, 2, 2, 2; 3, 3, 2; 3,5; 4, 2, 2; 4, 4; 6, 2. 
The first of these sets was considered in Part I, where we proved that there are 
just eight groups of this kind. Those of the second set may be directly obtained 
from the groups of degree six whose systems of intransitivity are 3, 3. As there 
are six such groups of degree six, we obtain six groups of degree eight as the 
direct products of these groups of degree six and a transposition. Two of the 
groups of degree six, [(abc.def) cyc, (abc) cyc (def) cyc], do not contain a 
quotient group of order 2; three others, [(abc.def) all, (abc) all (def) cye, 
{(abc) all (def) all} pos], contain a single group whose order is half the order of 
the group, while the last, (abc) all (def) all, contains three subgroups of order 18. 
As two of the last three subgroups are transformed into each other by substitu- 
tions that transform (abc) all (def) all into itself, there are just eleven intransi- 
tive groups of degree eight which involve the systems 3, 3, 2. 


* Holder, Mathematische Annalen, vol. XL (1892), p. 83. 
|Cayley, Quarterly Journal of Mathematics, vol. XXV, 1891, p. 81. 
tCole, American Journal of Mathematics, vol. XV (1893), p. 303. 
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By forming the direct products of the transitive groups of degree five and 
those of degree three, we obtain ten groups whose systems of intransitivity are 
5, 3. As none of the quotient groups of the transitive groups of degree five is 
of order 3 or 6, we cannot form any groups by establishing an a, 1 isomorphism 
between the transitive groups of degree five and those of degree three. Hence, 
it is only necessary to add the three groups obtained by dimidiating some transi- 
tive group of degree five and the symmetric group of degree three in order to 
get the total number (13) of the groups of degree eight whose transitive constitu- 
ents are of degrees five and three. 

If we multiply each of the five transitive groups of degree four into the two 
intransitive ones, we obtain ten groups whose transitive constituents are of degrees 
four, two, two. By dimidiating the same groups we obtain eighteen additional 
groups with the given transitive constituents, since (ab)(cd) has two subgroups of 
order 2 that cannot be transformed into each other. By establishing an a, 1 
isomorphism between the transitive groups of degree four and (ab)(cd), we obtain 
three additional groups from (efgh), and one from (efgh),. Hence, the total 
number of these groups whose transitive constituents are 4, 2, 2 is 32. It is 
evident that the groups obtained by these different methods are distinct. 

We obtain fifteen groups by forming the direct products of the transitive 
groups of degree four into themselves written in a different set of letters. Hach 
of the transitive groups of degree four is transformed into all its simple 
isomorphisms to itself by the symmetric group of this degree,* with the excep- 
tion of (abcd),. Since the group of isomorphism of the last group is simply 
isomorphic to the group itself, and it has three conjugates in (abcd) all, we obtain 
just two distinct substitution-groups by making it simply isomorphic to itself. 
Hence, we obtain six additional groups by establishing a simple isomorphism 
between two transitive groups of degree four. We proceed to find the remain- 
ing groups whose transitive constituents are 4, 4. | 

The quotient groups of (abcd) all which differ from the entire group are the 
group of order 2 and the symmetric group of order 6. We can evidently use 
the latter of these two only in establishing a 4, 4 correspondence between 
(abed) all and (efgh) all and thus forming a group of order 96. The former can 
be used with all the groups that have a quotient-group of half their order, and 


* Cf. Holder, Mathematische Annalen, vol. XLVI (1895), p. 340; Miller, Bulletin of the American 
Mathematical Society, vol. I (1895), p. 258. 
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hence leads to six additional groups. We have now found all the groups whose 
systems are 4, 4 and which contain the symmetric group as one of their transi- 
tive constituents, in addition to those which are obtained by forming the direct 
product or by establishing a simple isomorphism. We shall next find all the 
additional groups which have (abcd) pos for one of their transitive constituents, 
then we shall find those which have (abcd), as a transitive constituent without 
containing either (abcd) all or (abcd) pos, ete. 

Since (abcd) pos contains only one self-conjugate subgroup besides identity, 
and this corresponds to a quotient-group of order 3, we obtain only one addi- 
tional group that contains this group for one of its transitive constituents, viz. 
the group of order 48 which is formed by establishing a 4, 4 correspondence of 
the alternating group to itself written in a different set of letters. When one of 
the transitive constituents is (abcd),, we have to consider two quotient groups, 
viz. the four-group and the group of order 2. The former gives rise to five 
additional groups of order 16* and one of order 8, while the latter leads to 
six additional groups of order 32} and six of order 16. Hence, there are 
eighteen groups that contain (abcd), as a transitive constituent but do not con- 
tain any transitive constituent of a larger order, and are neither the direc- 
product of two transitive groups of degree four nor the groups obtained by 
making (abcd), simply isomorphic to itself. Since we obtain three additional 
groups by dimidiating (abcd), and (abcd) cyc written in two systems of letters, 
the total number of the groups of degree eight whose transitive constituents 
are 4, 4 is 50. 

By multiplying each of the sixteen transitive groups of degree six by a 
transposition we obtain sixteen intransitive groups whose transitive constitu- 
ents are 6, 2. It remains to examine all the transitive groups of degree six 
in regard to their subgroups whose orders are obtained by dividing the order of 
the group by 2 and which cannot be transformed into each other by any substi- 
tution that transforms the group into itself. It is well known that each of the 
groups of order 6 and of order 18 contains only one such subgroup. One of the 
groups of order 12 contains three such subgroups, while the other does not con- 
tain any subgroup of order 6. We have already observed that each of the three 


* Cole, Bulletin of the New York Mathematical Society, vol. II (1893), p. 187; cf. Miller, ibid., vol. 


III (1894), p. 168. 
tCayley, Quarterly Journal of Mathematics, vol. XXV (1891), p. 147. 
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transitive groups of order 24 contains only one subgroup of order 12, and that 
the group of order 48 contains three distinct subgroups of order 24. The group 
of order 36 which contains substitutions of order 4 contains only one subgroup 
of order 18, since it is isomorphic to the cyclical group of order 4 with regard to 
its subgroup of order 9, while the other group of order 36 contains three sub- 
groups of order 18, two of which are conjugate in the group of order 72. Since 
the group of order 72 is isomorphic to (abcd), with respect to its subgroup of 
order 9, it contains just three subgroups of order 36—the two transitive groups 
just mentioned and the direct product of two symmetric groups of degree three. 
Hence, we obtain eighteen groups by dimidiating the imprimitive groups of 
degree six and (gh). 

Since the four primitive groups of degree six (regarded as abstract groups) 
are the symmetric and the alternating groups of degrees five and six, we obtain 
only two groups by dimidiating a primitive group of degree six and (gh). 
Hence, there are thirty-six groups of degree eight whose transitive constituents 
are of degrees six, two. The total number of intransitive groups of this degree is 
therefore 8+ 11+13+ 32+ 50+ 36= 150. It remains to determine the 
transitive groups. 

The imprimitive groups of degree eight contain either two or four systems 
of imprimitivity. We shall first consider those which contain two such systems 
and afterwards those which contain four systems without containing also two 
systems. The following twenty-three groups may be used as heads: (abcd) all 
(efgh) all, {(abed) all (efgh) all} pos, {(abed) all (efgh) all}, 4, (abcd. efgh) all, 
(abed) pos (efgh) pos, }(abed) pos (efgh) pos}, 4, (abed.efgh) pos, (abcd), (efgh),, 
{(abed), (efgh),} dim (three groups), | (abed), (efgh),}. » (four groups), (abcd . efgh), 
(two groups), (abed), (efgh),, {(abed), (efgh),| dim, (abcd. efgh),, (abcd) cye 
(efgh) cye, | (abcd) cyc (efgh) cyc} pos, (abcd . efgh) cye. 

We proved in Part I that there are just five distinct imprimitive groups of 
degree eight in which the transitive constituents of the head are the symmetric 
groups of degree four, and that there are five such groups in which the transitive 
constituents of the head are the alternating groups of degree four. Hence, the 
first seven of the given twenty-three heads give rise to ten imprimitive groups of 
degree eight. Three of the remaining heads are the direct products of two 
transitive groups, and, hence, each gives rise to only one imprimitive group. It 
is evident that these three groups are distinct from each other and from those 
which involve the other heads. 
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From theorem IV it follows that each of the three heads represented by 
{ (abed), (efgh),+ dim gives rise to two groups, and that these six groups of order 
64 are distinct. From the same theorem we observe that the group represented by 
{(abed), (efgh)}. . in which the identical divisions correspond, is the head of four 
distinct groups of order 32, and also that each of the other three heads repre- 
sented by this notation leads to two conjugate groups. Two of the last three 
groups involve substitutions of degree six, and must therefore be distinct from 
the other groups of order 32 which have been given above; the third contains a 
subgroup of order 16, which is conjugate to the {(abcd),(efgh),', . in which the 
identical divisions correspond, and therefore is conjugate to one of the four 
groups containing this head. Hence, there are just six distinct groups that con- 
tain one of the four heads represented by {(abcd), 

As the remaining heads lead to groups of order 8 or 16, it may be easiest to 
obtain them from their simply isomorphic abstract groups. Since each abstract 
group can be represented in just one way as a regular group, there are five regu- 
lar groups of degree eight, and their substitutions} can be directly obtained from 
the simply isomorphic abstract groups. It remains to consider the groups of 
order 16 which can be represented as transitive groups of degree eight, and to 
determine in how many ways each group can be so represented. Since an Abe- 
lian or a Hamiltonian group cannot be transitive unless it is regular, we may 
confine our attention to the eight groups of order 16 that are neither Abelian 
nor Hamiltonian. A list of these groups, written out in full, is given in Quar- 
terly Journal of Mathematics, vol. XXVIII, pp. 269-273. 

It is evident that the groups Nos. 6 and 11 in this list do not contain any 
subgroup of order 2 that is not self-conjugate, and that each of the remaining 
six groups contains such subgroups. In at least five of these groups all of these 
subgroups of order 2 can be made to correspond in some simple isomorphism of 
the group to itself, since they do not occur in one of the Abelian subgroups of 
order 8; hence, each of these groups can be represented in only one way as a 
transitive substitution group of degree eight. No. 9 contains three Abelian sub- 
groups of order 8, each containing two subgroups of order 2 that are not self- 
conjugate in the entire group. From the group of isomorphisms of this group, 


* Cole, Bulletin of the New York Mathematical Society, vol. II (1893), p. 188. 
t Cayley, Quarterly Journal of Mathematics, vol. XXV (1891), p. 143. 
t Miller, Quarterly Journal of Mathematics, vol. XXVIII, p. 253. 
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it follows directly that all of these subgroups of order 2 correspond in some 
simple isomorphism of the group to itself. Hence, it also can be represented in 
only one way as a transitive substitution group of degree eight. From this we 
see that there are just six transitive substitution-groups of degree eight and 
order 16. These must be imprimitive, since a group of order p*, p being any 
prime number and a > 1, cannot be primitive. They must contain two systems 
of imprimitivity, since they could not be isomorphic to a primitive group of 
degree four. 

We have now considered all the possible cases and found that there are just 
thirty-six groups of degree eight that contain two systems of imprimitivity. It 
remains to determine those which contain four systems without also containing 
two systems. Since such groups must permute their systems according to 
(abed) pos or (abcd) all, the systems of intransitivity of the heads must permit 
the permutations represented by these groups. Hence, we need to consider only 
the following heads: 


1, (ab.cd.ef.gh), {(ab)(cd)(ef)(gh)} pos, (ab) (cd)(ef)(gh). 


The first one of these heads does not lead to an additional group, since (abcd) all 
can be represented in only one way as a transitive substitution-group of degree 
eight, having only one system of conjugate subgroups of order 3. It is evident 
that one such representation is possible with the head (abcd.e/gh) pos. The 
second of these heads gives rise to groups of order 24 and 48 which contain non- 
| maximal subgroups of orders 3 and 6 respectively that are not self-conjugate nor 
| contain any self-conjugate subgroup of the entire group. If a transitive group 
of order 24 and degree eight contains a subgroup of order 12, this must be intran- 
sitive and the group must contain two systems of imprimitivity. Since there is 
only one group of order 24 that does not contain a subgroup of order 12* and its 
subgroups of order 3, are non-maximal and conjugate by Sylow’s theorem, there 
is only one imprimitive group of order 24 and degree eight that does not have 
two systems of imprimitivity. 

The groups of order 48 that can be represented as transitive groups of degree 
eight, must clearly be contained among the eight groups of this order that con- 
tain four subgroups of order 3.¢ Four of these eight groups contain a self-con- 


* Miller, Quarterly Journal of Mathematics, vol. XXVIII, p. 274. 
Tt Ibid., vol. XXX, p. 258. 
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jugate subgroup of order 12, and hence they must contain two systems of 
imprimitivity if they can be represented as transitive groups of degree eight. 
In fact, only one of these. four groups (G,;) can be represented as a transitive 
group of degree eight. It is also easily seen that only one of the remaining 
four groups (G,,;) contains non-maximal subgroups of order 6 that do not 
include any operator except identity that is self-conjugate, and that all such 
subgroups may be made to correspond in some simple isomorphism of G, to 
itself. Hence, there is only one imprimitive group of order 48 that contains four 
systems of imprimitivity without containing also two systems. That there are 
only two groups with the head (ab)(cd)(ef)(gh) and three with the head 
{(ab)(cd)(ef)(gh)} pos following directly from the general theory. Hence there 
are just seven groups of degree eight that contain four systems of imprimitivity 
without containing also two such systems. The total number of imprimitive 
groups of this degree is therefore forty-three. 

Hach of the solvable primitive groups of degree eight must contain as a self- 
conjugate subgroup the regular group of order eight which contains no operator 
whose order exceeds 2. Since the group of isomorphisms of this regular group 
is (abcdefq),,," these primitive groups must correspond to subgroups of this 
group of order 168. It is evident that a doubly transitive group of order 
56 corresponds to the subgroup of order 7, and that a doubly transitive group 
of order 168 corresponds to the subgroup of order, 21. Since all of the sub- 
groups of orders 7 and 21 are conjugate in (abcdefg),,, there is only one 
solvable primitive group of each of the given orders. 

If there were any other solvable primitive group of degree eight, it would 
have to be simply transitive, and its maximal subgroup of degree seven would 
have to be a subgroup of (abcdefy),.,f and contain the systems 3, 4.[ As this 
intransitive group could not contain any substitution whose degree is less than 
four nor a transitive group whose degree is less than six, it cannot be constructed. 
Hence, there are only two solvable primitive groups of degree eight. 

From what precedes, it follows that the largest group of degree eight which 
contains the given regular group as a self-conjugate subgroup is triply transitive 


and of order 1344. The two Mathieu groups of orders p(p* — 1), £ (p? — 1) 


* Moore, Bulletin of the American Mathematical Society, vol. I (1894), p. 61. 
tIbid., vol. V (1899), p. 250. 
{ Jordan, ‘‘ Traité des substitutions ’’ (1870), p. 284. 
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and degree p +1 are of orders 336 and 168 respectively. Since the latter is 
simple, it is distinct from the solvable primitive group of this order which we 
determined above.* If we add to these groups the alternating and the symmetric, 
we have seven primitive groups of degree eight, two being solvable and five 
insolvable. We proceed to prove that there is no other primitive group of this 
degree. 

If a primitive group of degree eight were simply transitive, its maximal sub- 
group of degree seven would have transitive constituents of degrees three and four. 
As it could not contain any transitive subgroup whose degree is less than eight} 
nor any substitution whose degree is less than four, such a group cannot be con- 
structed.{ Hence, it is only necessary to consider groups of orders 56, 112, 168, 
336 and 1344. As we have considered all the possible solvable groups, we 
may suppose that the groups under consideration contain a composite factor 
of composition. Hence, we do not need to consider the first two of the given 
orders. We proved in Part I that there cannot be more than one group of 
degree eight and order 1344. We may, therefore, restrict ourselves to groups of 
orders 168 and 336. 

Since there is only one simple group of order 168,§ and this group contains 
only one system of conjugate subgroups of order 21, it can be represented in only 
one way as a transitive group of degree eight. An insolvable group of order 
336 must contain the given simple group as self-conjugate subgroup, and is com- 
pletely determined by it since (abcdefq),. is completely determined by (abcdefq),, . 
Hence the proof is complete. We have now examined all the possible cases and 
found that there are just two hundred substitution-groups of degree eight; one 
hundred and fifty of these are intransitive, forty-three are imprimitive and seven 
are primitive. 


Part ITI. 


List of all the Substitution-Groups whose Degree is less than Nine. 


In the following list the groups which are simply isomorphic to groups 
which precede them, are represented by Roman letters, and the others are repre- 
sented by Greek letters. All these substitution-groups, which are represented 


*Cf. Holder, Mathematische Annalen, vol. XL, p. 75. 
+Cf. Netto, ‘‘ Theory of Substitutions ’’ (1892), p. 95. 

tCf. Miller, Proceedings of the London Mathematical Society, vol. XXVIII, p. 534. 
% Burnside, ‘‘ Theory of Groups of a Finite Order,’’ 1897, p. 208. 
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by Greek letters, are therefore distinct as abstract or operation-groups ; and they 
include all the abstract groups which can be represented by substitution-groups 
whose degree does not exceed eight. 

The number which follows a group represented by Roman letters indicates 
the degree of the first substitution-group (represented by Greek letters) to which 
it is simply isomorphic, and the subscript of this number indicates which of the 
groups of the given degree and order is meant. If there is only one such group, 
this subscript is omitted. E. g. the 3 after the second and third groups of degree 
six and order 6 indicates that these two groups are simply isomorphic to the 
group of degree three and order 6, while the 6, after the third group of degree 
six and order 8 indicates that this is simply isomorphic to the first group of this 
degree and order. 

Each of the insolvable groups is followed by the abbreviation mms. It may 
be observed that only 28 of the 295 substitution-groups whose degree does not 
exceed eight are insolvable. The number of abstract groups represented by 
these 295 substitution-groups is 137, i. e. somewhat less than one-half of the total 
number. The number of abstract insolvable groups is 20; five of these are 
simple groups of composite order, viz. one group of each of the order 60, 168, 
360, 2520 and 20160. 


LIST. 
Degree Two. 
Order. No. Notation. 
2 1 (af). 
Degree Three. 
3 1 (aBy) cye, 
6 1 (aBy) all. 
Degree Four. 
2 1 (ab .cd), 2 
4 
2 (abcd), , 4, 
3 (aBy9d) cye, 
8 1 (aByd)s, 
12 1 (aBys) pos, 
1 (aBy6) all. 
7 


16 
18 


whose Degree does not Exceed Eight. 


Degree Five. 
Notation. 


(aByde) cyc, 

eye 

{(abe) all (de)! pos, 3 
(aByde)ro, 

(aBy) all (de), 

(aPyde) pos, ins. 
(aPyde) all, ins. 


Degree Six. 


(ab.cd.eéf), 2 
(abc . def) cye, 3 
(ab.cd)(ef), 4, 
{(ab)(ed)(ef)} pos, 
{ (abed), (ef) | dim, 

{(abed) cye (ef)| pos, 4, 
(abcdef ) cye, 5 

(abe . def) all, 3 
(abcdef ),, 

eye (8), 

(abcd), (ef), 6, 
{(abed), com (ef){ dim, 4 

{ (abed), cye (ef) dim, 


{(abed), pos (ef)} dim, 
(aBy) eye (Se) eye, 


(abccef ) 5 
(adcdef),,. , 4 
(e¢) ’ 


(aBy) all (def) eye, 

{(aBy) all (def) pos, 
(abcdef 6, 
43 
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5 1 
6 1 

10 1 
12 1 
20 1 
60 1 
120 1 
Total, 8 

3 
4 
| 
8 


36 


10 


12 


14 
20 


Notation. 


pos (e), 
‘(abcd) all (ef)} pos, 
(+ abcdef ) 94, 

(+ abcdef )o4, 
(abcdef)o,. , 

(aBy) all (def) all, 
(aByde 

(abcdef , 

(4By8) all (ed), 
(abcdef 

(abcdef ) go , ins. 
(aByde€ 

(abcdef ins. 
(aBydeC) pos, “ 
(aByde) all, 


Degree Seven. 


(ac . bd)(ef9) eye, 
{(ac . bd)(efg) all} dim, 
(aByden) cye, 

(aBybe) cyc (Cn), 
{(abede),(fg)} dim, 

(ac . bd)(efg) all, 
eye, 

(a3yd) eye (en) eye, 
(abed),(ef9) eye, 
{(ab)(ed)(efg) all} pos, 
cye (en) all} pos, 
}(abed),(efg) all} dim, 
{(abe) all (de} pos (fg): 
{(abed) pos (ef) cyc} tris, 
’ 
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Order. No. 
24 1 
2 4 
: 
5 6, 
| 1 
2 
3 6, 
48 1 
2 6, 
60 1 5 
72 1 
120 1 5 
360 1 
720 1 
Total, 37 
6 5 
3 
7 
| | 
5 
7, 
5 
| 5 
4 
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Order. No. Notation. 
| (abcde) (f9)} pos, 5 
21 1 
24-1 all, 
2 cye (en) all, 
3 (abed),(efg) all, 7; 
eye, 
5 {(aByd), com all} dim, 
6 }(aByd), eye all} dim, 
7 (abed), pos (efy) all} dim, 75 
8 (abcd) all (efg) all}, 4 
36 1 pos cye, 
401 (aBySe) (Zn), 
42 1 
48 1 all, 
72 1 all (efx) cye, 
3 }(aBys) all all} pos, 
120 1 (aGyde) pos (Zn), ins. 
2 { (abcde) all (fg)} pos, ins. 5 
144 1 all (efx) all, 
168 1 ins. 
240 1 (aByde) all (fy), ins. 
25 20 1 (aBydetn) pos, ins. 
5040 1 (aPydetn) all, ins. 
Total, 40 
Degree Light. 
2 1 (ab.cd.ef.gh), 2 
4 1 (ab .cd.ef)(gh), 4, 
2 (ab. cd)(ef. gh), 
3 }(ab)(cd)(ef .gh)} dim, 
4 {(abed) cye (ef. gh)| dim, 4, 
5 {(abed), (ef. gh)} dim, 4, 
6 (abcd . efgh) cye, 4, 


12 


a ork WD KH ay 


22 


Notation. 


(abed), (ef)(gh) 
(abed .efgh),, 

(abe . def) cyc (gh), 
}(abcdef) cyc (gh)} pos, 
{ (abe .def) all (gh)} dim, 
{ (abcde), (gh) dim, 

(abs. ed)(ef)(gh), 
{(ab)(ed)(ef)} pos (gh), 


| (abed) cye (ef)} pos (gh), 


{ (abcd), (ef)| dim (gh), 
(abcd) (ef. gh), 
(abcd), (ef. gh), 


1, abcd, ac.bd, adch + ef .gh(ac, bd, ab.cd, ad.be), 
1, ab.cd, ac.bd, ad.bec+ef.gh(ac, bd, abcd, adcb), 
1, ac, bd, ac.bd+ ef.gh(abed, adeb, ab.ed, ad.be), 


pos, 


\(abed) eye (efgh) cyc}s, », 


i(abed), 25 

(ac)(bd)(efgh) cyc! pos, 
{(ac)(bd)(efgh),| dim, 
}(abed), (efgh) cyc} dim, 
(abcd .efgh)s, , 

{(abed), (ef (gh) $2, 1, 
{(abed), (ef )(gh) 
{(abed), (ef {2,15 
(abcd . efgh) 8., 

(abed), (efgh)s 52, 1» 
eye, 

A (abcdefgh), , 

B (abcdefgh), , 

C (abcdefgh),, 

D 
(abcdef) cyc (gh) , 
(abe .def) all (gh), 
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4, 
6 5 
3 
8 6, 
6, 
| 
6, 
6, 
6, 
6, 
65 
4 
| | 
23 6, 
24 4 
25 6, 
26 
= 1 
; 2 5 


Order. 


15 
16 


18 


24 


No. 


N KB ITD OO 


| 
s = 


w 


14-16 
17, 18 

19 
20, 21 
22-24 


or 


Notation. 


(abedef (gh), 
{(abedef)o(gh)} dim, 
(abedef),, (gh)} pos, 
dims, 
(abcd .efgh) pos, 
(aByde) eye (C9) cye, 
eye (e)(n8), 
(abedl),(ef)(gh), 
dim, 
(aByd) eye (e678) cye, 
(abed), (efgh) eye, 
(abed), (ef gh), 

(abcd), (ef . gh), 
}(abed), (efgh),| dim, 


eye dim, 
{(aByd) cye 6),| dim,, 


(abcd), (efgh). 2,29 
| (abed), 25 


}(abcdef (gh)} pos, 
(abedef’)s (gh), 
(abcd) pos (ef. gh), 


\(abed) all (ef. gh)} dim, 


(abcd. efgh) all, 


abcdef),, dim, 
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6 


817 
eye (end) cye} pos (ae. 88), 
eye eye} pos 

(abcd), (efgh),| dim (ae. bf.cg.dh), 

}(abed), (efgh),} dim (afbe . chdgq), 

(aBy5. 

(aBy) eye eye (79), 

‘(abc) all (de)} pos (fgh) cye, 

}(abc) all (def) all} pos (gh) dim, 


331 
|| 
5 
4 
8, 
6 
8. 
8, 
| | 6 
6 
817 
6, 
6. 
6, 
|_| 
6; 
4 


30 


32 


36 


oe CO CO ON DD 


CAN Do |W 
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Notation. 


abcdef).,(gh)| pos, 

\(abcdef )os, (gh)} pos, 

(abedef)., (gh), 

(abed .efgh) pos (ae. bf .cg.dh), 
(ade. Be. 

(abcd . efgh) pos (af. be.cg. dh), 
(aByde) eye (G79) all, 

eye, 

(S78) all} dim, 

(By), eye, 

(abcd), (efgh)s, 

L dim, 

M } dim, 

N (abcd), (efgh),| dim, 

P dim, 

Q | (abcd), (efgh),+ dim, 

R { (abcd), (efgh),} dim, 

(aByd) cyc) cyce (ae. yn . 88), 
(abcd), (efgh), (ae .bf.cg . dh), 

} (abcd), (efgh)s's, . bf. dh), 
1(aBy5)s (267 fo, 2 
B } (abcd), (efgh),\o .(ae.bf.cg.dh), 
‘(abc) all (de)} pos (fgh) all, 
{(a@By) all (de¢) all} pos (7), 
{(abe) all (def) all (gh)} pos, 
(00), 

{(abedef)x, (gh) + dima, 

x5, (gh)} pos, 

{(abedef)s, (gh)} dim, 

(abc) all (def) cyc (gh), 


4 
6, 
4 
No. 
der. 
Or | 
8, 
| 
8, 
843 
813 
6, 
6, 
6, 
6, 
6, 
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Order. No. Notation. 
48 1 (abcd) all (ef. gh), 6, 
(aByS) pos (ex)(n0), 
3 (aByd) pos (en) cye, 
4 (abed) pos (efgh),, 85 
5 \(abed) all (ef)} pos (gh), 6, 
6 (+ abcdef)., (gh), 
7 (+ (gh), 
8 all (e676) cyc} dim, 
9 {(abed) all (ef)(gh){ dim, 6, 
10 {(abed) all (efgh),| dim, 
11-13 {(abcdef),,(gh)} dim, 
(aByd) pos pos}, 4, 
15 (abcdef )o,, (gh) , 8. 
16 (abcd .efgh) all (ae. bf.cg.dh), 6, 
17 (ade. 
56 1 A (Byedn6Z) cye, 
60 1 (aByde)jo all, 
(Zn8) eye, 
3 ($76) all pos, 
64 1 
2 M {(aBys)s dim (ae. yn . 38), 
3 N }(aBys), (eGn6),| dim (ae. BG. yn. 08), 
4 {(aByd)q (end), eye} dim (aeyn . 
5 yo), pos} dim , 
6 ‘ (abcd), (efgh), com} dim (ae. bf.cg.dh), 85 
7 {(abed), (efgh), com{ dim (aebfegdh), 85 
72 1 (aBy) all (def) all (76), 
3 (abcdef (ah), 8 
4-6 (abcdef dim, 6 
96 1 (ays) all 
2 (ays) all 6) cyc, 
3 (abed) all (efgh),, 8, 
4 (abcdef )4, (gh) , 


Order. 


120 


128 


144 


168 


180 
192 


240 


288 


336 
360 


384 
576 
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Notation. 
(aByd) pos 
all (e676), com} dim, 
all (e676), cyc} dim, 
}(abed) all (efgh)s dim, 8, 
all (e676) all}, 4, 
pos (e679) pos}, 4(ae. .yn. 30), 
(abcd) pos (efgh) post, 4 (ae.bg.cf.dh), 8, 
pos (ay0. BSn)(ade. By’), 
(C79) all, 
(abcdef (gh), ins. 7; 
{ (abcdef ) (gh) } pos, ins. 5 
(ae. BC. yn. 88), 
(x8) pos (end) pos, 
(aBydeC (19), 
(abcdefgh) ins. 7 
A (aByde6n), , 
(aByde) pos (G7) cyc, ins. 
all 
{(aBy6) all allt, ,(ae.80.yn . 38), 
(n0)(aye . B82) yen 828), 
+ pos (aye. 88¢)(en 
+ pos (aye 
(abdef) 12) (gh), ins. 7 
all pos, 
all all} pos, 
(aByd) pos pos (ae. BS. yn. 58), 


, ins. 
(aByde) all cye, ins. 
(a8yde) pos all, ins. 


{(aByde) all (G76) all} pos, ins. 
aye. 

(aByd) all (ef76) all, 

}(aBy6d) all (26) all} pos (ae. yn. 58), 
{(a@yd) all (e676) all} pos yn . 06), 


| No. 
5 
6 
7 
8 
| 9 
10 
11 
12 
1 
2 
3 
1 
1 
1 
1 
2 
3 
4 
5 
1 
1 
2 
3 
1 
2 
3 
1 
2 
3 
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Order. No. Notation. 
720 1 {(aPyde) all all, ins. 
2 (aBydeZ) pos (79) ins. 
3 }(abcdef) all (gh)} pos, ins. 6 
1152 1 all (e676) all (ae. 82. yx. 86), 
1344 1 945; ins. 
1440 1 all (x6), ins. 
20160 1 (aPydel7n9) pos, ins. 
40320 1 (uByde7n8) all, ins. 


Total, 200 


EXPLANATIONS. 
Degree Three. 
(abc) all = 1, abe, ach, ab, ac, be. 
(abc) cyc=1, abe, ach, 


Degree Four.* 


(ac. bd) =1, ac. bd. 

(ab)(cd) = 1, ab.cd, ab, cd. 

(abcd), = 1, ab.cd, ac. bd, ad.be. 

(abed) cye=1, ac. bd, abcd, adcb. 

(abed), = 1, ac. bd, ac, bd, ab.cd, ad. be, abed, adeb. 

(abed) pos=1, ab.cd,ac.bd, ad. be, abe, acd, bde, adb, ach, bed, abd, ade. 

(abed) all=(abcd) pos + ab, ed, achd, adbc, be, ad, acdb, abde, ac, bd, 
abcd, adcb. 


Degree Five. 

(abcde) cyc = 1, abede, acebd, adbec, aedcb. 

(abc) cye (de) = 1, de, abc, abe. de, ach, ach.de. 

(abe) all (de)} pos=1, abe, ach, ab.de, ac.de, be.de; i. e. the positive 
substitutions in the direct product of (abe) all and (de). 
(abcde), = 1, abede, acebd, adbec, aedch , be. cd, ae.bd, ad. be, ac.de, ab.ce. 


*J. A. Serret, Lionville’s Journal, 1850, pp. 52, 53. 
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(abc) all (de)=1, abc, ach, ab, ac, be, de, abc. de, ach . de, ab .de, ac. de, 
be. de. 

(abcde),o* =1, abcde, acebd, adbec, aedcb, be.cd, ae. bd, ad.be, ac.de, 
ab .ce, bced, acbe, aecd, abdc, adeb, bdec, adce, abed, aebe, acdb. 


Degree Six. 

{(abed), dim=1, ab.cd, ac. bd. ef, ad. bc.ef or the conjugates obtained 
by transforming this by (abc) cye. 

(abe.def) all=1, abc.def, acb.dfe, ab.de, ac.df, be. ef. 

(abcdef),=1, abe .def, ach. dfe, ad .bf.ce, af. be.cd, ae. bd. cf. 

{(abed), com (ef)}| dim =1, ac.bd, ac, bd, ab.cd.ef, ad.be.ef, abcd .ef, 
adch . ef. 

{(abed), cyc (ef)} dim=1, ac. bd, abcd, adch, ac.ef, bd.ef, ab.cd.ef, 
ad .be.ef. 

{(abcd), pos (ef)} dim=1, ac.bd, ab.cd, ad.be, ac.ef, bd. ef, abcd .ef, 
adcb . ef. 

(abcdef),=1, abc.def, achb.dfe, ab.de, ac.df, be.ef, ad.be.cf, aecdbf, 
afbidce, ac.bd.cf, af.be.cd, ad. bf.ce. 

(abcdef)o,=1, ac. bd, ac.ef, bd.ef, abe.cdf, adf.bec, abf.cde, ade.bfc, 
aeb .cfd, afd.bce, afb.ced, aed. 

All the substitutions of (abcdef),,, and (abcdef )s,, are given by Cole, Bulletin 
of the New York Mathematical Society, vol. II (1893), p. 185; also in Quarterly 
Journal of Mathematics, vol. XX VI, p. 372. A complete list of the substitutions 
in the remaining transitive groups of this degree with the exception of the 
alternating and the symmetric group is given by Cayley, Quarterly Journal of 
Mathematics, vol. XXV (1891), pp. 80-85. These groups are also given by 
Veronese, Annali di Matematica, vol. XI (1883), pp. 176-190. 

Degree Seven. Cayley’s list (Quarterly Journal, vol. XXV) contains all 
these groups with the exception of } (abcd) all (e/g) all}, , and (abcdefq),,,. These 
two groups are given by Cole, Quarterly Journal of Mathematics, vol. XX VI, p. 
373. The latter of these two groups is simple and it has received a great deal of 
attention. Of. Kirkman, Proceedings of the Literary and Philosophical Society 
of Manchester, 1863, p. 65; also Moore, Bulletin of the American Mathematical 
Society, Vol. I (1894), p. 61. 


* Lagrange, Oeuvres, vol. III, p. 339. 
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Degree Eight. The given list by Cayley omits 43 of these groups. Cole’s 
supplementary list (Bulletin of the New York Mathematical Society, vol. IJ, p. 
184) omits two groups, (abed .efgh) pos (af. be.cg.dh) and (abedefgh),3,,, and it 
gives a notation for an intransitive group of order 16 which does not exist, 
Miller, Bulletin of the New York Mathematical Society, vol. III (1894), p. 168. 
The given group of order 1344 was studied by Jordan, Comptes rendus, vol. 
LXXIII; Noether, Mathematische Annalen, vol. XV, p. 90; Kirkman, Pro- 
ceedings of the Literary and Philosophical Society of Manchester, vol. ITI, p. 
150, etc. It is the only compound perfect group of degree 8, and there is 
no such group of any lower degree, Miller, American Journal of Mathematics, 
vol. XX, p. 280. Hence, there are six abstract perfect groups which may be 
represented as substitution groups whose degree does not exceed 8, viz. one 
group of each of the orders 60, 168, 360, 1344, 2520, and 20,160. (abcdefgh),344 
is the holomorph of A(abcdefgh),. The holomorphs of B (abcdefgh),, 
C(abcedefgh),, D(abcdefgh),, and (abedefgh)cyc are A3(abcd),(efgh)g}s 
(ae.bf.cg.dh), M (abcd), (efgh),} dim (ae.bf.cg .dh), }(ab) (ed) (ef) (gh)} pos 
(ace. bdf)(agbh), and A}(abcd), .(ae.bf.cg.dh) respectively. It is 
interesting to observe that the first and last of these four groups have the same 
holomorph. 


CORNELL UNIVERSITY, March, 1899. 


= 


338 Minter: Memoir on the Substitution-Groups, ete. 


TABLE OF CONTENTS. 


Part I. 


On the construction of all the substitution-groups of a small degree. 


PAGE 

There cannot be more than one group of degree eight and of order 1344, .. . . 288 
§1. Intransitive groups, . 289 
Intransitive groups containing only transitive constituents of degree two,  . . 293 

§2. Imprimitive groups, . 295 
The head of an imprimitive group, ‘ . 296 
Groups containing two systems of imprimitivity, . 297 
Groups containing more than two systems of imprimitivity, . ° . ‘ . 303 

§3. Primitive groups, . . 306 

Part II. 
Determination of the groups whose degree does not exceed eight. 
§1. Determination of the groups whose degree does not exceed five, . ‘ ‘ . 310 
§2. Determination of the groups of degree six, . ‘ . 3138 
§3. Determination of the groups of degree seven, 317 
§4. Determination of the groups of degree eight, . ‘ ; : , ‘ : . 318 
Part ITI. 
List of all the substitution-groups whose degree is less than nine. 

Groups of degrees two, three and four, . 326 
Groups of degrees five and six, . ‘ ‘ 327 


Explanations of the notation and brief remarks on a few groups, ‘ ‘ ‘ . 335 


On a Class of Equations of Transformation. 


By Jacop WESTLUND. 


The object of the following paper is to discuss those equations of transforma- 
tion whose roots are the n + 1 values of 


Pp 
yu = cn®. dn’ (4pa/k), 


where a, @, y are any positive or negative integers and » = —" 2 , wand 


vy being integers. 

We use the notation y,, since the value of the roots depends on the ratio 
of the integers uw and ».* We also suppose, for simplicity, ~ to be an odd 
prime and set n= 2m + 1. | 

The equation in question being rational for the domain of rationality, FR (x), 
where x = k’, may be written 


where = + + + Oy, (1) 
The method for computing the coefficients f,.... f, +, issimilar to that applied 
by Pierpontt to the modular equation, and consists of the following three steps: 


1. To express the roots as q-series. 
2. To find a superior limit of the degree in x of the equation. 


* Weber, ‘‘ Elliptische Functionen,’’ §67. 
t‘*On Modular Equations” (Bulletin Am. Math. Soc., vol. III, No. 8, 1897). 
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3. To express x as a qg-series and substitute for y one of the roots expressed 
as a g-series in the equation and equate the coefficients of the different powers of 
q to zero, by which we obtain a system of linear equations for determining the 


constants that enter into the coefficients fy... -fy41- 


1.— To Develop the Roots into q-series. 


If we set 
1, m 
Pp 
vu =[] (4po), 
v 1, m 
p 
w» — |] dn (4pa), 
v m 
we have Yu = Ui, 
v v v v 


v 


Using the formula* 


> (v— po) (v po) _ 
=(— 1) “> (v/t), 


II Sy (v — pa) 35 (v + po) 


where 
t+ l6a . 
n 
T, = NT , tere 0, 
and 


and observing that 
o=0 9,(0/t) 9, (0/2) 95 (0/2) 


we get 
p (0/7, 33 (0/7,.) 


(—1)"[] (pa) = m(—1) (0/7) 


1, m 


(2) 


(3) 


* Konigsberger, ‘‘ Vorlesungen iiber Ellipt. Funct.,’’ II, pp. 96-97. 


ai 
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and hence 
n (0/nt) . 3; (0/nz) 
t+ 16a t™+ 16a 


},....., km as (O/T). (0/z) ’ 
=n. ™(1 + ag +...) 


2r 


1 ’ 


where r=" and «= 
Il.—v,. 
We have* 

dy (v — pa) (v + po) /, 

II — po) (v+ po) (o/s). 

IT (pa) = 8, (0/7). 9, (0/r) 
and kin” 

=(v7) (0/%) 


where = Wk, Y(t) = VW. 


where = +1. 
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(4) 


(5) 


(6) 


(7) 


In order to determine p, we suppose t= 7 + is, and let s become infinite. 


Then g approaches zero and we get 


p,, =(—1)’. 


* Konigsberger, loc. cit. 


| | 
= 
_ 
| Pz, ) | 
| 
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To determine p, we give to 7 the value ts, and we find* that 
Po =(— 1)’. 


In order to ary Pas we @ proceed as follows: Let 


a=] 2, 


f(v,x)=0 


be the equation whose roots are 


v= cen (4pa/k); 


hen 


In this identity replace t by t + 16a and we get 


t + 16a ) 


which shows that 


Pa = (— 1)’. a=0,1,....,n—l1) 
Hence 
— (yy (nt 
t + 16a 
or 
----), 
(9) 


* Weber, “ Ellipt. Funct.,”’ p. 65. 


— 
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We have* 
P_ 33 — (v+po)_ Ix, , So 
Hence 
LL (20) (0/2) 
and wh (0/7, ) 
v “0 v 
Hence (7) 
where p, = + 1. 
Reasoning as before, we get 
= 1, Pa = (— 1)’ 
Hence 
(nt)’ 
w = (— 1)’ (7) 
n J 
or 
=l+aqt+.-... 
Wa = (— 1+ +.... 
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(10) 


(11) 


(12) 


(13) 


Having thus obtained expressions for the three quantities u,, v,, W,, We 


v v 


get the following expressions for y, : 


v 


‘+8 (nt) 3. (0/nz) 


= (— 


v 


(14) 


’ 


* Konigsberger, loc. cit. 


45 


| 
| 
= 
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or 
=(— 1)" .n*. (1 +ag+ ....), 
‘ 1 (15) 
ni, Q— (20+ B) n (1 4- hye’"q” 


o=0)1. 


2.—A Superior Limit of the Degree of x. 


To determine this we have to determine the sum of the orders of the infinities 
of the roots for the infinite x-plane. The only points in the x-plane for which the 
roots may vanish or become infinite are x= 0, 1, #. We will, therefore, deter- 
mine the value of the roots for these three values of x. 


[.x=0. From (15) we get 


(Ya)e—9 Of order (16) 


II. x=1, It is easy to show, on passing to exponentials, that 
(Uo)e=1 = (— 1)".n, (17) 
For v, we have 


v 


Pp 1 


: 
n 
1 1 
on where 7, = — — 
Vp (7) T 


1 
== (— 1). g, 6% (18) 
Similarly we get 
= 


= 5g, + ----) (19) 


and 


1 
Vv = 
a=1....n—1 Up (7) 


r 1 
= (— 1)’. + +....). 


(20) | 
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Hence 


For w, we obtain by a similar reasoning 


v 


Wy (7) 1 
qi (1 + 4g; ) 
an — W.« (7;) r om 
1 
= 2”. + + ....), 
a=1....n—1 Up J 
or 
(Wo). =1 = (— 1). 
...n—1)e=1= 9 of order 
Hence from (17), (21) and (28), 
= (— 1) ge, 
= 0 of order 7 (8 + y), 
Ill. x =a 
We have 
om T- L+ 
u,, (7) = [] sn? ( a) = u, (7), 
1, m n 
where = , 16a=1 mod n. 
k 
Similarly, 
U, = A" u,, (t,) if 16a=—1 mod n, 
U,(T) = if (16b— 1)a=—b mod n. 


Hence 
m— 2" 1 ) 
(7) =(—1)".2"q, + ae"? +....), 
where 16a=1 mod n, 


U, (7) =n. (1+ 
where 16a=—1 mod n, 


u, (7) = (— 1)”. (1 + 
where — 1)a=—b mod n. J 


(21) 


(22) 


(23) 


(24) 


| 


346 WestLuND: On a Class of Equations of Transformation. 


In the same way we get 

(T) = w,(t) =(—1)' (1 + +... .), 
where 16a=1 mod n, 


Vq (tT) = =14+4q+.-.... (26) 


where 16a=— 1 mod n, 


(t) = w,(7;) =(— (1 + +...., 


where (164 —1)a=— db mod n. J 
and 
1 } 
We (T) = = (— 1)’. + ae“qr +....), 
where 16a=1 mod n, 
w,(¢) = (— ....), (27) 
where 16a=—1 mod. n, 
1 
Waj(%) = v, (%;)=(—1)’. 2-"g, (1 + +....), 
where (166 — 1)a==—b mod n. 
Hence 
(Yae=o O00f orderam, if 16a=—1 mod n, 
28 
(Yo, 0 of order am — (24+ y), if 16a+—1 modn. (8) 


3.—LHquations that can be derived from a given Equation of Transformation by 
Means of Linear Transformations. 


By applying a linear transformation to the equation whose roots are y. we 


obtain other equations of transformation, The results we obtain are given in 
the table below, where to the left the substitution to be made and to the right 
the roots of the resulting equation are given. x’ is defined by x + x’ =1. 


x ’ Pp 


2. ), 22 dnyv(Ay 
(—1)™y | I sn**. cn .dn’ (4pa/k). 
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\ 


x \ Dp 
|, [ [ cn’. dn—°*+4 +» 
( ) Y 1, m 
x | 
p 
2a dpe 
1 ( Il sn. cn dn (4pa/k). 
\ x! ’ ; 1, m 
Y \ p 
5, | 4 [] en’. dn’ (4pa/h). 
x ’ / 1, m 
/ 


Hence, using the notation 


Pp 
= [| sn*. cn’. dn’ (4pa/k), 
1, m 


Iu ,a,B,Y 


the substitutions given above lead to equations whose roots are 


t. 
a, B,—(2a+fB+y), 


2. 4 
Yu a,—(2a+B+yY), 


a, ¥,—(2a+ B + 
4 4 

+B ty)> B, 


respectively. 


4,— Applications. 


I. The equation whose roots are 
dn? 
= I] (4pa/k). 
v 1, m 
From (15) we get 
Y, 


(29) 
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and from (29) we get the values of the roots for x = 0, 1, © as follows: 


Y oz . 9”, ) 
= 0 of order — 
n 


Ya = 2°-*" if 16a=— 1 mod n, 
—— 


Of order 2” if 16a +!— 1 mod 


Since the equation remains unchanged if we replace x by x’, it must be of the 
form 
(HH!) (xe!) = 0, (31) 
where 
(xx) = by Oy, m, (xx’)™ and m, <r. 


The term /,4;(xx’) being equal to the product of the roots, can easily be 


determined, and we get 
(xx!) = (32) 


For x=0, n roots vanish. Hence f,, fz,....,/, must all contain the 


factor xx’ and also 
by op = (— 1)" 2". (33) 


For x =, n roots become infinite. Hence we see that 


$s = 1, n— 1, and by, — 92m (34) 
My — 
For n = 3 the equation is 
+ 2y? — 4ux'y + xx’ = 0. (35) 


From this equation we derive two other equations by the substitutions 


x, Y x, Y 


x / \ x 


as shown in the table below: 


(— 1) gm 
= 0 of order (30) 
n 
( 


| 

— 
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ROOTS. EQUATIONS. 

(427/) yt + — 4xx'y + xx’ = 0 
1, m 

p 1 4 3 Ax , 

y—~ = 
cn. dn (4pa/k) Y + Y + x!" x!” 0 


Il. The equation whose roots are 


From (15) we get 


(— 1)’. om 
Jo n (36) 
Ya = (— 2". *.9g* (1 +- eee 
a—0,1,....,2—l1 
and from (29), 
r gm 
0 
Yq — 0 of order 
a=0, 1,....,n—1 n 
n= 1 4 (37) 
Yn q— 0 of order 
Yq = of order m, 16a =—1 mod n 
of order — = +m, 16a —1 mod n 
n 


If we replace x by x’, the equation is transformed into an equation whose 


roots are 


(— 1)" T] 


1, m* 


I (4pm /k). 

| 

| 

| 
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Hence if m is even, the equation must be of the form 
+ (xx')y" + (xx') = 0, (38) 
and if m is odd, 
y" +1 + (x—x') f, (xx') y" + fy (xx!) +. + fn 41 (xx’) = 0, (39) 


where 


When m is even, we have m, <7, and when m is odd, we have 


is if s is even, 
if s is odd. 


For + (xx') we get the expression 


(exe) = (xx!)’. 

The coefficients f,,...., f, must all contain the factor xx’, and we also get 
r+ 1 m 

(41) 


From the above, and making use of the fact that for x = all the roots become 
infinite, we obtain the equation for n = 3. This equation and those that can be 


derived from it by the substitutions 


x, Y Y 
and 
x 
are given below. 
ROOTS. | EQUATIONS. 
cn | ! 
| y 3(%—x')y 3 0 
P-en.dn 
1, m 
Pd 
II (Apa /k) 3 = 0 


—— 
| 
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Ill. The equation whose roots are 


p 
y, = (4pa/h). 


1, m 


From (15) we get 
Yo =(— 1)'n.2-*"(1 + ....), 


=—(—] m 3m 3a (42) 


and from (29), 


Yoo =(— 1)’.n.2-™, ) 
x= 0 3r 
Ya = o of order — , 
-,n—l 
fw =(—1)".n. 2% 
x= 1 9 43 
Yo,a of order (43) 
a=], ....,2—1 
Ya of order m, 16a=— 1 modn 
mn — 3r 
Yo,a = 0 of order 16a + —1 mod n | 


The equation must be of the form 


where A=constant and g, (x) +4, +4, m,%™, and it is also 
seen that the degree of x cannot exceed 37. 
The last term being the product of the roots, we get 
We have also 


which gives 


In order to determine 7, and a superior limit of 7,, 73,++++, 7-1, We use 
the nethod employed by Pierpont.* Setting 


ye 


*** On Modular Equations.” 


46 


| 
v | 
Gn (*) (= = ) | 
Yo>Yo---- Yn—-1 Yo 
| 
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and denoting the order of infinity of S, by 6,, we get 


3pr—vV 
6, = pil. Z,0cee, (46) 


where 7, is the smallest positive root of 


8y + 3p=0 mod n, 
and hence 


’ 
and if G,, 6, .-.- form a regular sequence,* we also get 


In order to determine p, m,, m, and asuperior limit of m,, m3, ...., M,_1, 
we make use of the fact that the equation remains unchanged for the substi- 


tution 


From this fact we get the relations 
p=2r, m,= 2r,—pm. (p= 1, 2,..+.,%), (48) 


For x = 1, n roots vanish and one root = (— 1)"”.2’". Hence 


| | (49) 


The relations given above show that for n = 8 the equation is 


2 3 


x” x 


3 


But for x= o the equation reduces to 
y(y+ 


Hence Az, 9 = 12. 


* Pierpont, l. c. 


g 
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From this equation we derive two other equations whose roots are 


sn’ dn J? sn’ cn 
II (4pu/k) and I] (4pa/k) 
by the substitutions 
( ) and resp. 
Thus we have for n = 3: 
ROOTS. EQUATIONS. 
6 (1 12x” 8x!" (1 3x" 
[| sn’. cn. dn (4pa/k)| + ( y+ +— y + = 0 
1, m 
sw’ dn 12x? 8x? (1+ x’) 3x 
sn’ cn 6 (x —x 12 8(x—x) 
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On Linearoid Differential Equations. 


By Dr. KE. J. Witczynsk1. 


The fundamental notions of the theory of linear differential equations can 
be applied to a very large category of non-linear differential equations. In a 
former paper* [ have shown, in general, how this may be done, the existence of 
the differential equations, however, not being demonstrated. Moreover, the point 
of view in that paper was somewhat different, and the results obtained there are 
put into a clearer light if taken in connection with the present, which, however, 
is itself nothing but a reconnoissance upon, what appears to me, a new field of 
great promise. 

[ have ventured to call the differential equations, whose existence will be 
proven in this paper, by a new name. It would be very inconvenient to charac- 
terize them in every case by the enumeration of their properties. The name 
Linearoid suggests at once their relation to linear differential equations. 


of Linearoid Differential Equations. 


By a system of linearoid differential equations we understand a system of 
differential equations 
with the following property: Let y,, y,...., y, represent a system of particu- 
lar solutions ; then the general solutions of (1) are obtained in the form 


k=] 


where @, d2,...., a, are arbitrary constants and 9, are uniform functions with 
respect to a. 


*E. J. Wilczynski, ‘‘On Systems of Multiform Functions which belong to a Group of Linear Sub- 
stitutions with Uniform Coefficients.’’ Amer. Jour. Math., April, 1899. 


—— 
i= 
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Our equations may then be said to have fundamental solutions. However, 
there is this difference between our equations and those commonly said to have 
fundamental solutions, that in the latter the general integrals are 


Di (Yrs Ynj Gy), 


where @; is independent of «. The linearoid equations are very general, and in 
fact if we did not suppose that @,. are uniform functions of x, would compre- 
hend a very large class of differential equations. 

It is of course assumed that 7,,....,%,, the general solutions, cannot be 
expressed in the form (2) in terms of less than m functions y,,.-.-, y, or less 
than 7 constants, so that 7 is the order of the system, and there will be no rela- 
tion verified of the form 

k=] 
with non-vanishing coefficients. For if there were, 7,, ...., %, could be 
expressed in terms of only n — 1 y’s. 

Assuming no relation of the form (3) to be verified, y,,----, y, will be 
called a fundamental system. 

Equations (2) then define an r-parameter group G of continuous transforma- 
tions. 

For give special but arbitrary values to a,....,a,. Then 7,...., 7%, 
are solutions of (1), provided y,,...., Y, are such solutions. Then 


are also solutions of (1), whatever the values of the constants 6; may be. There- 
fore, since (2) gives the general solutions of (1), it must be possible to find 


Ch, im terme of and ...., & suck that 


k=1 
But this proves the theorem. 
Tf yy, 5 Yn form a fundamental system, 71, +++ +, 2, will also form a fun- 


damental system, tf the determinant 
A= | Dix (a ; a1; Ay eevee y a,) | 


does not vanish identically. 
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For suppose an equation of the form 


were verified. Then, owing to (2), 


t= & 


but the coefficient of y, can be written in the form @,,(x; ¢,...., ¢,) owing to 
the group property. Therefore, it must vanish, 1. e. 


k=1 


whence, since A+ 0, it follows that 


Therefore, 7, ...., 7, form a fundamental system. 

We have assumed the functions $;(a@; a,,----,a,) to be uniform with 
respect to x. Let them be analytic functions of a,,...., a, likewise. Then 
we may assume that (x; a,,...., a,) can be developed in a series of powers 
of a,,....,a, convergent in a certain domain. The coefficient of a, in this 
development, or 


is a uniform function of «. The infinitesimal transformations of the group G@ 
are therefore 
of 
or putting 


n n 


(5) 
| i=] Oy; 


Suppose for a moment that the r equations U,f=0 are all independent. 
Denote by G the group obtained by extending G s times. Then the 7 equa- 
tions UX’f=0 are also independent. If (s+ 1)n—r=n, then G® will have 
just n independent invariants, and sn =r; i. e. the total order of these differen- 
tial invariants of G is just equal to the number 7 of parameters in the group. 
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For every one of these differential invariants contains derivatives of order s. 
Otherwise there would be invariants of G“~", which is impossible, since 
si 

Suppose now that sn —r=/, where 7>0 but <n. Then G@~” has just 
<n invariants and G has »+7. Each of the 7 invariants 3,,...., of 
G*- contains derivatives of order s —1, and is also an invariant of G®. Their 
derivatives 3j,...., 3; are also invariants of G, and, moreover, they are inde- 
pendent of each other and 3,,...., 3,. For suppose we had for instance 


Since 3; is a total derivative, @ must also be a total derivative, so that 


ds; d 
no derivatives of order s occurring in J, as that would give derivatives of order 
s+i1in By integration 
x 


But §, is invariant under G*~). The same must therefore be true of ~, whence 


But 3,,...., 3, being independent, y and therefore ~ must reduce to 3,, so that 


the supposed relation 
dx da 
reduces to the identity 3; = 3. 

Now let us omit the invariants 3{,...., 3; and take the othern. They 
are independent, and none of them can be obtained from another in the set by 
differentiation. The total order of the system will be (m—/)s +/7(s—1) 
=ns—l. But we had sn»—r=/, so that sn—l=r. In this case also the 
total order of the system of invariants is equal to the number of parameters in 
the group. Moreover, any other system of invariants of G is of higher order 
than 7, if it contains no invariants which can be obtained from one of the others 
by differentiation. 

Suppose now that only g<_r of the equations U.f=0 are independent. 
Then if (s +1)n—r=n+l, G® will have at least n+ /, and G°—” at least / 


| 
| 
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invariants. Thus we can as before construct at least one system of n independent 
invariants of total order For if G°~” has independent invariants, just 4 of 
the invariants of G” are the derivatives of these. Suppress 7 of the latter and 
replace them by the corresponding 7 invariants of G°~?. Take any n—J of 
the other invariants of G”. The order of such a system is /(s —1) + (n—/)s 
=—ns—l. But ns—r=—l, so that 


ns—l=r. 


In every case then, at least one system of independent differential invariants 
of total order 7 can be found. Let 3,,...., 3, denote such a system, in which 
S1, +++, 9, are independent, and also of such a nature that none of these expres- 
sions can be formed from one of the others by differentiation. Putting then 


where 7, (x) are functions of « alone, we have a system of differential equations 
which remains unaltered by every transformation of the r-parameter group G. 
Therefore, if y,,...-, y, constitute a fundamental system, the expressions 


k=] 


are also solutions of (6). Moreover, they are the general solutions, for they 
contain 7 arbitrary constants, and r is the order of the system. 

This completes the proof of the existence theorem. Jf the equations (7) 
form an r-parameter group, there always exists at least one system of differential 


order, whose general solution is given by these equations, yy, +++, Yn 


equations of the r 
being supposed to form a fundamental system. 

It must be noticed, however, that these differential equations are not neces- 
sarily algebraic, or still less, rational. The linearoid differential equations have 
fixed branch-points, i. e. the position of the branch-points is independent of the 
values of the constants of integration. 

For, according to (7), since dy are uniform functions of x, the general solu- 
tions 7,-++-+, %, have the same branch-points as the special solution y,,...., Yn; 
i. e. the position of the branch-points is the same for all solutions, and therefore 


independent of the constants of integration. 
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= 


Sk 


of 
Ox 


and 
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(A) 
kn 


as the infinitesimal transformations of the group G, since the variable ~ is trans 


formed only by the identical transformation. 


Such transformations generate 


a group if the commutators (U,, U,) can be expressed linearly in terms of 


U,,...., U, with constant coefficients, i. e. with coefficients independent of 
Yn, the parameters and Of course 


We have further 


(U,, [U, (Eu) — U, 
i=] 
But 
=> (42 (@) n+ 
k=] 
Thus we obtain 7 
t=] Yi 
( + vi? Yo + 
v=1 i=1 : 
if ¢,,, denotes constant quantities. 
For f= y;, we obtain 
= (VEY, + Yo + +¥ 


+ vin Yn) Vik’ (x), 


(2) Ym) (2), 


+ Yn) 
+ — yn] 

in Yn) 


= 

| 
| 

| 47 
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But as this must be an identity, we obtain by equating coefficients of y, 


k=] 


(8) 


Only tf n’r functions UY (x) and r°* constants c,,, can be found verifying these 


relations will the r infinitesimal transformations U,f and Vf generate an r-param- 
eter linearoid group. Of course, the constants ¢,,, must also verify the relations 


r 
> (Coro Cojr Chjo Cogr + Ciga Cont) =0 


o=1 
and Curr + = 

Suppose we have found n’r such functions and 7°’ such constants. In order 
that the group which U,f and Vf generate may have coefficients which are 
uniform functions of x, the functions »{}’ (2) must be uniform. But this condi- 
tion is not sufficient. The finite equations of the group are found by integrating 
the simultaneous system 


A=1 A=] 


or => (a y+ C. 2) (x) + (x) => Aun Ni, (9) 


| 


with the condition 7, = y, fort=0. We have put 


= (a) + (x) + (a). (10) 


The quantities A,; are independent of ¢. From the well-known theory of such 
systems, it follows that in order that the general integrals may be uniform func- 
tions of x, the characteristic determinant 


| A.; — = 0, (11) 
where 0, k | 


must be reducible to a product of linear factors, in the field of the quantities A,,, for 


all values of ¢,, C,,++++,¢,. This condition is necessary and sufficient. More- 
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over, the coefficients of the finite equations of the groups are then uniform functions of 
the parameters ¢,...., ¢, also. Moreover, these formule show that not only are 
the branch-points of linearoid differential equations fixed, but also the essentially 
singular points in Weierstrass’s terminology. 

If the above condition is not fulfilled, these coefficients will be at the 
most n-valued functions of x,c,,....,¢,, provided that (x) are uniform 
functions. 


§2.— One-Parameter Groups, and certain r-Parameter Groups, all of whose Infini- 
tesimal Transformations are Commutative. 


Let any infinitesimal transformation of the form 


Uf => 


= Vy (x) + (X) Yo + + Vin (X) Yn 


(1) 


be given, where y,; (a) are uniform functions of x. It will generate a one-param- 
eter group linear in y,,...., y,, with coefficients which are uniform functions 
of x, if the determinant 


reduces to a product of linear factors in the field of ,,(z). 
If ),, Yo, be the 1 independent solutions of Uf=0, and y, 
a solution of Uf=1, the variables y,,...., 9, are transformed as follows: 


The equations 


dy), 
9; (a, Yi Yos Yn) = f,(x), =f, (x), (4) 


| 
| 
(x) » Wns (x) Vin 

| 
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then form a system of differential equations such that if y,,...., y, form a fun- 
damental system, the general solutions are given by 


n=> t) («= 1, 2, (5) 
| 


these being the finite equations of the group generated by (1). 
Kssentially the same method applies to an r-parameter group generated by 
r infinitesimal transformations of the form 


These are all commutative, and have the same path-curves. The canonical form 
of the group becomes 


9, (x) + (x) + + ¢,f,(x), 


C;,....,¢, being arbitrary constants. Therefore y, is the general integral of a 
non-homogeneous linear differential equation of the 7 order whose fundamental 
integrals are f,(x),...., f(x), By elimination, equations of the 7" order can 
be found for y,, y, ----, Y,- But this elimination is not in general algebrai- 
cally possible. 

The functions y,,...., y,, thus defined by differential equations, will, if 
the coefficients of these equations are uniform, have the following function-theo- 
retic property. They are uniform except in the vicinity of certain points 
(,,+.+., a, in the plane, and when «w describes a close curve around 
Gi, Yj, «+++, Yy, Will undergo a linear substitution with coefficients which are 
uniform functions of x. The group of linearoid substitutions thus obtained is a dis- 
creet numerable subgroup of the continuous group generated by U,f,...., U,/. 


§3.—The Group of Rotations. 
To give an example, let us consider the 7-parameter group of rotations 


Ny = COS @Y; — SIN WY, 
Ny = 8iN ay, + COS | (1) 
= (7) + afe(a)+-... 


— 


Witczynski: On Linearoid Differential Equations. 363 


The canonical form of the group will be found by putting 


tan 


1 
The transformed group becomes 


p=r, G=ftaf(«) +oh(@) +... 


so that @ is the general integral of a non-homogeneous linear differential equa- 
tion of the 7™ order, 


of which / is a special solution, and such that f, (a), ....,/,(a) form a funda- 
mental system of the homogeneous equation 


o” po" fe PP = 0. 


The uniform functions f, (a), ...., f(x) being given, the coefficients p, of this 
equation, are easily determined. They are uniform functions of «. Further, 
r= yi + y; = s(x) may be chosen as a uniform function of 2. For the deter- 
mination of 7, and y,, we have then the two equations 


r 
dx’ —* are tan — 


‘ 
ni + 8 (a), 


(3) 


where we will, moreover, now assume that the coefficients p, p, and s(x) are 
rational functions of x. Ify,, y, form a fundamental system of (3), the general 
solution is given by (1). 

If 4, y, is a fundamental system of (3), let a be a branch-point of these 
functions. Ifa describes a circuit around a, y,; and y, must undergo a linear 
substitution of the form (1). For all possible closed paths y, and y, will undergo 
a group of linear substitutions, which is a subgroup of (1). 

In particular, let f. (a) = «* for A= 0, 1, 2,...., 7—1. The differential 
equations then assume the simple form 

r 


are tan (x) (4) 


| 
ni + nz = 8 (x) 
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r(x) and s(x) being rational functions of x. Let a; be a pole of r(x) such that 


where 7’(x) contains all terms of r(a”) which, after 7-fold integration, give a 
rational integral. 7’ (x) may then still contain any number of poles, but each of 
these is of order higher than r. Integrating 7 times, we obtain 


1 m 
" 2 log (a — a;)[Aw + Ane +. + p (x) 
5 
=o (x), 


where p(x) is a rational function of x. By properly choosing the constants A;,, 
the constants A, may be made to assume any arbitrarily assigned values, as may 
be easily verified. But if « makes a circuit around a,, o (x) is increased by 
Nig + Ane + Therefore, 


n= = tana (a), (6) 


is uniform everywhere except in the vicinities of the points a; When 4 makes 
a positive circuit around a,, 7 suffers a projective substitution of the form 


n + tan @; (x) 
1 — tan 9; (x)’ 


where ¢;(x) are arbitrary polynomials of degree r—1. 7, and y, undergo the 
corresponding homogeneous substitutions. In fact from (6) and (4) we find 


m= Vs(x) cosa(x), = Ws (x) sing (x). (7) 


If y, and vy, are to have only the branch-points a,,....,a, and no others, the 
rational function s(x) must have no zeros or poles of odd order, and the fun- 
damental substitutions otherwise arbitrary must verify the relation 


A,A, An = 1, 


0, Qu7 , 
| 


i=1 
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where uw is an integer. If these relations were not verified, the point 2= 
would introduce itself as a branch-point with the substitution A,,,, such that 


It is easy to verify that 7, and yz, are both solutions of the differential 
equation 


dy 72 


Suppose for simplicity that there are only three branch-points 0, 1 and . 
Then, according to a general theorem of M. Poincaré, if we put 


= (6), 


where @(¢) denotes the elliptic modular function, 
n= tano[p(¢)] = 


will be a uniform function of ¢. Moreover, if ¢ undergoes a substitution of the 
group of the modular function, 7 will suffer a projective substitution whose coefli- 
cients are uniform functions of x and therefore automorphic uniform functions 
of ¢. Ofcourse we obtain in the same way also a system of two uniform func- 
tions of ¢ which, when ¢ undergoes a substitution of the modular group, under- 
goes an orthogonal homogeneous substitution whose coefficients are automorphic 
functions of ¢. 

This is, so far as | know, the first example of a new kind of homomorphic 
function, excepting the simple case of Poincaré’s Thetafuchsian and Theta- 
kleinian functions. | 

Generally there are thus brought to’ our attention systems of uniform functions 
of a variable € which undergo a group of homogeneous linear or projective substitu- 
tions with coefficients which are automorphic functions of 6, when ¢ suffers a group of 
projective substitutions with constant coefficients. 

The existence of an extensive class of such functions can be established by 
the methods of M. Poincaré making use of the Zetafuchsian series, and numerous 


other examples can be found. 


= 

| 
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§4.— Conclusion. 


In my previous paper in the American Journal, a theorem is proven which 
may appear to be in contradiction with some of the results of the present paper. 
It is there shown that functions behaving as the solutions of linearoid differential 
equations, verify homogeneous differential equations, under certain conditions. 
The equations which we have found, however, are not homogeneous. The reason 
for this is simply that in the former paper the domain of rationality was formed 
by the coefficients of the fundamental substitutions, and here a different realm is 
employed. 

Our results serve only as an introduction to what seems to me quite a new 
field. An extensive class of differential equations comes before us, for which a 
general theory becomes possible. The explicit determination of linearoid 
equations and their closer discussion would appear to be a matter of great 
importance and interest. ‘This can in many cases be done without any 
integration. It is true, as will be shown in a subsequent paper, that most of 
these equations can be reduced to a combination of linear differential equations 
and quadratures. This, of course, is in itself interesting, and shows that only the 
simplest cases of A functions are obtained by the methods of this paper, which is 
but an application of Jve’s theory of finite continuous groups, which can be at 
once generalized for other groups. It is essential, however, for the function- 
theoretic application that the independent variable x is not transformed at all. 


UNIVERSITY OF CALIFORNIA, BERKELEY, CAL., February 21, 1899. 
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On the Roots of a Determinantal Equation. 


By W. H. Merzuer. 


1. In the American Journal of Mathematics* Dr. Thomas Muir made use of 
Sylvester’s proof of the reality of the roots of Lagrange’s determinantal equa- 
tion to prove the theorem 


The equation, 


WG 13 
31 32 33 —Leeee 


will have all its roots real if in the case of every pair u,v of the n—1 tndices 
2,3, 4,...., 7, we have 


lu.uv.vl=ul.vu. ly 


and lu.ul= +. 
There is another theorem quite similar to this which may be proven in a 
precisely similar manner. 
It is as follows: 
The equation 
i 12 


21 22—-a 23 


* Vol. XIX, No. 4, pp. 312-3818. 


— | 
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will have all its roots pure imaginary * if in the case of every pair u, v of then —1 
indices 2, 3, 4,....,n, we have 


lu vl = |r, 
lu.pl=—, 


2. In art. 5 of his paper Dr. Muir shows that, in any determinant in which 
the specified conditions mentioned in the first theorem are true, every term 
is equal to its conjugate. In exactly the same way it may be shown that, in 
any determinant in which the specified conditions mentioned in the second 
theorem are true, every term is equal to its conjugate if the order of the 
determinant is even and to the negative of its conjugate if the order of the 
determinant is odd. Consequently, in case the order of the determinant is odd, 
conjugate terms cancel each other. Again, when the order is odd, self-conjugate 
terms contain at least one constituent from the principal diagonal and therefore 
vanish. 

It follows that every determinant of odd order, in which the specified condi- 
tions of the second theorem are true, vanishes. 


3. If now, following Dr. Muir, we consider the equation of the fourth 
degree, the proof of the second theorem proceeds precisely the same as that 
given of the first up to the point where the terms of the quartic in are shown 
to be alternately positive and negative. 

HKixamining these terms under the conditions of the second theorem, it will 
be seen, on making use of the results of art. 2, that the coefficient of — «® is neg- 
ative, the coefficient of «* is positive, the coefficient of — a’ is negative, and 
the independent term is positive. The quartic, therefore, has all its terms posi- 
tive, and consequently can have no real positive root. It can have no imaginary 
roots, for the specified conditions of the first theorem are true in the determi- 
nantal equation f(x) /(—«)=0. Hence the roots of the quartic in 2’ are all 
negative, and therefore the quartic in x has all its roots pure imaginary. 


SYRACUSE UNIVERSITY, March, 1898. 


*If n is odd and = 2p-+1, one root will be zero and the other 2p will be pure imaginary. 
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Non-Quaternion Number-Systems Containing No 
Skew Units. 


By Dr. G. P. STARKWEATHER. 


§1. 

In §2 is first given a brief statement of a few important properties of 
number-systems in general. Next is given a proof of a statement made by 
Scheffers as to the possibility, in the special class of number-systems here con- 
sidered, of a selection of units having certain simple multiplicative properties 
(see p. 371). 

In §3 it is shown that the units can be so chosen as to give in general a very 
much simplified form of multiplication table, and a method is given for 
deriving systems of the type considered in n units from those in (x — 1) units 
(p. 376). 

In §4 is given a theorem on nilfactors (p. 377). 

In §5 application of the principles deduced is made to systems the degree of 
whose characteristic equation is two less than the number of units. Certain 
general theorems are proved (p. 379), and the systems are reduced to a few 
typical forms having some peculiar properties (pp. 380, 381, 382). 

In §6 the parameters of the systems discussed in §5 are specialized, so far as 
possible, for the case when the number of units exceeds six, and a table of all 
the possible non-equivalent forms is given (pp. 385, 386). 


It has been shown by Scheffers* that complex number-systems in n units 
can be divided into two distinct classes. In any system of the first class, called, 


* “ Complexe Zahlensysteme,’’ Mathematische Annalen, XX XIX, pp. 306, 310. 
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after its best-known representative, the quaternion class, there exist three quan- 
tities, €, 2, €;, between which and the modulus, or idemfactor, no linear relation 
exists, such that 

€y — = 265, 

— C3 = (1) 

€y — €3 = 


For every number-system of the second class, to which the name non-quaternion 
is given, it is possible to choose as units quantities 


Uy e U, 


which have the following multiplicative properties: u,u; and u,;u,, 7 >t, are 
linear functions of u,....u;_,. nin. =0, t#k. is zero except 
for one value of 2, say A,, when it equals «,, and similarly «7; is zero except 
for one value of 7, say 4, when it equals uy. If u,—4,, the unit w, is said to 
be skew, otherwise even. ‘This form is called the regular form, and no quater- 
nion system can be put in it, nor does any non-quaternion system contain 
quantities satisfying the equations (1). 

If we consider now non-quaternion systems without skew units, if there be 
more than one of the quantities 7, the system can be reduced to a sum of systems 
containing each only one y.* Therefore, it is assumed that in the systems here i 
considered there are (x —1) of the units uw and only one y, which is the modulus. 
Any number 

Ay Uy + + EN 


(where a,..-. a, 1, & are ordinary complex quantities) satisfies the equationt 
(x2 = 0, 


wherev }>x. This is the characteristic equation. If v=n— 4, 5 may be called 
the deficiency of the system. 
It follows from this equation that every number o formed from the units 


Uy U,_, Satisfies the equation o”~*’=0. It must be possible to choose o 


such that o”~°-'=+ 0, else the characteristic equation would be of lower degree. 


*Ibid., p. 828. tIbid., p. 516. 
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The (n-——5—1) quantities o, o’....o6"~*~! are all linearly independent, for 


suppose 


By multiplying enough times by o we can make all the terms vanish but one, 
and hence have o* = 0, wherek} <n —5J, contrary to hypothesis. Hence, we can 
use as (n— —1) new units, w,, Wa_s_1, where 
w,=o"—'~*, The multiplication of the w’s is very simple, following from that 
of the o’s, and will be regular in Scheffers’ sense. In fact, w;w,= Wi4.n—n45 OP 
0, according asi+k—n+8>0 or $0. 

These units, with 7, make a total of (n—3). The remaining 6 may be 


selected from the w’s in the following way: 


From the multiplicative properties of the w’s, o? can contain no u of as high an 
index as occurs in o, similarly for o? with respect to o”, etc. Solve each 
equation 

for the w of highest index occurring therein. Each of these w’s is, therefore, 
expressible in a o“ and w’s of lower index, that is, in a w and w’s of lower index. 
Since there are (x — 1) w’s and only (n — 6 — 1) equations, there are } w’s which 
are not so expressed. These, which will be denoted by w,, , U.,++++ Us; 
<2, Will be taken for the remaining } units. This is possible, for 
any w, u;, other than these, can be expressed, we have seen, in terms of a w, w,, 
and w’s of lower index than u;, hence ultimately in terms of w,....w, and 
Uz, «+++, , Where w,, is that one of , u,,..+..u,, immediately preceding 

The multiplication of the w’s we have remarked to be regular. J/ we write 
the Units Wy Wy—s—1) Us, +++ such order that no w preceding u,, contains a 
u of as high index as z,, and every w following u,, contains a wu of higher 
index than 2, which is evidently possible, the multiplication of the new 
units will be entirely regular. For if we consider u,,w, and w,u,,, where w, lies 
beyond w,, the product expressed in w’s can contain no wu of higher index than 
(z,— 1), and the product is accordingly expressible in w’s and u,’s preceding w,, . 


Similarly for u,, w, and w,u,, where w, occurs before w,,, and also foru,, w,,. 
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This verifies a statement made without proof by Scheffers,* in considering the 
cases 6 = 1 and § = 2, that the 6 units in addition to w,....W,—s_1, 7 could be 
so chosen as to make the table regular, although their position relative to the 
w’s is unknown. 


§3. | 


It is now proposed to show that by abandoning in part the regular form, the 
multiplication table can be simplified in certain cases. The methods are an 
extension of those used by Scheffers in considering the case § = 1. 

The units w,....W,~5-1, Uz,+++.U,, being regular in some order, in which 
the order of u,,....wu,, is, however, unchanged, wu,, occurs in none of their 
products. Therefore, the system w,... .Wy_5—1,Uz,++++%,,_,, 7 is unchanged by 
the deletion of u,,, and is a system of (n — 1) units. Since w,_;_,=¢ is in this 
system, the characteristic equation is the same as before; hence this system of 
(n — 1) units is of deficiency (s— 1). It will now be assumed that any system of 
deficiency (S — 1) can, by replacing u,, by 


= Uz, + dy, g Wy 
@=1,2....(d—1) 
be put in a form having the following properties: 7, w,_;—, and w,_5_, T, are 
zero if k > @, contain only w, if k= G, while if i < @ they are linear functions 
Of Wy. We wish to prove that the same can be done for 
systems of deficiency 6. By the notation (x, y, z....) will be meant a linear 
function of 2, ¥, 2.2... 


Now, 
Uz, Wy—§—1 Un —1) = (u,, Uy Uz,—1). 
All of these last u’s are expressible in w’s and u,,, u,,----U:, , (see p, 371), 
hence, in w’s and 7, SO 
Uz, Wy —3—1 = WH -- - - + (2) 
or 
Similarly, 
/ / / 
Uz, Ci Wy -+- eeee + + eeee (2 ) 
—§— / / / / 


*Tbid, pp. 333, 340, 341. 


— 
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Case np 26+1. 
Let = Uz. Ag Wy + Where are arbitrary. 
Then, 


Ts = Uz, Wn = (C1 + Ag) 


Multiply this by o*—', obtaining 


Now by the law assumed for the multiplication of 7,....7;_, with the w’s, no 
higher w can occur from the parenthesis than w;_,4,, and no higher ¢ than 
ts;_,- And sincen 26 +1,n—d—k pd —& +1, and accordingly 7; w,_5_ 
has as its highest w, w;_,4 ,, and as its highest r,7;_,. Ifk>6 the terms all 
vanish. A similar proof applies to w,_;_,.¢%;- Hence the multiplication of 7; 
with the w’s is according to the law assumed for 7, .... T_1- 
From (2’) 

Wy —3—1 Ts = Ag) Wy An—s-1) Wn—s~2 


Hence, the A’s can be so chosen as to make the coefficient of w,; occurring in 
T; the negative of that occurring in w,_;_, except fort =n—d— 1. 


Case n>206+1. 
Multiply (3) by o°. Sincen—d>8+1,0°t'$0. We have then 


U +- eee (qt, + 0. (5) 


But by the assumed law of: multiplication the last term is zero. Multiplying 
by 

So from (5), 
But 


Uz, = (% eeee U,,—1) — (w, Wr—~s—1) Uz, 
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Multiplying by o°t!, since 7,....7;_, all make zero into ot, we find that 
plying Dy 1 
does not contain o° *', hence, comparing with (6), ¢,_,_;=0. 

Therefore, equation (3) becomes 


U,,9 — *-*+- eeee 0" + (7) 


Similarly, 


If n= 25+ 2 the method of Case I can now be followed. If n> 254 2, 
n—d>d+2,ando°+?+0. Multiplying (7) by o° left-handed and (7) by 
o°—' left-handed and o right-handed, and equating, 


But o°~'¢;_, can contain only w, or o"~*~!, Hence the last term vanishes. 
Since the o’s are linearly independent, we must, therefore, have 


Cony, eee 5_ 9 = 
Accordingly, if we substitute 


n—5—2 n—225—1 n— 25 —2 


where the 4’s are arbitrary, there results 
Ts -+- W, +- eevee + As) Ws + d, Ty + eevee Ts5—1) (8) 


and likewise 


Wn V5 + A;) Wy, fe eevee (cf + As) Ws + d; + (3’) 


Multiplying (8) by wy_s_x415 


(GFA) (6 + As) 


But, by the multiplicative properties of ¢7,....7;_,, the highest w occurring 
from the parenthesis is w;_,4,, and the highest 7 is Hence, t; and, 
similarly, w, 3,7, conform to the given law. 

Evidently in (8) and (8’) we can so choose 4,....4; that the coefficients 
of w; occurring in (8) are the negative of those in (8’). We saw that this could 
be done for Case I, n> 25+ 1, except for w,_;_,, should it occur. In the 
present case it cannot occur, for since n > 26 +1, d<n—S)—1. 


| 
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It has, therefore, been proved that if a system of deficiency (6 —1) can be put 
in a form having certain multiplicative properties, one of deficiency 6 can. But, 
by going through this demonstration with 6 =1, it will be seen that a system of 
deficiency 1 can so be put, as, indeed, has been shown by Scheffers. Hence, 
the theorem is true for 2, 3.... 

Consider where pa. 


+2 
where « can contain only 
Wy We, Ty eevee Te —je 


Hence, 


Tp — -+- eee Ca41 W, +1 + cee Cn—s—1 W,, b, T+ b, ay 


or 


-§—a—] 


< 


{frn—d pa+1, n—d—1 pa, and e,,(m ><a) does not occur in (9). If 
n—d>at1, o*+!$0, and multiplying (9) by o*, since 


we find 


a 


If 8<u, t,06* =0, and the preceding equation necessitates 


41 Cate eee 5-1 — 0. 


Similarly for 7,7,. however, =a, (10) becomes 


But T, 0° = pw, = po” prewre; 


—6—1 


So o* = pr, 0" 


— 

— 
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And since n—d>a+1, n—5—1>a4, 807,06" °-'=0. Therefore, 0, 
and comparing with (11), 


Cat1 = Cape 3-1 = 9 
as before. 


Therefore, the following facts have been proved: Every irreducible non- 
quaternion system without skew units can have selected as its units quantities 
Wy T T%, Which have the multiplicative properties given below : 

W, Wy = Or 0 according 
T,W, And are zero if k >a, contain only w, if k= a, while <a 
they are linear Wy Week Tr The coefficient of the term in w; 
occurring in T, W,—3—1 08 the negative of that in w,_3_1T, except fori =n—d—1. 
T,T, and tT, (8 pa) are linear functions of Wa, Ty Te 

It will be seen, therefore, that the multiplication of the t’s with each other 
is not regular, but the remaining multiplicative properties are much simplified 
from Scheffers’ general regular form. If 6 should be large compared with 
(n —3—1) the w-r form will not be so simple as the w-u, form, which is 
regular, but if 5 is small compared with (n—6— 1) it will be much simpler. 
By application of the associative law it is easily seen that for d= 2 the w-t 
form is regular if we place the unit 7, before w,_;_}. 

If the row and column ¢; be deleted we have a table in 
Wy Wy 5-1, Tye 4% OY (N—1) units, of deficiency (6—1), which 
nowhere contains 7. Hence, if we take every independent system of the type 
considered in (n—1) units of deficiency (8 —1) in the w-t form, and border it 
with a row and column 7; having the multiplicative properties given above, we shall 
obtain every possible system in n units of deficiency 0. 

This bordering will introduce certain parameters, which can be reduced in 
number by application of the associative law and also by the fact that r3}-° = 0. 
Further reductions may be made by introducing new units of such a type as not 
to change the multiplicative properties. Allowable substitutions are 


o'=aco + bo’ 


Other substitutions may be available in special cases. If n> 3d, applications 
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of the associative law can be made irrespective of n. If, however, n } 30, 
each value of n has to be considered separately. 

It will be noticed that with a given original set of units and with o once 
chosen the v’s were determined uniquely. The new 7’s indicated by the first of 
the preceding equations are those which could arise from the same choice of o, 
but with the given system in a different form, linearly connected with the old 
form. 

It may be asked, conversely, are all systems in the w-r form non- 
quaternion systems of the type considered? If they are non-quaternion, they are 
of that type, from the form of the characteristic equation. It is easy to show 
from the multiplicative properties of the w-7 form that it is impossible to find 
three quantities, satisfying equations (1). Hence, no quaternion system 


can be put in that form. 


$4, 
A quantity » such that 
ve = xv = 0 


for all values of « may be called a nilfactor. Such cannot exists in a 
system containing a modulus. The following theorem will be needed in §6, by 
incomplete systems being meant systems without a modulus: Jf two incomplete 
systems are equivalent, and the same nilfactor is a unit in each, then if this 
nilfactor is deleted from cach system the deleted systems are equivalent. 
Let the systems be 


where 
mie, 


Then the systems obtained by deleting v and »/ are equivalent. For, consider the 


system 


=z | 
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the system v,....v,—; having the multiplication table of uw ....u,_, with » 
deleted. Now, equations (2) can be obtained from equations (1) by substituting 
v' for v in the first (x — 1) equations of (1) and then eliminating for the quanti- 
ties u,....U,—,- Evidently the coefficient of uj occurring in wu, of (2) will be 
unaffected by the values of 6,....b,_, in (1), hence will be the same if 


n—1 


are zero. Therefore, we obtain from (3) 
vy being a nilfactor, 


ul, 1 Uy -+- eeee a;, n—]l1 Un ] Uy eeee n Un —})- 


Now the multiplicative properties of the w’s after deletion are the same as before, 
except that » is dropped out. Hence, vjv; expressed in v’s is identical with uj w; 
expressed in w’s (with », = u,)!, except for the terms in vy. Therefore, from (2) 
and (4), vj vj expressed in v’s is identical with uu; expressed in w’’s (if we set 


vi, = u,), except for terms in vy’. 


Hence, the multiplication table of the vs is 
identical with that of the w’s with »’ deleted, or the deleted w table can be 


obtained from the deleted w table by 


which proves the theorem. 

This proof evidently holds if, instead of having 1! =7, we have »’=er. 
The theorem is also true if »/ = cy +a, (ec 0), provided one of and 2”, say v, 
occurs nowhere in the products u,w;. For if we substitute for » a new unit 
v' =cy+a, then »’= vr", and »’ and v’ can bedeleted. But since » does not 
occur in u,u;, no change is made in the table, and hence the deletion of »” has 
the same effect as that of v. 


An application of the principles obtained will now be made to the case 
§6=2. n>2, else the characteristic equation is of degree lower than unity, 
which is impossible. Ifm—= 3, the characteristic equation becomes «— y= 0 
or «=£&y, or there is only one unit in the system, 7, not three. The cases 
n=4, n=5 have been already considered by Scheffers by different methods. 
These will, therefore, not be considered here except for comparison with certain 
results true for n > 5. 


378 | 
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n being greater than five, the general multiplicative properties of the w—¢ 
form give us the following table, 7 being omitted as unnecessary : 


W, Wy, eeee Wy Wn Wy 
| 
W, 0) | 0 O 0 
@....8 0 Ww, 0 0 


Wy —4 0 0. Wn—7 | Wn —5 0 | lw, 

0 Wy... | W,—5 | Wy aw, ¢ct%+ew,+ ku, 


— kw, | + quy 


6... | me, | — +9w, Jt, + hw, + tw, 


By comparison of (ot,) 0 with o (7,0), it follows that k= - = d) , whence 


m= — (8d +c). 


By comparing 7, with 7, (t.7,) and 7,73 with there results r=s=0. 
It is therefore evident that the table will be regular in Scheffers’ sense by placing 
t, before w, 3; also w, isa nilfactor. These facts are true for n= 5, and, if is 
chosen suitably, for n= 4. | 

Further application of the associative law must be made separately for 
n=6andn>6. An additional property common to both cases is found to be 
p=q=0. This gives rise to the important fact that w,is unique; that is, 1/ 
two systems 


are equivalent, then w{ equals w, except for a constant factor. For 


= Aot+....A,_,0° Br, + Byer, + Cy. 
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C must be zero, else $0. Therefore, o” can contain only o?...o"~*, For 
the products of the o’s can contain only o*?....o6"—*, while the products of the 
v’s with each other and with the o’s can only contain w,, w., t,, oro"—*, o”—4, 7%; 
sinceen>5,n—4>1. Also n—3>>2, hence neither o’ nor o” can be wy. 

Similarly, o” can contain only for 7,0. = o'r, =0,k>1, 
=o't = 0, k>2, while 7,0", ¢,7, and contain only w,, or 
and n—3>2. o” is accordingly linear in of....0%—%, o” is linear in 
o°....0"—*, and soon up to o’"~%, which will contain only o*—*. That is, w; is 
the same as w,, except for a constant factor. This theorem is not true forn < 6. 

The system is now in the following form, only those products being given 
which are not definitely known. 


4 Wy Ty 
0 + d) w, 
a 
Wy —3 aw, cT;+ 5 (e+ 4) 
0 aw, bw, Su, 
dt, 
a a 
(3d +c) wv, (c+d) w, guy JT + + hv, 
— ew, 


The remaining facts yielded by the associative law and the characteristic equa- 
tion are mostly conditional, and subdivide the tables into classes. Ifn>6 we 
have the following forms, reciprocal systems being considered equivalent: 


L 

Il. Thene=d=i=j=0. 
lil. Thent=0. 

IV. 
Ifb=0,f=—g+0. 
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By the transformation tj}=7, + at,, h can be made zero in I, II, V and VI, 
and e can be made zero in IV. With these simplifications the preceding forms 
will be called typical forms. 

The case n = 6 presents some especial difficulties, and its details will not be 
considered in this paper. For the writer’s present purposes it will suffice to 
state that if w, does not enter into t3, t,o or ot,, the system can be put into one 


of the following typical forms: 


lL. 69:0; 0. 

Il. 6220, 490, d= 0. 

Ill. 6=0, a0, c#0; 
I¥. a=0, ¢$0; f= g= 0. 

VV. d= 0, fia; 

VL 6,02 0, cm d= 0, fag. 


The cases n= 5 and n= 4 are very simple, and the following may be put 
as typical forms: 


n= 5d. W 0 0 0 0 
We 0 Ww, aw, ct, + ew, 
t,| 9 | —aw, | by, | tu, 
dt, 


640; 

ll. a0; cm 
IV. b=a=f=0; g=0. 


For n= 4, in the preceding table w, does not exist, and b=jy=h=0, 
g=u—f. 

A quantity « such that az =— 2a for all values of x is called an alternate. 
Such cannot exist in a system with a modulus. A nilfactor is thus 


| 
Wy We 
| 
2 
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also an alternate. By actual trial in each of the given typical forms the follow- 
ing theorems can be demonstrated : 

I, A system in a typical form possesses no nilfactors except linear functions of 
w, and such t’s as are themselves nilfuctors. 

II. A system in a typical form possesses no alternates except linear functions of 


w, and such t's as are themselves alternates. 


86. 


We will next proceed to reduce the parameters so far as possible for n > 6. 
By means of the transformation tj = 7,+at,, or by an interchange of the 
or both, Case I can be reduced to Case II if f* # g’, to Cases V or VI (according 
as e=0 or e#0) if f=g #0, to Case VII if f= —g #0, and to Cases 
II] or IV (according ase= 0 ore #0) iff=g=0. 

Transformations = xt,, tj = yt, o/= zo enable us to reduce a great 
many parameters to unity or zero, dividing each typical form into a large 
number of subcases. Certain transformations show some of these subcases to be 
equivalent to others of the same group. Thus in III are employed 


o =o+at and + 


and in VII, 
=T, + at,, =o+ a0’, and =o+ at. 


Furthermore, an interchange of the 7’s shows an equivalence between certain 
cases of different groups. 

There is thus found a total of 40 systems. ‘To test directly to see what of 
these are linearly independent might require 780 applications of the general 
linear transformation. As a matter of fact it would require at least 364. The 
process is greatly reduced by the following considerations: 

Suppose two systems w,... W,_3, T1, Tz) 4, ANd W;... Wh_3, Tz, are Equiv- 
alent. Evidently y7=~7'. Consider any unit w’ of the second system different 
from y/. 

a, Wy +... + T + C7. 


But c must be zero, else w"-*+0. Hence, the incomplete systems 
W, T1, aNd W,.... T, T, are equivalent. We therefore need 
test only the incomplete systems. 
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First, the systems can be divided according as they are commutative or 
non-commutative. Secondly, since the number of linearly independent 
nilfactors is evidently a characteristic of the incomplete system, by the 
theorem on p. 382 these two groups can be divided according as none, 
one, or two of the 7’s are nilfactors, the last case of which can occur, of 
course, only in the commutative class. Thirdly, since the number of linearly 
independent alternates is evidently a characteristic of the incomplete system, 
the subgroups of the non-commutative class can be subdivided according as 
none, one, or two of the 7’s are alternates. These considerations separate the 
systems into eight distinct classes. 

Next, supposing two systems to be equivalent, delete w,. w, being 
unique and a nilfactor, the deleted systems must be equivalent by the 
theorem on page 377. The deleted systems will be in the typical w-7 forms 
with w, taking the place of w,, and will be of deficiency 2 with one less unit. 
We can, therefore, subdivide each class according to the commutative, nilfactive, 
or alternate properties of the 7’s with w, deleted. 

Now, if two systems, with w, deleted, are equivalent, w, is unique, for it 
takes the place of w,, and, since n > 6, the deleted system has at least six units 
This does not imply that w, was originally equal to w,, for 


(counting 7). 
Therefore, w, being a_nilfactor, 


they may have differed by the deleted w,. 
if we delete it, the deleted systems must be equivalent. The deleted 
systems will be in the typical w-r forms with w, taking the place of w,, and 
will still be of deficiency 2. We can, therefore, make subdivisions according to 
the commutative, nilfactive, or alternate properties of the z’s with w, and w, 
deleted. In some of the classes w, does not enter into any products, and in fact 
the application of this principle gives only three separations. | 

We can proceed thus to delete w’s until we have only the four units w,_ 4, 
Wy—3, T;, T2, although the deletions after w, change no multiplicative property 
of the z’s. w,_, is not necessarily unique in the deleted systems (see theorem, 
p. 379), so it cannot be deleted. Now, if originally two systems were equivalent, 
they will be equivalent thus deleted. We can, consequently, apply the general 
linear transformation in four units to test the equivalence of the systems. The 
results, in common with those given in the last few paragraphs, are only nega- 
tive; that is, equivalence in the deleted systems does not imply equivalence in 
the original systems, although non-equivalence necessitates non-equivalence 


originally. 
50 


| 
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Application of the general linear transformation in w,_4, 3, T; Shows 
that a system in which j= 0 is distinct from one in which 7 #0, and a system 
in which 7 =c= 0 or 7 = d= 0 is distinct from one in which d,c+~0. These 
lead to further classifications and divide the systems into twenty-seven distinct 
groups, necessitating at most lifty applications of the general linear transforma- 
tion to test equivalence. 

The general linear transformation is 


+ Bt, + B, %, 
2 
T = 4,0 +a,07 +....4,-30" + + 


a, $0, elseo”-®=0. wi_,....w{ follow as powers of o’. From the general 
multiplicative properties of the system w/,_, can contain only o”....o0"~%, 7,, and 
Ww), —a4n Only o? +*....0"—%, and in each case the first term must occur, its coeffi- 
cient being aj*+*. In fact 


w, = *w, + bu, ws; = ws + cw, + dw, + er, 
where e= 0 unless n = 7, and b, c, d and e are independent of a,.... a,_3. 


The products of with o’"~*. . . o” show successively that A,, A,...A,_¢, 
1, are all zero, and these conditions suffice to make the whole 
table of proper form except the products of tv; and +; with themselves, each 
other, and with o’ and o”. Changing the notation, we have accordingly 


=a,0 +a,0° + + 5,7, + bt, 
= A,w, + A,w, + Az + By t+ 


Now, the products of tj and ¢, with o’, o”....0’"—* expressed in w’s and 7’s, 
are not affected by the values of a,....a,_3. It follows from the two pre- 
ceding sets of equations that the values of w,, w., ws, tT; and t, expressed in 
Wi, W3, T, T, are independent of a,....a,_3;- Therefore the multiplication 
table for wi....W,_3,, T i8 unaffected by making a, =a,;=....a,_3;=0. 
Thus the transformations are simplified. 

By these transformations the writer has tested the various forms for equiva- 
lence and non-equivalence, and has obtained the following table which comprises 
all the possible non-equivalent forms, provided any system is always regarded as 


5 


o 
= 
— 
=| 
® 
8) 
Ss & 
S 
> on 
= 
8 
S 
© 
3 
> 
o 
~ 


3 
a, 
= 


| 
| a b c d | e f g h a j 
0 0 0 0 0 1 1 0 0 1 
0 0 1 1 0 1 1 0 1 0 
0 0 0 0 0 0 0 1 0 0 
0 0 0 0 0 0 0 0 0 1 
y 0 0 0 0 0 0 0 0 0 0 
0 0 0 | 0 0 1 g 0 0 0 | 
1 0 0 0 1 1 1 0 0 0 
1 0 0 0 0 1 1 0 0 0 
0 0 0 0 0 1 owt 1 0 0 | 
0 0 0 0 1 1 1 0 0 1 
0 0 1 1 1 1 1 0 1 0 
1 0 1 1 e 1 1 0 1 0 
1 0 1 miei 0 1 _ 1 1 0 
0 0 1 iil 0 1 oil 0 1 0 
. 1 0 | ¢ 2—c 0 0 0 h 0 0 
1 0 1 —1 0 1 _ 0 1 0 
1 0 1 if 0 0 0 h 0 0 
| 1 0 0 0 0 0 0 1 0 0 
0 0 1 d 0 0 0 1 0 0 
i 0 oj} 1 d 0 0 0 0 0 0 
| 0 0 | 1 0 0 0 0 1 0 a 
| 0 0 | 0 1 0 0 0 0 0 1 
0 0 | 0 0 1 0 0 0 0 1 
' 0 | 4 1 1 0 0 0 0 0 
' 0 0 | 1 1 1 0 0 1 0 0 
0 0 | 0 1 0 0 
| 1 0 | 0 0 0 0 0 0 0 0 = 
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To these must be added, if we do not regard reciprocals as necessarily 
equivalent : 


In one of the systems e enters as a parameter. It is a little remarkable that 
it can be made zero except for the particular case n= 8, the necessary trans- 


formations containing a fraction with (7—8) in the denominator. Similarly, in 
the two systems in which / enters as a paraineter, it can be reduced to unity if 
it is not zero, except for the particular case n = 7. 


YALE UNIVERSITY, June 1, 1899. 


| 

| 
a b d g | h a | 

0 0 0 1 0 0 0 1 0 0 ( 

0 0 0 1 0 0 0 0 0 0 | 


— 


p: 
p. 93, 
p. 94, 
p. 99, 
p. 99, 


99, last line, 


19 
17 
11 
11 


. 100, line 9 


. 102, line 12, 
. 103, foot-note, 


p 
Pp 
p- 101, foot-note, 
Pp 
Pp 
Pp 


ERRATA. 


as 


88, line 13 from top, read @, instead of a. 


in. 


log w; instead of log at. 


contiguas “ 


66 


contigues. 


Schlesinger instead of Schleisinger. 


coefficients 


functions. 


d“»y instead of dy and y“» instead of ya. 


. 106, line 2 from top, the word if is omitted at the beginning of the line. 


ADDENDUM. 


p. 97, line 24, after the word Then add the words, y,,.... 


substitution. 


, untlergo the 


| 
% 
Ze 
- 
| 


